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In 1943, Hadwiger made the conjecture that every loopless graph not contractible to the
complete graph on £+ 1 vertices is {-colourable. When ¢ < 3 this is easy, and when ¢t =4, Wagner’s
theorem of 1937 shows the conjecture to be equivalent to the four-colour conjecture (the 4CC).
However, when ¢ > 5 it has remained open. Here we show that when ¢ =5 it is also equivalent to the
4CC. More precisely, we show (without assuming the 4CC) that every minimal counterexample
to Hadwiger’s conjecture when t = 5 is “apex”, that is, it consists of a planar graph with one
additional vertex. Consequently, the 4CC implies Hadwiger’s conjecture when ¢ = 5, because it
implies that apex graphs are 5-colourable.

1. Introduction

The following conjecture was made by H. Hadwiger in 1943 [4].

(1.1) (Hadwiger’s conjecture) For every t >0, every loopless graph with no Ky41-
minor is t-colourable.

(All graphs in this paper are finite; K, is the complete graph with n vertices;
a graph H is a minor of a graph G if H can be obtained from a subgraph of G by
contracting edges; an H-minor of G is a minor isomorphic to H; a t-colouring of
G is a function ¢ from the vertex set V{G) of G into {1,...,t} so that ¢{u) # ¢(v)
for every edge with ends u,v; and G is t-colourable if it has a t-colouring.)

For t=0,1,2 (1.1) is obvious, and Hadwiger [4] and Dirac [3] proved (1.1) for
t =3, when it is also easy. For ¢ =4, however, (1.1) seems extremely difficult. It
evidently implies the four-colour conjecture (that every loopless planar graph is 4-
colourable — briefly, the 4CC) because no planar graph has a Kx-minor; and in
1937 Wagner [17] proved the equivalence of the two. The 4CC remained open until
1977, when Appel and Haken [1, 2] gave a proof.

Our main result is that the 4CC implies Hadwiger’s conjecture for £ =5. Since
the converse implication is easy, we cannot do without the 4CC. However, we can
reformulate the main result to avoid mention of the 4CC, in the following way ((1.2)
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below). A graph G is simple if it has no loops or parallel edges. Let us say G is a
Hadwiger graph if

(i) G is simple and not 3-colourable
(i) every loopless minor of G with fewer vertices than G is 5-colourable, and
(iii) G has no Kg-minor (or equivalently, in view of (ii), G # Ks).

Hadwiger’s conjecture for ¢ = 5 is therefore that there is no Hadwiger graph.
Let us say a graph G is aper if G\ v is planar for some vertex v. (We use G\ X
to denote the graph obtained from G by deleting X; here X can be a vertex or an
edge, or a set of vertices or edges.) Without assuming the 4CC, we shall prove the
following.

(1.2) Every Hadwiger graph is apex.

Since the 4CC obviously implies that every loopless apex graph is 5-colourable
and hence is not a Hadwiger graph, (1.2) together with the 4CC imply (1.1) with
t=5.

This paper is therefore devoted to proving (1.2). The proof falls into five sepa-
rate steps. (We assume Mader’s result that every Hadwiger graph is 6-connected.)

Step 1: A non-apex Hadwiger graph has minimum valency > 7 except for at most
two vertices of valency 6.

To prove this we study the distribution of K4-subgraphs in a non-apex Had-
wiger graph G. It is easy to show that no edge of G is in four triangles, and so no
two Kj4-subgraphs meet in exactly two vertices. If there are three Kj4-subgraphs
meeting pairwise in at most one vertex, then either they have a common vertex
(when we can prove that G is apex, a contradiction, in section 3) or not (when we
can find a Kg-minor, a contradiction, using Mader’s “H-Wege” theorem, in section
4). Thus there are not three such subgraphs On the other hand, it is easy to show
that no three K4-subgraphs meet pairwise in 3 vertices: and it follows that G has
<4 K4-subgraphs. But every vertex of valency 6 belongs to >2 Ky-subgraphs, for
otherwise a 5-colouring of a minor of G could be extended to a 5-colouring of G;
and it easily follows (in section 5) that there are <2 such vertices.

Step 2: A non-apex Hadwiger graph is T-connected except for its (< 2) vertices of
valency 6.

For this, assume that (A4, B) is a separation of a non-apex Hadwiger graph G,
that is, A, BCV(G), AUB=V(G), and no vertex in A— B is adjacent to a vertex
in B — A. Moreover, assume that |AN B|=6, and |A — B|, |B— A| > 2. We prove
in section 6 that for any four vertices vi,...,u4 € AN B, the restriction of G to
(A-B)U{v1,...,v4} can be contracted to a K4 on {vy,...,v4}; this uses the result
of step 1, and also a characterization of when such a contraction to Ky is possible,
proved in section 2. Now we examine the six-vertex graph G|[ANB. (If X CV(G),
G| X denotes the graph G\ (V(G)—X).) It is easy to show, contracting K4's from
left and right onto A N B appropriately, that G|A N B has no circuit of length 4.
The remainder of step 2 breaks into cases, because we need to enumerate all the
possibilities for G|A N B. Here is a simple one, when G|AN B has no edges: then
we contract A to a single vertex, find a 5-colouring, and deduce that G|B has a
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5-colouring in which all the vertices in AN B have the same colour. But so does
G|A. and we fit these two 5-colourings together to obtain a 5-colouring of G, a
contradiction. All except one of the possibilities for G|A N B can be disposed of
by this and similar arguments (section 7). The remaining possibility for G|AN B
is that it is a 3-edge path. Disposing of this is much more difficult, and occupies
sections 8. 9 and 10; roughly we show that in this case, if we choose such (4, B)
with A minimal, then both G|A and G|B can be drawn in the plane with < 1
crossing, contrary to the result of step 1. This completes step 2.

Step 3: Find ten forbidden subgraphs.

We observed earlier that no edge was in four triangles. For this we only needed
6-connectivity, and now we have 7-connectivity (more or less) by step 2. We can
therefore get more; for instance, that if we contract one edge of G, still no edge is
in four triangles. By similar means, we find (in section 11) a list of ten graphs, with
about 8 vertices and 11 edges, that are not subgraphs of any non-apex Hadwiger
graph.

Step 4: There is a perfect matching.

1 — .
More exactly, there is a matching of cardinality bV(G)J For if not, by

Tutte’s theorem, there exists-Z C V(G) such that G\ Z has >|Z|+ 2 components,
and by contracting appropriately we obtain a simple minor H of G with > 4|V (H))|
edges; but this is impossible, for Mader proved that a simple graph H with >
4|V (H)| — 10 edges has a Kg-minor. This is the content of section 12.

Step 5: There is a reducible configuration.

By a “reducible configuration” we mean, roughly, a subgraph of G (whose
vertices typically have small valency in G) such that there corresponds a proper
minor of G every 5-colouring of which induces a 5-colouring of G. The most trivial
one is a single vertex v which is 4-valent in G; then every 5-colouring of G\v extends
to one of G. Of course, we already know that G has no 4-valent vertices, but
there are more useful reducible configurations, for example, two adjacent vertices
of valency 7 and 8, joined by an edge in three triangles, where neither vertex is
in a Ky4-subgraph. A Hadwiger graph by definition cannot contain a reducible
configuration. However, let us take the matching of step 4, and contract its edges,
and delete any resultant parallel edges. If |V(G)| = n, we obtain a graph with

1 1
(about) in vertices, and therefore, by Mader’s theorem, at most 4 (§n> — 10

7 3
edges. But G has > N 1 edges, by step 1; where did the extra > En edges go?

1
—n were lost because they were contracted, but the remaining > n edges became

parallel and were discarded for that reason. Consequently, on average an edge of
the matching belongs to several triangles or squares, and more (on average) if its
ends have valency > 7. This leads to a proof (in section 13) that there is either a
reducible configuration or a forbidden subgraph in any non-apex Hadwiger graph,
and so there is no such graph.
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There is a very interesting conjecture due to Jergensen [5], that every 6-
connected graph with no Kg-minor is apex. This would obviously imply our result,
because Hadwiger graphs are 6-connected, and we spent a good deal of effort trying
to prove it, with no success. However, it does seem to us to be true, and with a
view to this conjecture we organized sections 2-4 to apply to all graphs satisfying
the hypotheses of the conjecture, rather than jist to Hadwiger graphs.

2. Finding a K4-minor

Let G be a graph. Its vertex- and edge-sets are denoted by V(G) and E(G).
As in section 1, G\ X denotes the result of deleting X, and for X CV(G),G | X
denotes G\ (V(G) — X). Thus, G|X is the subgraph of G induced on X. A subset
X CV(G) is a fragment of G if X # 0 and G|X is connected. If X,Y CV(G), we
say XY are adjacent in G if XNY = and some z € X is adjacent in G to some
y €Y. If there is an edge of G with ends z,y € V(G) we say zy are adjacent (with
no comma, because we shall need lists ab,uv,zy,... of adjacent pairs), and if there
is a unique edge with ends z,y we speak of the edge zy or yz.

A cluster in G is a set of mutually adjacent fragments of GG, and it is a p-
cluster if it has cardinality p. Thus, G has a Kp-minor if and only if it has a
p-cluster. Given p distinct vertices v1,...,vp a cluster € is said to traverse vy,...,vp
or {v1,...,vp} if || =p, and € can be written as € = {Xj,...,Xp} in such a way
that v; € X; (1<i<p). Our concern here is, given four vertices of a graph G, when
is there a cluster in G traversing them?

If H,J are subgraphs of G, then H U J denotes the subgraph with vertex set
V(H)UV(J) and edge set E(H)U E(J), and HNJ is defined similarly. We say
subgraphs H,J are disjoint if V(HNJ) = 0. A separation of G is a pair (A, B)
of subsets of V(G) such that (G| A)U(G | B) =G, that is, AUB =V(G) and no
edge has one end in A — B and the other in B — A. Its order is [ANB|. It is a
k-separation if it has order k, and a (< k)-separation if its order is <k.

Let Z1,Zo,...,Z, C V(G) be disjoint. We say that (the subpartition) Z1,..., 2%
is feasible in G (via X1,...,X},) if there are disjoint fragments X1,..., X of G with
Z; € X; (1<i<k); and it is infeasible otherwise.

Paths and circuits by definition have no repeated vertices or edges. We begin
with the following.

(2.1) Let v1,...,va € V(G) be distinct. Then there exist disjoint fragments
X1,...,X4 of G such that v; € X; (1 <i<4)and X1X9,X2X3,X3X4,X4X1 are
adjacent, if and only if {v1,v2}, {v3,v4} and {va,v3},{vi,v4} are both feasible in G.
Proof. The “only if” implication is easy, and we prove “if”. Let P,Q, R, S be paths
of G, chosen with PU QU RU .S minimal, such that

(i) P has ends vive,Q has ends vavs, R has ends v3vg, and S has ends vyvy

(ii) P, R are disjoint and @, S are disjoint.
These exist, from the feasibility hypothesis.

By an arc we mean here a path of Q US with distinct ends both in PUR and

with no edge or internal vertex in PU R. Every arc is a subpath of Q or of S, and
both @ and S contain at least one arc.
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(1) Every arc has one end in V(P) and the other in V(R).

For if some arc A has both ends in V(P) say, let P’ be the path obtained
from P by replacing by A the subpath of P between the ends of A; then P',Q,R,S
satisfy (i) and (ii) above, and P’ UQURUS’ is a proper subgraph of PUQURUS
contrary to the choice of P,Q,R,S.

Let Q' be the arc in Q closest to vg, with ends a,b where a lies in Q between b
and vg. Let P’ be the subpath of Q between @ and vy. Since P/ C PUR and has an
end vy, it follows that P’ C PN @, and in particular a € V(P) and b€ V(R) by (1).
Let S be the arc in S closest to v4, with ends c,d where c lies between d and vy;
and let R’ be the subpath of S between ¢ and vy4. Similarly, R C RN S,c€ V(R),
and d € V(P). Now d¢ V(P') since P’ CQ and d ¢ V(Q); and b¢ V(R') similarly.
Thus taking

=V(P)-V(P)
X2 =V(P'UQ') - {b}
X3 =V(R)~-V(R)
Xy =V(R U8 ~{d}
satisfies the theorem. ]

In (2.1) we asked that a specific four pairs of Xi,...,Xy4 should be adjacent.
Eventually, we want all six to be adjacent; and the next step is a specific five. A
trisection of G is a triple (4, B,C) of subsets of V(G) such that ANB=ANC =
BNC and (G|A)U(G|B)U(G|C)=G; its order is [ANBNC|.

(2.2) Let v1,...,u4 € V(G) be distinct. Then the following are equivalent:
(i) there exist disjoint fragments X1,...,X4 of G with v; € X; (1 <1< 4)
such that X1Xo,X1X3,X1X4,X2X3,X2Xy are adjacent
(ii) all the following hold:
(a) {v1,v3},{v2,v4} is feasible,
(b) {v1,va},{v2,v3} is feasible, and
(c) for every trisection (A1,Aq,B) of G of order 2 with AyN AN B =
{z1,z2} such that v; € A; — {z1,22} (1 =1,2) and v3,v4 € B, there
are disjoint fragments Y1,...,Y4 of G| B with 21 € Y1,20 € Y, v3 €
Y3,v4 €Yy such that Y1Y3,Y1Yy, YoY3,YoY, are all adjacent.

Proof. That (i) implies (ii) is easy, and we omit it. Let us prove the converse. We
assume that (ii) holds. By (2.1) and (ii)(a), (ii)(b), there is a circuit C of G, and
four distinct vertices uj,us,us,uq of C, such that uj,us,us,u4 occur in C in order,
and there are four disjoint paths Py,..., Py of G, such that P; has ends u;,v; and has
no vertex in C except u;. Choose C' and Py,...,P; with P3U P, minimal. Let the
path of C between u; and ug not containing ug,u4 be C13, and define C14,Co3,Co4
similarly.

(1) There is no path of G from V(Py U P, UC) to V(P3U Py) with no vertex in
{us,uq}.

For if there is such a path P we may assume it has one end u in V(PiUC13UC14)
and the other end v in V(P3), and has no vertex in {ugz,us}, and has no vertex in
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CUPLUPyU P3U Py except its ends. If u € V(P U Cy4) we may replace Ci3 by
P, contrary to the minimality of P3U Py; and if u € V(Ci3) we replace the subpath
of C13 between u and ug by P, again contrary to the minimality of Py U Ps. This
proves (1).

From (1), there is a separation (A,B) of G with V(C U P; U Py) C A and
V(P3U Py)C B, with AN B ={u3,u4}.

(2) We may assume that there is a separation (Aj,As) of G|A with A1 N As =
{usz,uq}, v1 € A1 — {u3,us} and vy € Ag — {ug,us}.

For if there is a path of G|A from v; to s avoiding us and wug4, there is a
minimal path P from V(P UC13UC14) — {u3,uqg} to V(PyUCo3UCayq) — {us,uq}
in G|(A — {u3,u4}); but then taking

X1 =V(PLUC13UC14U P) — {u3, uq,v}
Xy = V(P2 UCa3UCayq) — {us,us}

X3 =V(P3)

X4 =V (Py)

satisfies (i) where v is the end of P in V(P,UCo3UC24) —{ug,us}. This proves (2).

From (ii){c) applied to the trisection (A, As2,B) of (2), there are disjoint
fragments Y7,...,Y3 of G|B such that ug € Y1, uq4 € Y5, v3 € Y3, v4 € Yy, and
Y1Ys, Y1Yy, YoY3, YoV, are all adjacent. Let

X1 =Y1UV(PLUC13UCrq) — {ua}
Xo=YaUV (P, UCyy)

X3=Y3
X4 =Yy
then (i) holds, as required. |

The main result of this section is the following.

(2.3) Let ZCV(G) with |Z]|=4. Then the following are equivalent:
(i) there is a cluster in G traversing 7
(ii) for every ordering Z ={v1,...,v4} both the following hold:
(a) {v1,v2},{vs,v4} is feasible in G, and

(b) for every trisection (A1,A2,B) of G of order 2 with AN Ay NB =
{z1,22} such that v; € A; — {z1,22} (i = 1,2) and v3,v4 € B, there
are disjoint fragments Y1,...,Y4 of G| B with 71 € Y1,z9 € Yo, v3 €
Y3,v4 €Yy such that Y1Y3,Y1Yy,YoY3, YoYy,Y3Yy are all adjacent.

Proof. Again, that (1) implies (ii) is easy, and we shall just prove the converse. We
assume that (ii) holds. It follows easily that we may assume G is 2-connected (by
induction on |V(G)|, say). We assume for a contradiction that (i) is false.
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(1) There is no trisection (Aj,Az,B) of order 2 such that A1 — (A2 U B) and
. Ag — (A1 U B) both contain exactly one member of Z.

For suppose that (A1, A2, B) is such a trisection, and let AjNAsNB = {z1,z2}.
Let Z = {v1,...,v4} where v; € A; — {z1,22} (=1,2) say. Since G is 2-connected,
{v1,z1} is feasible in G|(A; — {z2}), and {vg,z2} is feasible in G|(A2 — {z1}), and
hence {v1,z1},{v2,z2} is feasible in G|(A; U A2). Also, since G is 2-connected,
there is a path of G|(A1UA2) between v; and vo. Consequently, there are adjacent
fragments Y{,Yy of G|(A; U Ag) with v1,21 € Y{ and vg,z9 € V3. By (ii) there are
fragments ¥7,...,Yy of G|B as in (ii). Then {Y; UY{,Y2UY3,Y3,Y,} is a cluster in
G traversing Z, a contradiction. This proves (1). ]
(2) There is no 2-separation (A, B) of G such that [(A—B)NZ|=|(B-A)NZ|=2.

For suppose that (A, B) is such a 2-separation; let (A — B)N Z = {v1,v2},
(B—-A)NZ = {v3,v4}, AN B = {z1,z2}. By exchanging v1,v2 if necessary, we
may assume that {v1,z1},{ve,z2} is feasible in G|A, since G is 2-connected, and
similarly that {v3,z1},{vs4,22} is feasible in G| B.

By (2.3)(ii)(a), {v1,v4},{v2,v3} is feasible in G, and so either {v1,z2},{ve,z1}

is feasible in G| A, or {v3,z2},{v4,21} is feasible in G| B, and from the symmetry
we may assume the latter. If (47,45, B’) is a trisection of G | B of order 2 with
A\ n AN B’ = {z},z5} say, and with vz € A} — {2,725}, vs € A} — {z},}} and
1,73 € B, then (4}, AL, B' U A) is a trisection of G contrary to (1). Thus there is
no such (A4},A45%,B’), and so by (2.2) applied to G| B, there are disjoint fragments
Y1,...,Y4 of G| B with z1 €Yq,29 € Y3, vs € Y3,v4 € Yy, and with Y1Y3,Y1Ys,Y2Y53,
Y,Y,,Y3Y, all adjacent. Choose disjoint fragments Yl' ,Yz' of G| A with vy,z1 € Y1'
and vg,T2 € Yy and with Y{Y, adjacent (this is possible since G is 2-connected);
then {Y; UY{,YoUY},Y3,Y,} satisfies (i), a contradiction. This proves (2).
(3) There do not exist disjoint paths Py, Py of G with ends v1,v3 € Z and vy,v4 € 4
respectively, and distinct vertices ay,by,c1 of Py in order (with a; closest to vy ) and
distinct vertices ag,ba,co of Py in order (with ag closest to vy) and disjoint paths
Q1,Q2,Q3 of G with ends a1bg,a2b1, and cjcy respectively, so that Q1,Q2,Q3 have
no vertices in V(P1 U Pp) except their ends.

For suppose such P, Ps,(Q1,Q2,Q3 exist. Since by,by # v1,v9,v3,v4, there is
by (2) a path P of G from

V(A1 UQ1U B U.Az UQqU By)

to V(Cp U Dy UCU Dy UQ3), with by,bo € V(P), where Ay, B;,C1,D; are the
subpaths of P} with ends v1a;1,a1b1,b1¢1,c1v3 and Ag, B, Ca, Do C Py are defined
similarly. Take a minimal such subpath P, with ends v € V(A;UB1UQ1) - {b1,b2}
and v € V(C1 U Dy UQ3) — {b1,c2} say (without loss of generality, by exchanging
v1 with ve or v3 with v4). Let

X1 =V(A1UB; UQ1) - {b1,b2}

X9 =V(A2UBUQ2) - {b2}
X3=V(C1 UD; UQ3UP) — {b1,co,u}
X4 =V(C2U Dy);
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then {X7i,...,X4} is a cluster traversing Z, a contradiction. This proves (3).

Let Z={v1,...,v4}. Since {v1,v2},{v3,v4} is feasible and so are the other two
similar partitions, it follows from (2.1) that there is a circuit C and four distinct
vertices u1,us,us,uq of it, in order on C, and four disjoint paths Py,..., Py, where
P; has ends v;,u; and has no vertex in C except u;; and there are disjoint paths
Q, R with ends v1,v3 and vo,v4 respectively. Let P, U...UP4UC = H. Let Cyo
be the path of C between u; and ug not containing ug,u4, and define Co3,C34,Cspq
similarly. By an arc we mean a subpath of QU R with distinct ends both in V(H)
and with no edge or internal vertex in H.

(4) No arc has ends ue V(Py) — {u1} and v€ V(Ca3 U C34 U P3) — {ug,u4}.

For suppose that P is such an arc. By (3) (with v1,vs exchanged) v ¢
V(P3) — {us}; by (3) v ¢ V(Ca3) ~ {ug,us}, and by (3) (with vp,v4 exchanged)
v & V(C3q) — {us,uq}. Thus, v=wug. Let T} = PUP;,To =C12UCo3U Py, T =
C41 U C34 U Py; we see there is symmetry between 77,75 and T3 exchanging vy, v
and v4 and fixing u3. By (1) there is a path S of G joining two of Ty, T2, T3, P3 with
no vertex in {uy,u3}. Choose a minimal such path S, with ends a,b say. From (3)
with vy,...,v4 permuted, it follows that a,b ¢ V' (P3), and so we may assume from
the symmetry that a € V(T1) and b€ V(7). Then setting

X1 =V(SUTy) - {u1,us,b}
Xy =V (T2) — {u1,us}

X3 =V(Ps)

Xy = V(T3) - {us}

defines a cluster traversing Z, a contradiction. This proves (4).
Now choose Py,...,P4,C,Q,R,H with HUQU R minimal, and subject to that

with Z |E(P;)| minimum.
(5) No arc has an end in V(Py) — {u1}.
For suppose that P is an arc with ends u,v where v € V(P1) — {u1 }. By (4),

veV(PLUCI2UPUCyqy U Py) — {u},

and by the symmetry we may assume that v € V(PLUC1o UPy) —{u}. Ifve
V(P1), then we may replace the subpath of P; between u and v by P, thereby
reducing the union HUQU R, a contradiction. If v € V(Ci1o U Py) — {u1}, we may
replace by P either C15 (if v € V(P2)) or the path of C12 between ug and v (if v e
V(C19)), thereby reducing Z |E(P;)| while not increasing the union HUQUR, a
contradiction. This proves (5). '

From (5) it follows that P; C @, and similarly P, C R,P3 C Q,Py C R. Now
Q &€ H since ug,uq ¢ V(Q) and so there is an arc in @; let the first arc in @ be A
(that is, closest to v1 in @). Similarly, let the arc in R closest to ve be B. Let A
have ends a;,a9, and B have ends b1,bo, where a1 is between v1 and ag in @, and
by is between vy and by in R. Since the subpath Q' of Q between v; and a is in
H, it follows that a; € V(C12U C14) — {ug,u4}, and Q' is the path of H \ {ug,us}
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between v and a;. Suppose that as € V(C19UC41). Let az € V(Ci2)—{u1,ua} say.
If a1 € V(Ci9) we may reduce the union HUQU R by replacing the subpath of C2
between a1 and ag by A; and if a1 € V(Cy1), we may similarly reduce the union by
replacing by A either the subpath of C12 between 1 and a9, or the subpath of Cy;
between u; and a1, whichever is not included in @ U R. In either case, we have a
contradiction, and so ag ¢ V(C12UCy41). Hence, ag € V(Co3UC34). By exchanging
vz and v4 we may therefore assume that ag € V/(Ca3). Similarly, by € V(C12U Ca3)
and by € V(C34UCy1). Let R’ be the subpath of R between v2 and b;. Then setting

X1 =V(Q UCp)-V(R)

X2 =V(R))

X3 =V(CozUP3UA) - (V(R)U{a1})

X4 =V(C34UCyn UPyUB) — (V(Q') U {b1,u3})

defines a cluster traversing Z, a contradiction. This completes the proof. |

We need also the following, a slight variation on a result of [12] — see also
(6, 13, 14, 15].
(2.4) Let vy,...,v;, be distinct vertices of a graph G. Then either
(i) there are disjoint paths of G with ends p1py and g1¢9 respectively, so that
P1,91,P2,q2 occur in the sequence v1,...,vy, in order, or
(ii) thereis a (< 3)-separation (A,B) of G withv,...,v, € Aand |B—A|>2,
or
(iii) G can be drawn in a disc with vy,...,v; on the boundary in order.

Proof. We may assume that every vertex of G not in {v1,...,v;} has > 3 neighbours.
Hence there is no (< 2)-separation (A, B) of G with v1,...,v; € A and |B — A| =1,
and the statement follows from [12, theorems (2.3) and (2.4)]. |

We deduce

(2.5) Let s1,t1,82,t2 € V(G) be distinct. Then either
(1) {s1,t1},{s2,t2} is feasible in G, or
(ii) {s1,t1} is not feasible in G\{sa,t2}, or {s2,t2} is not feasible in G\{s1,t1},
or
(iii) there is a (< 3)-separation (A,B) of G with si,t1,89,t9 € A and
|B— A|>2 and |BN{s1,t1,892,t2}| <2, or
(iv) G can be drawn in a disc with s1,s9,t1,t2 on the boundary in order.

Proof. We proceed by induction on |V(G)| + |E(G)|. We may therefore assume
that G is simple, and every vertex not in {s1,$2,t1,t2} has valency > 3. By (2.4),
since we may assume that (i) and (iv) are false, there is a (< 3)-separation (A, B)
of G with s1,t1,89,t2 € A and |B — A| > 2. We may therefore assume that B
contains three of s1,%1,82,%2, for otherwise (iii) holds; say s1,%1,82 € B. Assuming
(ii) is false, there is a path P from s to t2 with s1,t; ¢ V(P) and hence with
V(P)N B ={sg}. Since (i) is false, there is no path in G| (B — {s2}) between s;
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and t;. Consequently we may choose a separation (X,Y) of G| B with X NY =
{s2},s1 € X and ¢; €Y. Since |B — A| > 2, we may assume that |[X — A] > 1; let
v€ X — A. Since v has valency > 3, it follows that | X| >4, and so | X — A| > 2. But
(YUA,X) is a 2-separation of G with s1,t1,52,t2 €Y U A, and so (iii) holds. ]

From (2.3) and (2.5) we deduce:

(2.6) Let Z CV(G) with |Z|=4. Then either

(i) there is a cluster in G traversing Z, or

(ii) there is a trisection (Ay,Ag,B) of order 2 such that |Z N (A; — B)| =1
(i=1,2), or

(iil) there is a (< 3)-separation (A,B) with Z C A and |B— A|>2 and
[ZNB|<2, or

(iv) G can be drawn in a plane so that every vertex in Z is incident with the
infinite region.

Proof. We assume that (i) is false. By (2.3) we may order Z = {vy,...,v4} so
that one of (2.3)(ii)(a), (2.3)(ii)(b) is false. If (2.3)(ii)(a) is false, then by (2.5),
one of (ii), (iii), (iv) holds. (In particular, if (2.5)(ii) holds and Z = {vy,...,v4}
and {v1,v2} is not feasible in G \ {v3,v4}, then (ii) holds, taking B = {v3,v4}.) If
(2.3)(ii)(b) is false, then (ii) holds. 1

We shall apply (2.6) several times in our approach to Hadwiger’s conjecture;

the first is the following, which for Hadwiger graphs was proved independently by
J. Mayer (unpublished). A triangle of G is a circuit of G of length 3.

(2.7) Let G be a simple 6-connected graph with no Kg-minor, which is not apex.
Then every edge of G is in < 3 triangles.

Proof. Suppose that there are triangles with vertex sets {z1,z2,v;} (1 <i < 4),
where z1,72,v1,v2,v3,04 are distinct. Let G' =G\ {z1,72}, and let us apply (2.6)
to G', taking Z = {v1,...,v4}. If (2.6)(i) holds, and 8 is a cluster in G’ traversing Z,
then 8 U {{z1},{z2}} is a 6-cluster in G, a contradiction. Since G’ is 4-connected,
(2.6)(ii) and (2.6)(iii) do not hold, and so (2.6)(iv) holds, and G’ can be drawn in
a plane so that vy,...,vs are all incident with the infinite region. Since G’ is 2-
connected and loopless and |V (G’)| > 3 there is a circuit C bounding the infinite
region. Let X =V(G') — V(C). Since G’ is 3-connected and |V (C)| > 4, it follows
that X #0, and that X is a fragment of G'. Let Py, Py, P; be three disjoint paths
in C with V(PLUP,UP;) =V (C) and with v; e V(F;) (1 <:<3). Now v1,v9,v3
all have neighbours in X since G’ is 3-connected, and yet

{V(Pl)’ V(P2)’ V(P3)7Xa {-751}7 {1‘2}}

is not a 6-cluster in G. Consequently, one of 1,29 has no neighbour in X, say zs.
But then G\ z; is planar, and so G is apex, a contradiction as required. [ ]

Let us also mention the following, the proof of which is clear.

(2.8) Let G be a 5-connected graph with no Kg-minor and with |V(G)| > 6. Then
no subgraph of G is isomorphic to K.



HADWIGER’S CONJECTURE FOR Kg-FREE GRAPHS 289
3. Triads and tripods

A triad in G is a connected subgraph T of G with no circuits, with one vertex
of valency 3 and all others of valency < 2. Necessarily, it has precisely three vertices
of valency 1, called its feet. It is lean (in G) if V(T') = V(T) for every triad T in
G with V(T') CV(T) and with the same feet as 7.

If H is a subgraph of G, an H-flap is the vertex set of a connected component
of G\V(H).

(3.1) Let G be simple and let v1,v2,v3 € V(G) be distinct, such that there is no
(< 3)-separation (A, B) with vy,v2,v3 € A, |A| >4 and |V(G)— A{>1. Let Ty be a
triad in G with feet vy,v9,v3, and let W be a Ty-flap. Then there is a lean triad T
with feet vy,v2,vs and with V(T)NW =0, such that there is only one T-flap.

Proof. (Our thanks to the referee for the following, which is much better than our
original proof.) We say (a1,...,an) is lexicographically larger than (£1,...,8m) if
either
(i) m<nand a; =0; fori=1,...,m, or
(i) there exists j with 1 <j <min(m,n) so that a; > B; and o; = f; for i =
1,..,j—1.

Let T be a triad with feet v1,v9,v3, and with V(T)NW =§. Since G |W is
connected, there is a T-flap B; say, with W C Bj; let the T-flaps be Bi,..., By, say,
ordered so that |Bg| >|B3| > ...>|By|. Since there is such a triad T' (namely Tp),
we may choose T so that (|By,...,|Bp]|) is lexicographically maximum. We shall
show that T satisfies the theorem. Clearly it is lean; we must show that n=1.

Let us say that v € V(G) is essential if v € V(T') for every triad T’ with
feet v1,v9,v3 and with V(T') C V(T) U B,. Every vertex v of V(T) U B,, with a
neighbour in By U...UB,_1 is essential: for if not, there is a triad T’ with feet
v1,v2,v3 and with V(T") C (V(T)U By,) — {v}, and replacing T by T’ would give a
lexicographic increase of (|Byl,...,|Bnl).

Let S be the set of all essential vertices; thus, S C V(T). Let K be the
component of G\ § containing Bp; thus, V(K) C V(T)U By,. Let 8’ be the set of
all vertices in S with a neighbour in K.

We claim that |§'| <3. If S’ C {v1,v2,v3} the claim is true, and so we may
assume that S’ N (V(T) — {v1,v2,v3}) # 0. Consequently, for i = 1,2,3 there is a
path of T from v; to a member of S’ with only one vertex in {v1,v2,v3}; and by
choosing it minimal we may assume it has only one vertex in S’. Consequently
there is a path P; from v; to V(K) with

V(P) CV(T)UV(K) CV(T)UB,

with only one vertex in {v1,v2,v3}. Now P,UP;UP3UK is connected and vy,v3,v3
each have valency 1 in this subgraph; for v; ¢ V(K) since v; € S (1 <i < 3). Hence
there is a triad 7/ C Py U P, U P3 U K with feet vy,v9,v3. Since each P; contains
only one member of §’ and K contains none, it follows that |$' NV (T")| < 3. But
V(T")CV(T)U By, and so §' C S CV(T’); and therefore |S’| < 3. This proves our
claim that |$’| < 3.
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Let A=V(G)-V(K), B=V(K)US'. Then (A,B) is a (< 3)-separation of G
with v1,v9,v3 € A, and with

V(@) - Al = [V(K)| > 1.

From the hypothesis, |A| < 3, and so since v1,v,u3 € A it follows that A =
{v1,v2,v3}. But for 1<i<n,

BiﬂB=Biﬂ(V(K)US') CB,N{B,UV(T) =0

and v1,v9,v3 ¢ B;, and so B; = () which is impossible; and therefore n = 1 as
required. |

Let v1,v2,v3 be mutually adjacent vertices of a graph G. We say G is triangular
with respect to v1,v2,v3 if G is simple, and either

(i) for some i (1<i<3), G\v; has maximum valency <2, and either G \ v;
is a circuit or it has no circuit, or

(ii) all vertices of G have valency < 3, there is at most one 3-valent vertex
v #v1,v2,v3, and G \ {v1,v2,v3} has no circuit, or
(ii1) all vertices of G have valency < 3, there is a triangle C with vy,v9,v3 ¢

V(C), every 3-valent vertex of G is in {v1,v2,v3}UV(C), and every circuit
of C except these two triangles meets both {v;,v9,v3} and V(C).

The motivation for this is the following.

(3.2) Let v1,v2,v3 € V(G) be distjnct, mutually adjacent vertices of G, and let T
be a lean triad in G with feet v1,ve,v3. Let v1,ve,u3 € Z CV(T); then G | Z is
triangular with respect to v1,va,vs.

Proof. It suffices to show that G| V(T) is triangular. Let a be the 3-valent vertex
of T, and for 1 < i < 3 let P; be the path of T between o and v;. Let K =
G|{v1,v9,v3}. If G|V(T) =TUK then (ii) holds as required, and so we may assume
that there exist u,v € V(T'), adjacent in G but not in TU K. Suppose first that
u,v ¢ {v1,v2,v3}. Asin (2) in (3.1), it follows that u,v are both adjacent in T to
the 3-valent vertex a of T, and G | V(T') has no other edge not in 77U K. But then
(iii) holds if {u,v,a} € Z, and (ii) holds otherwise. We may therefore assume that
1w =171 say. Since u,v are not adjacent in T'U K it follows that v ¢ {v1,ve,v3}, and
v €V (P) say. Then |E(Py)|=1, and G|V (P2 U P3) is a circuit, and so (i) holds. i

Let v1,v9,v3 be distinct vertices of a graph G. By a tripod on vy,vs,v3 we
mean a subgraph Py UP,UP3U Q1 UQ2UQ3 of G consisting of

(i) two vertices a,b so that a,b,v1,v2,v3 are all distinct

(ii) three paths Py, Py, P3 of G between a and b, mutually disjoint except for
a and b, and each with at least one internal vertex, and
(iii) three paths Q1,@2,Q3 of G, mutually disjoint, such that fori=1,2,3, Q;
has ends u; and v;, where u; € V(P;) — {a,b}, and no vertex of Q; except
u; belongs to V(Py U Py UP;). (It is permitted that uw; = v; and hence
E(Q:)=0.)
We call Q1,Q2,Q3 the legs of the tripod.
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(8.3) Let ZCV(G) such that there is no 3-separation (A,B) of G with Z C A and
|B— A| > 2. Let Hy be a tripod in G with feet v1,v9,v3 € Z and with no other
vertex in Z. Then there is a tripod H with feet v,v2,v3 and with no other vertex
in Z, such that every leg of H is a subpath of a leg of Hy, and there is a path from
V(H) to Z disjoint from all the legs of H.

Proof. Let H=P UP,UP3UQR1UQ2UQ3 (with the usual notation) be a tripod
in G with feet v1,v9,v3 and “with no other vertex in Z, chosen with @1 UQ2 U @3
minimal. Let the ends of Py, P>, P3 be a,b. From the hypothesis, there is a path P
of G from V(P UP,UPs) to ZUV(Q1UQ2UQ3) with no vertex in {ug,us,us},
where ; has ends u;,v; (1 <i<3). Choose a minimal such path P with ends z €
V(PLUP,UPs) and y€ ZUV(Q1UQaUQ3). We may assume from the symmetry
that z and a belong to the same component of P; U Py U Ps\ {ug,u2,ug}. Suppose
that y € V(Q1). Let P’ be the subpath of P; between z and u if z € V(), or
between o and uy if z ¢ V(Py). Let H' be the tripod obtained from H U P by
deleting the edges and internal vertices of P’; then H’ contradicts the choice of H.
Consequently, y ¢ V(Q1) and y ¢ V(Q2),V(Q3) similarly; and so y € Z—{v1,v2,v3},
as required. [ |

A tripod is legless if all its legs have no edges.

(8.4) Let v1,v2,v3 € V(G) be distinct, so that there is a tripod on v1,vq,v3. If there
is no 3-separation (A, B) with vi,vo,v3 € A, |A| >4 and |B — A| > 2, then there is
a legless tripod on vy,v9,v3.

Proof. Let H be a tripod on v1,v3,v3 with legs Q1,Q2,Q3, chosen with @1UQ2UQ3
minimal. Suppose that |E(Q1)| # 0, and let v{ be the neighbour of vy in Q1. Let
Z = {v1,v9,v3,v1}. Then H\ v; is a tripod on v},v2,v3, and so by (3.3) we may
assume there is a path P of G between V(H \ v1) and Z, disjoint from the legs of
H \ v1. Consequently, v1 is an end of P, and as in (3.3) we may choose another
tripod in H U P contradicting the choice of H. The result follows. |

The following follows from [12, theorem (2.4)], and we omit the proof, which
is similar to that of (2.4).

(8.5) Let v1,va,v3 € V(G) be distinct, such that there is no (< 2)-separation (A, B)
of G with vy,v9,v3 € A and |B — A| > 2. Then either G contains a tripod on
v1,V2,v3, or G can be drawn in a disc with v1,vs,v3 on the boundary.

From (3.1), (3.4), (3.5) we deduce:

(3.6) Let v1,v2,v3 be mutually adjacent vertices of a 4-connected simple non-planar
graph G. Let Z C V(G) with vi,v9,v3 € Z such that G|Z is not triangular. Then

there is a 5-cluster
{{v1}, {v2}, {vs}, X1, X2}
in G such that ZNX1,72 N Xa#0.

Proof. Since G is non-planar, it cannot be drawn in a disc with v1,v9,v3 on the
boundary, and since G is 3-connected it follows from (3.5) that there is a tripod on
v1,v2,v3. By (3.4) such a tripod can be chosen legless. Consequently, there are two
triads 74,75 on vy,ve,v3, vertex-disjoint except for {v1,v9,v3}. By (3.1) we may
assume that for 4=1,2,7; is lean and there is only one T;-flap. Consequently, we
may choose 11,...,T, with n>2 maximum, such that
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(1) Tl, . 1In are lean triads on wvy,ve,v3, mutually vertex-disjoint except for
v1,v2, 3, such that for each i there is only one T;-flap.

We deduce:
(2) For 1<i<n,ZZV(T;).
As G|Z is not triangular, this follows from (3.2).
(3) If ZNV(T;) # {v1,vq,v3} for some i then the theorem is true.

For let ZNV(11) # {v1,vs,v3}, say. Let X1 =V (T1) — {v1.,v2,v3} and Xy =
V(G) -V (Ty). Since there is only one Ti-flap, X5 is a fragment. and Z N X # @
by (2). Thus {{vi},{va},{vs}, X1, X2} satisfies the theorem. This proves (3).

We may assume therefore that Z N V(T )—— {v1,v9,v3} for 1 <i<n. Let H=
G\ {v1,v2,v3} and S; = T; \ {v1,v2,v3} (1 <i<n). Then H is connected, and

., Sp, are mutually disjoint non-null connected subgraphs of it.

(4) If there exist distinct j,j' with 1< 3j,j' <n, and two disjoint paths P,P’ of H
such that

(i) P has one end in Z, the other end in V(S;), and no internal vertex in S;
for any 1, and

(ii) P’ has one end in Z, the other end in V(8;/), and no internal vertex in
S; for any 1
then the theorem holds.

For PUS; and P'U S; are disjoint connected subgraphs of H, and so there
exist disjoint fragments X1, Xs of H with V(P US;) C X; and V(P U S;1) € Xo.
with X7 U X9 maximal. Since H is connected it follows that X;Xo are adjacent.
and so {{v1},{v2},{v3}, X1, X2} satisfies the theorem. This proves (4).

We assume therefore that there do not exist P,P’ as in (4). By Menger's
theorem applied to the graph obtained from H by contracting all the edges of each
S;, there is a separation (X,Y) of H with V(S1U...US,)C X and ZNV(H)CY. s0
that either |[XNY|<1or XNY =V(S;) for some j. The latter is impossible since
H\V(S;) is connected, n>2 and ZNV(H)#0; and so [ X NY|< 1. Since |Z]|>5
(because G| Z is not tr1angular) and hence |Z NV (H)| > 2, we deduce that |Y]>2
and |X|>|V(51U...US,)| 2 n>2. But H is connected, and so [XNY|=1,XNY =
{u}, say; and H|X is connected. Let T,,+; be a triad in G with feet v1,v2,v3 and
with V(Tp41) C (Y ~{u})J{v1,v2,v3}; this exists since G is 4-connected and |Y| >
2. By (3.1) we may choose T}, 11 lean and so that there is only one T, 1-flap in G,
because H|X is connected. But then T1,...,T;,41 contradict the choice of n. The
result follows. B

(3.7) Let G be a 5-connected simple non-apex graph with no Kg¢-minor, let w €
V(G), and let Z be the set of all neighbours of w. Let vy,v9,v3 € Z be distinct and
mutually adjacent. Then G | Z is triangular with respect to vy,v2,vs. In particular,
if G is 6-connected then w belongs to <2 K4-subgraphs of G.

Proof. Suppose that G | Z is not triangular. By (3.6) applied to the 4-connected
non-planar graph G\ w, there is a 3-cluster

{{Ul}? {v?}v {Ug},X1,X2}
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in G\ w such that ZN Xy, ZN X5 #0. But then
{{w}, {v1} {v2}; {vs}, X1, Xo}

is a 6-cluster in G, a contradiction. Thus G | Z is triangular with respect to vy, va,v3.
Now suppose that G is 6-connected. By (2.7), no edge of G is in >4 triangles, and
so G | Z has maximum valency < 3. Hence (ii) or (iii) holds in the definition of
“triangular”. If G | Z has > 3 triangles, then (ii) holds and G| Z is isomorphic to
K 4. contrary to (2.8). Thus G| Z has <2 triangles, as required. ]

The relevance of (3.7) to our problem about Hadwiger’s conjecture derives
from the following result of Mader [9]; it will often be used in the remainder of the
paper without explicit reference.

(3.8) Every Hadwiger graph is 6-connected.

4. Nearly-disjoint K4’s

Let us say that X C V(G) is a 4-cligue if | X| = 4 and every two vertices
of X are adjacent. A consequence of (3.7) and (3.8) is that in every non-apex
Hadwiger graph, every vertex is in at most two 4-cliques. In this section we prove
a complementary result, that there do not exist three 4-cliques pairwise meeting in
< 2 vertices.

First we need the following lemma.

(4.1) Let z1,y1,21,%2,Y2,22,23,Y3,23 be distinct vertices of a 6-connected simple
graph Gr such that {351391722723}’ {225y2az3a21}7 {$3,y3,21’22} are 4—c]1'ques. Sllp-
pose, moreover, that there is a partition X,Y of V(G)—{z1,29,23} with z1,z9,23 €
X and y1.y2.ys € Y, such that z1y1,29Y2,23y3 are the only edges of G with one
end in X and the other in Y. Then G has a Kg-minor.

Proof. Let Z={21,292,23}.
(1) X.Y are fragments, and we may assume that | X|,|Y|>4.

For if G | X (say) is not connected, let D be a component of G | X with
23 ¢ V(D). Then (V(D)U{yr,y2,21, 22,23}, V(G) — V(D)) is a 5-separation of G;
contradicting that G is 6-connected. Thus X,Y are fragments. If | X| < 3 say, then
X ={z1.29.x23}. Since z1 has valency > 6 it is adjacent to zg,z3 and to every
member of Z, and similarly for z9,23; but then Z U {z1,z9,z3} is a 6-clique, as
required.

Let f1, f2, f3 be the edges with ends z923,2321 and 2129 respectively.

(2) G\{f1.f2. fs} is not planar.

For |E{G)| > 3|V(G)| since G is 6-connected, and so |E(G\ {f1, fo, fs})| >
3|V(G)| - 3: and (2) follows.

Let C be the circuit of G formed by the six vertices 21,z9,23,%1,22,Z3 in that
order. Let

H =G (XU2Z)\ ({1, f2 f3} UE(C)).
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From (2), we may assume by exchanging X and Y that H cannot be drawn
in a disc with V(C') on the boundary in order. There is no (< 3)-separation (A, B)
of H with V(C)C A#V(H), and so from [12, theorem (2.4)] (or from (2.4)), we
deduce

(3) There are disjoint paths P, Q of H with ends py,p2 and q1,q2 respectively, 50
that p1,q1,p2,92 € V(C) and occur in C in that order, and no other vertices of P
or @ lie in C.

(The requirement that “no other vertices of P or @ lie in C” is satisfied by
choosing P and @ with PUQ minimal.) Next, we claim

(4) If P, Q can be chosen with

{p1,p2} N {z1, 22,23} #0 and {q1,q2} N {z1, 22,23} # 0
then G has a Kg-minor.

For if so, we may assume that p; = x; and g; = z2. Then py # 22,23, and so
pa2 € {1,273}, and similarly ga € {29,23}. Choose disjoint fragments A,B of G| X
with V(P)—Z C A and V(Q)—Z C B, with AUB maximal. Since X is a fragment
by (1), it follows that AB are adjacent, and so by (1) again,

{{zl}a {22}, {23}a A,B,Y}

is a 6-cluster in G as required.
From (4), we may therefore assume that p; = 21,p2 = 22, ¢1 = z3, and ¢2 €

{$1,23,£2}-
(8) There are two disjoint paths of H \ {21,22} from {z1,23,2z2} to V(P)U{z3}.

For if not, there is a (< 3)-separation (A,B) of H with ZU {z1,z9} C A and
V(P)U{zs} C B. Then (AUY U{z3},B) is a (< 4)-separation of G, and B # V{(G),
and so AUY U{z3} =V(G) since G is 6-connected; that is, V(H) = AU{z3}. Since
V(P)CB—{z3} CANB and |V(P)| >3 >|ANB| it follows that V(P)= ANB, and
so V(Q)NANB=9. Yet Q has one end in A and the other in B, a contradiction.
The claim follows.

From (5) and the existence of (), we deduce that there are two disjoint paths of
H\{2z1,29} from {z1,23,22} to V(P)U{z3}, both with no internal vertex in P, and
one ending at z3, which we may as well choose @ to be. In other words, we may
assume that there is a path R of H from {z],23,22} to some 7 € V(P) — {21, 22},
with no vertex in P except r, with only one vertex in {z1,23,22}, and with no
vertex in Q. If R has 1 or zo as one end then we may choose P,Q to satisfy
(4). Thus we may assume that R has ends 23,7; and Q has ends z1,23, from the
symmetry between z; and xo.

(6) We may assume that there is a path S of H from x2 to some s € V(Q)—{z1,z3}
with no vertex in () except s, and disjoint from P U R.

For let D be the component of G\ V(C) containing r. Since G is 6-connected,
every vertex of C has a neighbour in V (D), and so there is a path of H from z9
to r and hence to V(PUQU R) — V(C) with no vertex in C except z9. Let S be
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a minimal such path, with ends zo,s say. Then s e V(PUQUR)—V(C), and no
vertex of S except s is in V(PUQUR). If s € V(PUR) then P and @ can be chosen
as in (4). We may therefore assume that s € V(Q). This proves (6).

Let B be the component of H\V(CUQUS) which contains r. The only vertices
of G not in B which have a neighbour in B are in V(C)UV(QUS), and there are
> 6 such vertices since G is 6-connected. Since

V(C)-V(QUS)| =3

at least three of them are in  US. We may therefore assume from the symmetry
between x1,z9 and z3, that there are two vertices u,v in () with a neighbour in B,
and v lies in the component of @ \ s containing z3, and u lies in @ between v and
z1 (possibly u==z1). Let A be the component of @\ v containing u,s and z1. Then

by (1),
=1} {22} {23}, V(B), V(AU S), (V(Q) - V(A))UY}

is a 6-cluster in GG, and so G has a Kg-minor, as required. |

Secondly, we need Mader’s “H-Wege” theorem [8], the following. We say S C
V(G) is stable if no edge has both ends in S.

(4.2) Let G be a graph, let S CV(G) be stable, and let k>0 be an integer. Then
exactly one of the following holds:
(i) there are k paths of G, each with distinct ends both in S, such that each
v € V(G)— S is in at most one of the paths

(ii) there exist W CV(G) — S and a partition Y1,...,Y, of V(G) — (SUW),
and for 1 <4i<mn a subset X; CY;, such that

@ Wi+ 3 |5 <k

1<i<n
(b) no vertex in Y; — X; has a neighbour in V(G) - (WUY;)
(c) every path of G\ W with distinct ends both in S has an edge with
both ends in Y; for some i.

Let Li,...,Lt be subsets of V(G), where G is a graph. A path P of G with
ends u,v is good if there exist distinct 7,7 with 1 <4,5 <t such that u€ L; and v €
L;. From (4.2) we deduce:

(4.3) Let G be a graph, let Ly,...,L: be subsets of V(G), and let k > 0 be an
integer. Then e\xactly one of the fo]]owmg holds:
(i) there are k good paths of G, mutually vertex-disjoint

(i) there exists W C V(G) and a partition Y1,...,Y, of V(G) — W, and for
1<i<n a subset X; CY;, such that

SLCY 3| <k

(b) for 1<i<mn, no vertex in Y; — X; has a neighbour in V(G)— (W UY;),
and Y,NL; CX; for1<j<t
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(c) every good path P in G with V(P)N'W = { has an edge with both
ends in Y; for some i.

Proof. For 1 <i <t let s; be a new vertex, and add s1,...,8¢; to G, making s;
adjacent to all vertices in L; (1<¢<t). Let S={s1,...,5:}, and let the graph we
construct be G’. Then (4.3) follows by (4.2) applied to G’, S. |

We use (4.3) to prove the following.

(4.4) Let G be a simple, 6-connected non-apex graph with no Kg-minor. Then there
do not exist three 4-cliques L1, L2, L3 of G such that |L;NL;{ <2 (1<i<j<3).

Proof. Suppose that such L1, Ls, L3 exist, and choose them with |Ly U Ly U Lg|
‘minimum. By (2.7), |L; NL;| <1for 1<i<j<3, and by (3.7) LiNLaN L3 =0.
Define “good” as before.

(1) There do not exist 6 mutually disjoint good paths in G.

For suppose such paths exist, Py,...,Ps say. For 1 <i < i’ <6, V(P;) meets
>2of Ly,Ls,L3, and so does V(Py), and so there exists j with 1 <j <3 such that
V(P)NL; #0#V(Py)NL;. Consequently, a vertex of P; is adjacent to a vertex
of Py, since G | L; is complete. Hence {V(Py),...,V(Fg)} is a 6-cluster in G, a
contradiction.

From (4.3) we deduce

(2) There exists W C V(G) and a partition Y1,...,Y, of V(G) — W (we permit
Y;=0), and for 1 <i<n a subset X; CY;, such that

1
@ Wi+ 3 |3 <5
1<i<n
(b) for 1 <i<mn, no vertex in Y; — X; has a neighbour in V(G) — (W UY;),
and Y;N(L1 UL U L3) T X;

(iil) every good path disjoint from W has an edge with both ends in Y; for
some 1.

Choose W and Y7,...,Yy,X1,..,Xp as in (2) with W maximal. We may
assume that Y; # () for each ¢ since otherwise Y; may be omitted.

Define M = (L1NLy)U(LaNLg)U(L3NLy). Then |M| <3, from the hypothesis.
If ve M, then v forms a 1-vertex good path, and so v € W by (2)(c). Consequently,

3y MCW.
We claim:
(4) n>2.

For LiULaUL3 CWUX3U...UXy and |L1 UL U Lg| =12 — [M]| > 9, and
|[W|<5 by (2)(a). Thus, n>1. Suppose that n=1. Then

Wi+ |33l <5,
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but
W[+ X1 > |Ly ULy U Ly| = 12— [M] > 12— W],
by (3). and so

102 20W|+ | 3151y 2 2w+ 132 -1 2 1

a contradiction. Thus n > 2.
(5) For1<i<m,|X;] is odd.

For suppose that |X1] is even, say. If X1 #0, let v € X1, let W =W U {v},
X=Xy -{v}, Yy =Y1-{v}, and X] = X;,Y/ =Y, for 2 < i < n; then
W' X1,.. .,X;L,Yll, ...,Y, satisfy (2), contrary to the maximality of W. Hence X1 =
0, and so (Y1 UW,YoU...UY, UW) is a separation of G. But n > 2 by (4), and
Y1,Y2 # 0, and so YIUW # V(G) and YoU...UY, UW # V(G). Since G is
6-connected it follows that |W| > 6, contrary to (2)(a). This proves (5).

For 1 <4 < 3, let Z; be the union of the vertex sets of all paths P with
V(P)NW = 0 such that P has no edge with both ends in ¥; for 1 < j <n, and
V(P)NL; #0.

(6) For 1<i<3,L;—-WCZ;, CV(G)—W, and Z1,Zo, Z3 are mutually disjoint.
The first claim is immediate, and the second follows from (2)(c).
(7) For1<i<3, Z;CX1U...UXp.

For suppose that v € Z; N (Y; — X;) for some j with 1 <j <n. Let P be a
path of G\ W from v to L; such that for 1 <j <n, no edge of P has both ends in
Y;. Since V(P)# {v} (because v ¢ L;), there is an edge e of P incident with v. By
(2)(b), both ends of e are in Y}, contrary to the choice of P. The claim follows.

(8) For 1<i,i’' <3 withi#1i, every path of G\ W from Z; to Zy—has > 2 vertices
in X; for some j.

Let @ be a path of G\W from v € Z; to w € Zy, say. Let P be a path of G\W
from u € Ly to v, and let R be a path of G\ W from w to z € Ls, such that P and
R both have no edge with both ends in Y; for any j (1<j<n). Let SCPUQUR
be a path from u to . Then S is good, and so there exists e € E(S) with both ends
in Y; for some j. By the choice of P and R, e ¢ E(P)U E(R), and so e € E(Q).
Hence @ has > 2 vertices in Y;. But @ has ends v,w, and v € Z; C X1 U...UX,
and we Z9 CX7U...UX, by (7). Thus by (2)(b), @ has at least two vertices in
X, as required.

(9) For 1<i<3,|Z]<5—|W|.
For suppose that [Z1| > 6 — |W|, say. Now |LaU L3|>7, and so

ILyULs —W|>7—|W|>6—|W|
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But G\W is (6 —|W|)-connected, and so there are 6 — |W| paths P; (1 <¢<6—|W|)
of G\W from Z; to LoUL3—~W, mutually disjoint. By (8) each P; has two vertices

in some Xj, and so
> || 26—
1<5<n
contrary to (2)(a).
(10) [W]<3.
For by (9) and (6),

12= 3" IL< Y (Zl+|Lin W) <3(5— W) +2{W| =15 W],
1<i<3 1<4i<3

The claim follows.

Let Zog=V(G)— (WUZ1UZyU Z3). Then Zy,Z1,Z9,2Z3,W is a partition of
V(G).
(11) Ifu,v e V(G) - W are adjacent, then either u,v € Z; for some i (0<i:<3) or
u,v €Y for some j (1<j<n).

For suppose that 4 € Z1NY) and v € Y3, say, and e € E(G) has ends u,v. Then

e does not have both ends in ¥; for 1 < j < n, and so v € Z; (since u € Z3) by
definition of Z;, as required.
(12) For1<j<n, if  WUX;| <5 then X; =Yj.

For suppose that X; #Y;. Since (WUY;,V(G) - (Y; — X;)) is a separation of
G and V(G) - (Y; — ng #V(G) (sifce X; #Y;) and WUY; # V(G) (since n > 2
by (4)) and G is 6-connected, it follows that |W U X;| > 6, as required.
(13) |X;| >3 for1<j<n.

Reorder the indices so that |X;| >3 for 1<j<m and |X;|=1for m<j <n.
By (10) and (12), X; =Y; for m <j <n. Let U = X;,41 U...U Xy, and suppose
that 0<i<3 and Z;NU #@. Let N be the set of vertices in V(G) — (Z;NU) with
a neighbour in Z; NU. fve N — (WU Z;), let v be adjacent to u € Z;NU; by (11)
there exists j with 1 < j <n such that u,v €Y}, and so |Y;| > 2 and hence j <m,
contradicting that u € U. There is therefore no such v, and so N C W U Z;. Now
for all ¢/ with 1 <4/ <3,

0% V(Ly)—W C Za

by (6) and (10); and consequently WUZ, # V(G). Since G is 6-connected, it follows
that [N| > 6, and so i =0 by (9). In particular, N and Z; U Zs U Z3 are disjoint
subsets of WU X1 U...UX,,. Consequently

NI+ Y 1zl < Wi+ YD Ixl
1<i<3 1<j<m
But |N|>6,

Nzl > > i -w| > 12-2W|,
1<i<3 1<:<3
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and by (2),
> i<s B 3] <a6- 1w

1<j<m 1<j<m
and so
6+ (12 - 2|W|) < [W| + (15 - 3|W),
a contradiction. This proves (13).

(14) | X;U...UXp, —(L1UL2UL3 —W)| <3+ |M|—2|W|, with strict inequality if
|X;| >3 for some j.

For let s=|X1U...UX, ~ (L1 ULa ULz —W)|. Then
[ X1U...UX,| >s+12— |M| - |W|.

But | X;/ <3 [%]X]]} for 1 <j<m, and so

1
s 2 3% 2 T iz iz- -

1<j<n 1<j<n
with strict inequality if |X;| >3 for some j. From (2)(a), we deduce that
35— W|) > s+12—|M| - W],

that is, s <3+ |M| — 2|W|; and again with strict inequality if |X;| >3 for some 7,
as required.

1
(18) For 1<j<nand 1<i<3, [Z;NX;|< 5'Xj,'

1
For suppose that |Z; N X3| > §|X1|. Since X7 # @ by (5), there exists v €

Z1NXj. Since |[LoUL3 —W|>|LoULg|— |W|>7—|W|, and G\ W is (6 — |W|)-
connected, there are 6 — |W| paths of G\ W between Z; and Lo U L3 — W, disjoint
except possibly for v. Choose them with no internal vertex in Z;. Each has two
vertices in X; for some j, by (8); but at most

> [3%1] <s-w1- [l

2<j<n

1
of them have two vertices in X; for some j # 1. Thus at least 14 §|X 1|J of them

have two vertices in X;. But each has only one vertex in Z7, and so has a vertex in
X1 which does not belong to Zq; and all these vertices are different. Consequently,

1
X1 —Z1] > 1+ lellJ

and the result follows.
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(16) |W|<2.

For suppose that |W|>3. By (14), 3+ |M|—2|W| >0 and by (3), |W|> |M|;
and so W=M, and [W|=3. By (13) and (14), | X;|=3 for all j, and

XiU...uX,=LiULyUL; -W.

But |L;ULaUL3—W|=6 since |W|=3 and W=M, andson=2. For: =1, 2, 3,
by (15) and (7), |Z; N X1|=1 and |Z; N X2| =1, and so | Z;] =2. Since L; - W C Z;
and |LyULaULg—W|=6 it follows that Z; = L; — W for 1 <i< 3. This contradicts
(4.1) (using (11)). :
(17) For1<j<n, if |X;{=3 then Y; = X;.

This follows from (12) since |W U X;|{ <5 by (16).
(18) For1<j<m, if | X;|=3 then X; N Zy=0.

For suppose that | X1| =3, say, and v € X1 N Zy. By (17), Y1 = X1, and so by
(11), all neighbours of v belong to X; UW U (ZpN(X2U...UXy)). But by (14),
|Z()ﬂ(X1U...UXn)|S_IXlU.,.UXn—(LlULQUL:;—W)l_<_3+|M|—2|W|, and

has at
so v has at most | 34+ M| - 2[W| —|Zo N X1
neighbours not in X1 UW; and hence it has <5+ |M|—|W|—~|ZpN X1| neighbours
altogether. But |Zp N X3| > 0 and |M| < |W|, and so v has valency < 5, a
contradiction. This proves (18).

(19) [X;|>5for1<j<n.

For suppose [X1| =3 say. By (18), X1 N Zp=0, and so by (15), |{Z;nX1|=1
for 1 <i<3. By (17), Y1=X;. Let X7 = {v1,v2,v3} where v; € Z; (1 <i<3). Let
1<i<3. By (11) every neighbour of v; is in WUX;UZ;; and by (9) |2;] <5—|W].

Consequently, \p \\ X1 U Zy| < W[+ 12 + X1 - Zi] < T.

Since v; has valency > 6, it follows that v; is adjacent to every vertex in WUX1UZ;
except v;. Suppose for a contradiction that w € W, and let Lo = X; U{w}; then Ly
is a 4-clique. Now Lg # L1,Lo, L3 since Lo — W € Zy,Z9,Z3, and so w belongs to
at most two of Lo, L1, Lo, L3, by (3.7). Consequently, w¢ M, and so M =§. From
the minimality of L1 U Ls U L3, it follows that LoNL; =0 for 1 <7 < 3, and so
XiNL;=0for 1<i<3, and w¢ L1ULyULg3; indeed, WN(L1ULyUL3)=0. Thus

S IXl 2 [X1| + L1 U Ly U Ly = 15,

1
and so z l§|Xz|J >5; yet W #£0, contrary to (2)(a). It follows that W =0. Now

for 1 <4< 3, v; is adjacent to every other vertex of Z; U X;, as we saw; and [Z;| =
5. Hence |Z1 U Zo U Z3| =15. But by (14),

IX1U.. . UXg] <3+ L1 UL ULz =15

and so we have equality throughout. In particular |X; U... U X,| = 15, and
each |X;| = 3 since we have equality in (14). Hence n = 5. Since L; C Z; and
|L1| =4, we may assume that vy ¢ L1, by the symmetry between Xi,...,X5; but
then G|(L; U{v;}) is isomorphic to K5, contrary to (2.8). This proves (19).
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(20) n=
1
For n > 2 by (4). But by (2)(a), Z [§|X,|J <6, and so n <2 by (19).

(21) X1 UXe=L1ULaUL3— W, and W=M, and |[W|<1.
For let s={X; UXo—(L1ULaULg—W)|. Asin (14},
IXIUX2I > 8+12—|M]—]W|.

X< 5 5001,

1 5
3|+ 3 |31l 2 130000 > 6 12— o1 - w0,

By (19), for j =1,2,

and so from (2)(a),

-2

that is,

N | Ot

25 <1-2(|W| - |M|) - |W|.
Hence s =0, and |W|=|M| <1, as required.

(22) W =9.

For, if W # @, then by (21), |[W|=1,|M|=1, and hence | X; U X5|=10 by (21)
again. By (19)’ IXll = IXZI =5. Let X; = {aiabiaci?di,ei} (Z = 1a2)a and W = {’LU}
Then by (15), we may assume that L = {a1,b1,a2,w}, Ly = {c1,b2,c2,w}, Lg =
{d1,€1,dz,e2}. Since G is 6-connected, G\ {w,az,c1,dq,€1} is connected; and since
Y1 UYa U {w} =V(G), there exists u; € Y1 — {c1,d1,e1} and ug € Y5 — {az} so that
ujugp are adjacent. By (2)(b), u; € X; and ug € Xo; hence u; € {a;3,b1}, and ug €
{b2,c2,d2,e2}. But this contradicts (11). Hence W =0, as required.

By (21) and (22), |X; U X2| = 12, and so we may assume that
|X1] = 5 and |Xp| = 7. By (12) Y1 = X1. Let X; = {ay,b1,c1,d1,e1},
X2 = {ag,b2,¢2,d3,€2, f2,92}. By (15) we may assume that Ly = {ay,b1,a2,b2},
Ly = {c1,d1,c2,da}, L3 = {€1,€2, f2,92}. Now by (7), Z1 = {a1,b1,a2,b2}, and so
|Z1 U X1|=7. Hence by (11), ay,b; are both adjacent to every other vertex in X7,
and similarly so are c1,d;. But then G| X is isomorphic to K, contrary to (2.8). 1

Let us say two 4-cliques L1, Ly in G are close if |L1 N La| > 3. Then we have

(4.5) Let G be 6-connected, simple, and non-apex, with no Ka-mmor Then
(i) closeness is an equivalence relation on 4-cliques
(ii) each equivalence class has < 2 members
(iii) there are <2 equivalence classes
(iv) there are <10 vertices in 4-cliques.
Proof. (i) follows from (2.7), and (ii) from (3.7), and (iii) from (4.4). To deduce

(iv), we see that from (ii), each equivalence class has < 2 members and the union
of its members has cardinality < 5; and so (iv) follows from (iii). ]
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5. Vertices of valency 6

So far, our results have been about non-apex 6-connected graphs with no Kg-
minor. However, now we need to use some further properties of Hadwiger graphs.
We shall need the following throughout the paper.

(5.1) Let G be a Hadwiger graph, and let X1,...,X} be disjoint fragments of G.
Let Z C X1U...UX;, with Z# 0 such that X; — Z is stable for 1 <i < k. Then
there is a 5-colouring ¢ of G\ Z such that for 1 <i < k,¢(z) = ¢(y) for all z,y €
X; — Z, and such that for 1 <i<j <k, if X;X; are adjacent then ¢(z) # ¢(y) for
reX;—ZandyeX; - Z.

Proof. We may assume that |X;| > 2 for some i, since otherwise the result is clear.
Let H be obtained from G by contracting all edges of G| X; for 1 <i<k. Since H
is a loopless minor of G and |V(H)| < |V(G)|, there is a 5-colouring ¢ of H. For
veV(G)—Z, let u be the corresponding vertex of H, and define ¢(v) =1 (u); then
¢ satisfies (5.1). |

The first application of (5.1) is the following.

(5.2) Let G be a Hadwiger graph, let v € V(G), and let N be the set of neighbours
of v. Then G| N has no stable set of cardinality |[N|— 3.

Proof. Suppose that AC N is stable and [A|=|N|— 3, and choose a € A. By (5.1)
with X7 = AU{v}, there is a 5-colouring ¢ of G\ v such that ¢(u) = ¢(a) for all
u€ A. Choose a € {1,...,5} with a # ¢(a),o(b),¢(c),¢(d), where N — A={b,c,d}.
Then setting ¢(v) = defines a 5-colouring of G, a contradiction. |

Fig. 1. A diamond

We call graphs isomorphic to the six-vertex graph shown in figure 1 diamonds.
The next result was also proved by J. Mayer [10, 11].

(5.8) Let v be a 6-valent vertex of a non-apex Hadwiger graph G, and let N be the
set of neighbours of v. Then G| N has exactly two triangles, and either G| N is a
diamond, or the two triangles are disjoint. In particular v belongs to exactly two
4-cliques, and every edge incident with v is in > 2 triangles of G.

Proof. Let N = {v1,...,u}. By (2.7) each edge of G is in < 3 triangles, and so
G| N has maximum valency < 3. By (5.2), G| N has no stable set of cardinality
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3, and hence it has a triangle by Ramsey’s theorem, with vertex set {v1,vs,v3}
say. Suppose first that some two of vy4,v5,v6 are not adjacent, say v4vs. Since
G| N has no 4-clique by (2.8) and no stable set of cardinality 3, we may assume
that viv4,v9vu4 and vgvs are adjacent. Since G | N has maximum valency < 3,
V15,16, U2V5,V206, V34 and vzvg are non-adjacent. Hence vqvg and vsvg are
adjacent and G | N is a diamond. We may assume therefore that v4vs,v5vg and
vavg are all adjacent. Since G | N has maximum valency < 3 it has exactly two
triangles and again the result is true. 1

(5.4) Let G be a non-apex Hadwiger graph, and let u,v € V(G) be adjacent, with
the edge uv in >3 triangles. If u has valency 6 then v has valency > 8.

Proof. By (2.7), uv is in exactly three triangles; let the neighbours of u be
T1,T2,T3,V,U1,ug Where 21,229,253 are adjacent to v. Since G has no Kg-subgraph
by (2.8), we may assume that £1z9 are non-adjacent.

By (5.2), {z1,22,23} is not stable, and so z3 is adjacent to x; or to z2; and so
we may assume z223 are adjacent. Since uzg is in <3 triangles by (2.7), not both
up and up are adjacent to x3, and so we may assume that u;z3 are non-adjacent.
We suppose that v has valency <7. Let N be the set of two or three neighbours of
v different from u,z1,z2,23.

(1) |[N|=3 and each y € N is adjacent to one of z1,T5.

For otherwise we may choose A C {z1,22} U N, stable, with z1,72 € A and
with [N — A| < 2. By (5.1) with X; = AU{v}, X2 = {uj,u,2z3} and Z = {u,v},
there is a 5-colouring ¢ of G\ {u,v} such that ¢(u1) = ¢(x3) and ¢(y) = ¢(z1) for
all y€ A. Choose a1 €{1,...,5} with a; # ¢(z1),¢(z3), and ¢(y) for all ye N — A;
and choose oy € {1,...,5} with as #a1,8(z1),¢(z3), ¢(ug). Setting ¢(u)=as and
#(v) = oy defines a 5-colouring of G, a contradiction. This proves (1).

Let N = {v1,v2,v3}. Since zax3 are adjacent, and vzs is in < 3 triangles,
it follows that at most one of v;,v9,v3 is adjacent to x9; and since vz is in < 3
triangles, at most two of vi,vs,v3 are adjacent to z3. By (1) we may therefore
assume that viz1,vez1,v3z2 are adjacent, and hence vyzg,v929,v3T7 are non-
adjacent. Since vz is in < 3 triangles, z1z3 are non-adjacent. By (1) with z9
and z3 exchanged, v3rs are adjacent, and viz3,v2x3 are therefore non-adjacent
since vxg is in <'3 triangles.

Since {u,v,z2,23} and {v,z2,z3,v3} are 4-cliques, it follows that {v,z1,v1,v2}
is not a 4-clique, because v is in < 2 4-cliques by (3.7). Hence v1v2 are not adjacent,
and so {v1,v2,z2} is stable. By (5.1) with X; = {v1,v2,22,v} and X2 = {z1,z3,u},
there is a 5-colouring ¢ of G\ {u,v} such that ¢(v1) = ¢(vg) = ¢(z2) and ¢(z1) =
#(x3). Choose a1 €{1,...,5} with ay # ¢(z1),8(z2), d(u1),d(us), and choose ap €
{1,...,5} with ag # a1,¢(21),4(z2),#(v3); then setting d(u) = a1 and ¢(v) = ag
defines a 5-colouring of G, a contradiction. |

(5.5) Let G be a non-apex Hadwiger graph; then e>very 4-clique of G contains at
most one 6-valent vertex.

Proof. Let {u,v,z1,22} be a 4-clique, and suppose that u,v are both 6-valent. By
(5.4) uv is in exactly 2 triangles. Let the neighbours of u be v,z1,z2,u1,u2,u3, and
let the neighbours of v be u,z1,22,v1,v2,v3 where u1,us,u3 # v1,v2,v3. By (5.2),
{u1,u2,v} is not stable, and so ujug are adjacent, and similarly u;13 and uous are
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adjacent. Hence {u,ui,u2,u3} is a 4-clique, and similarly so is {v,v1,v2,v3}, and

so is {u,v,71,z2}, contrary to (4.4). 1
We deduce

(5.6) Let G be a non-apex Hadwiger graph. Then at most two vertices of G have
valency 6, and all others have valency > 7.

Proof. By (5.3) every 6-valent vertex belongs to two 4-cliques, and by (5.5) every
4-clique contains at most one 6-valent vertex. From (4.5) there are at most four
4-cliques, and the result follows. ]

This concludes step 1 of the proof sketched in the introduction.

6. Separations of order 6

The second step in the main proof is to show that every non-apex Hadwiger
graph is 7-connected except for its (< 2) 6-valent vertices. In this section, we begin
to investigate possible 6-separations. First, we need a trivial strengthening of a
result of Mader [7].

(6.1) If G is a simple graph with |V(G)| >4 and with no Kg-minor, then |E(G)| <
4|V (G)| —10. Moreover, if equality holds and |V(G)| > 5 then every edge of G is in
>3 triangles.

Proof. The inequality was proved by Mader (7]. Suppose that equality holds and
|[V(G)| > 5, and let e € E(G) be in T triangles. Form H from G by contracting e
and deleting the T parallel edges that result; then

|[E(H)|=|E(G)|-T-1=4|V(G)|-10)-T - 1.
From Mader’s inequality applied to H,
|E(H)| < 4|V(H)| - 10 = 4|V(G)| - 14,
and so T > 3, as required. i
The following result is mainly for reassurance.

(6.2) Every non-apex Hadwiger graph has > 18 vertices.

Proof. Let G be a non-apex Hadwiger graph with n vertices. By (5.6), 2|E(G)| >
7n — 2; but by (6.1), |E(G)| <4n —10. Hence 2(4n—10) > Tn—2, and so n > 18. 11

(6.3) Let (A,B) be a 6-separation of a non-apex Hadwiger graph G, with
|A—B|>2 and |B— A|>1. Then |A— B|>5.

Proof. Suppose first that |A—B|=2,A— B = {a1,a2} say. Since aj,as have valency
> 6 there are > 4 vertices in AN B adjacent to both a1 and a2. By (2.7), ajaz are
non-adjacent; and so a1 and ag are 6-valent and both are adjacent to every vertex
in ANB. By (5.3), G| AN B has a triangle, with vertex set {v1,v2,v3} say. Let C
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be a component of G | (B — A). Since G is 6-connected, every vertex in AN B has
a neighbour in C. Let vg,v5 € AN B — {v1,v2,v3} be distinct. Then

{{Ul}’ {’Ug}, {U3}’ {ala 'U4}’ {a2: U5}a V(C)}

is a 6-cluster in G, a contradiction.

Consequently, |A — B| > 3, and so by (5.6) there is a vertex a1 € A — B with
valency > 7. It therefore has a neighbour ag in A — B. Since A — {a1,a2} contains
every neighbour of a; except as, and every neighbour of ao except a, it follows
that the edge ajag is in at least §(a1) + 6(az) — |A| triangles, where 6(a;) denotes
the valency of a;. By (2.7), 3+ |A| > 6(a1) + é(az), and if equality holds, then by
(5.4), 6(a1) + 6(ag) > 14. Since in any case, §(aj) + 6(az) > 13, we deduce that
3+ |A| > 14, that is, |A — B| > 5, as required. |

If (A, B) is a separation of G, we define 5(A, B) to be the maximum h such that
there exist |AN B| disjoint fragments X; (1<i<|AN B|) of G| B, each containing
one vertex of AN B, and there are & pairs 4,7 with 1 <i< j <|AN B| and XX
adjacent.

(6.4) Let (A,B) be a separation of a simple graph G of order k>4, let vE€ B — A,
and let there be k paths of G | B between v and AN B, mutually disjoint except
for v. Suppose that there is no separation (C,D) of G| B with CN D = {v} and
|CNA|,|DNA|>2. Then n(A,B) > 2k —3; and if there is a circuit in G| AN B of
length <k, then n{A, B) > 2k — 2.

Proof. Let P be a set of k paths of G| B from v to ANB, mutually disjoint except for
v. Since k >4, we may partition P into two sets P1,P2 both of cardinality > 2; and
from the non-existence of (C, D) as in the theorem, there is a path of G | (B — {v})
from some member of P1 to some member of P9. Consequently, there exists P; € P
such that there is a path of G| (B ~ {v}) from V(P;) to

Uv(@): PeP-{P}) - {o}.

Define X1 =V (P;)—{v}. We define Xo,...,X;_1 and P,..., P,_; € P inductively,

as follows. Suppose that 2<j <k-—1, and we have defined fragments X1,...,X -1

and paths P,...,P;_; € P, in such a way that Xi,...,X;_; C B — {v} and are

mutually disjoint, and V(F;) — {v} C X; for 1<i<j—1, and for 2<i<j—1 some

\(ze)rtex of X; is adjacent to a vertex in X7 U...UX;_1. We shall define X j»Pj using
1).

(1) There is a path Q of G| (B — {v}) from

UV(P): Pe? (... Pia)) - (v}
to X1 U...UX]'_]_.

For if not, then j >3 (from our choice of P;), and there is a separation (C, D)
of G| BwithCND={v}, X U...UX;_{ CC,and V(P)C Dforal P¢
P —{Py,...,Pj_1}. Since j >3 it follows that [CNA|>j—1>2; and since j <k it
follows that

IDNA2|P - {P,...Pjal=k-(i-1)>2
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But then (C, D) contradicts the hypothesis. This proves (1)

To complete the definition of X; and P, choose Q) as in (1) with @ minimal,

with ends a,b, where a € V(F;) for some P €P—-{P,...,Pj_1} and b € X3 U

U X Define X; V(P uQ)—{bv}. Th1s completes the definition of X
and P;. We see that X is d1s301nt from Xi,...,X;_ 1; that X; is a fragment
that V(P) {v} C X;, and that some vertex in X; is ad_]acent to a vertex in
X{U...U X i 1.

Let {Pk} P~ {Py,....,P,_1}, and let X} = V(P;). Since v € X}, it follows
that X; X}, are adjacent for 1 <i<k-1;and for 2<j<k—1 there exists ¢ with 1 <
i < j such that X;X; are adjacent. Consequently, there are > 2k — 3 adjacent pairs
altogether, and so n(A B) > 2k — 3. This proves the first claim of the theorem.

For the second, suppose that vy,...,v5 € AN B are the vertices of a circuit in
order, where h < k. Choose P as before, and for 1 <i<h let P; € P have ends v,v;.
Then setting X; =V (F;) — {v} for 1 <4< h satisfies the conditions of the inductive
definition, and so we may choose Xj;41,..., Xy as before. Then, as before, there are
> 2k — 3 pairs 4,7 with 1 <1 < j <k such that X;X; are adjacent, counting only
one pair ,j for each value of j < k. But for j = h, there are two pairs 4,5 namely
1,7 and j — 1,7; and so in total there are > 2k — 2 pairs. |

(6.5) Let (A, B) be a k-separation with k > 6 of a non-apex Hadwiger graph G, and
let ZC AN B with |Z| =z > 2. \Define § =0 if some vertex in A— B has valency 6,
and § =1 otherwise. Define € =0 if every vertex in Z has <2 neighbours in A—- B
and there are < z vertices in A — B with a neighbour in Z, and € = 1 otherwise.
Then either

(i) some vertex in Z has at most one neighbour in A - B, or
(ii) n(A,B)+2+6+ec<4k~12, or
(iii) there are two 6-valent vertices in A— B both with no neighbour in A— B,
or ‘
(iv) let H be the subgraph of G with V(H)= (A — B) UZ and with E(H) =

E(G|\V(H )) E(G| Z); then H cannot be drawn in a plane so that every
vertex in Z is incident with the infinite region.

Proof. We assume that (i), (iii) and (iv) are false. Let |A — B| =n. Let there be o
edges of G with both ends in A — B, 3 edges with one end in A — B and the other
in Z, and « with one end in A- B and the other in ANB— Z Define ¢’ =0 if some
edge of G with both ends in A — B is in <2 triangles, and ¢/ =1 otherwise.

(1) 20+ B8+y2Tn+6+¢" —2.

For suppose the inequality is false. Then, if §(v) denotes the valency of a vertex
v, we have

2(6(1)) vEA-B)=2a+8+7<Tn+6+¢ —3.

Hence some vertex in A — B has valency 6, and so § =0. Therefore, from the same
inequality, at least two vertices aj,a2 in A — B have valency 6, and by (5.6) all
other vertices in A— B are 7-valent. Since (iii) is false, we may assume that a; has
a neighbour a3 € A — B. Then ag is 6- or 7-valent, and so by (5.4), ajag is in <2
triangles; and hence ¢’ =0, and the inequality of (1) holds.
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(2) a—n(A,B)>3n—4k+6+9.

For let X,..., X be disjoint fragments of G | B each containing one vertex of
AN B, such that X;X; are adjacent for (A, B) pairs 4,j with 1 <é<j <k. Let
J be obtained from G by deleting all vertices in B — X1 U...U X}, contracting all
edges with both ends in X; for 1 <i <k, and deleting any parallel edges. Then J is
simple, and has n+k vertices and a+ G+ +n(A, B) edges. Since k > 6, it follows
from (6.1) that

a+B+v+n(A B)<4n+k)-10

with equality only if every edge of J is in >3 triangles. In particular if ¢’ =0 then
equality does not hold, and so

a+B8+v+n(AB)<4n+k)-11+¢".
Then (2) follows from (1) by subtracting.
3) a<3n—2z-3—¢.

For let H be as in (iv); since (i) and (iv) are false, H can be drawn in the plane
so that every vertex in Z is incident with the infinite region, and every vertex in Z
has valency > 2 in H. Let there be z + 2’ vertices incident with the infinite region
in the drawing of H. Since Z is stable in H, we may add 2z — 3 new edges to H
joining pairs of vertices in Z so that the result, H' say, is still simple and planar.
Consequently,

|E(H)| +22—3=|E(H")| < 3(n+2) -6,
and so |[E(H)| € 3n+ z — 3. Also, since every vertex in Z has > 2 neighbours in
A — B, it follows that 3 > 2z. Suppose that we have equality in both; that is,
|E(H)|=3n+2—3 and 3=2z. It follows that H’ is a planar triangulation, and so
2/ < z; but also, every vertex in A — B with a neighbour in Z is incident with the
infinite region since every vertex in Z is 2-valent (because §=2z), and so there are
< 2/ < z such vertices. Hence if we have equality in both inequalities then & = 0;
and so,
Brn+z-3—|EH)|)+(8—22) > e

Since |[E(H)|=a+ ( this proves (3).

By combining (2) and (3), we deduce that (ii) holds. |

(6.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a 6-separation with
|A—B|>2 and |B— A|>2. Let ANB={v1,...,v}, and let H be the subgraph of
G with V(H)= A~ {vs,v6} and E(H)=E(G|V(H))— E(G | {v1,...,v4}). Then
there is a cluster in H traversing {v1,v2,vs3,v4}.

Proof. We proceed by induction on |A].
(1) We may assume that v1,...,v4 all have valency >2 in H.

For suppose that for some v € A—B,v; has no neighbour in A—(BU{v}). Then
(A—{v1}, BU{v}) is a 6-separation of G, and |(A—{v1 })—(BU{v})| > 2 since | A—B| >
3 by (6.3). From the inductive hypothesis there is a 4-cluster {X1, X2, X3, X4} of
H\vi with v € X7 and v; € X; (1=2,3,4). But then {X;U{v1}, X2, X3, X4} satisfies
the theorem. This proves (1).
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(2) We may assume that there is no trisection (C1,Ca,D) of H of order 2 with
[(C1 — DYyn{vi,..,ua} =|(Co — D)N {v1,...,u4} = 1.

For suppose that C1,C9, D is such a trisection, with v € C;y — D,vg € Cy — D,
and vs,v4 € D say. Let C1NCaND={ai,a2}. Since (C1,C2U D) is a 2-separation
of H, it follows that (C1U{vs,ve},C2UDUB) is a 5-separation of G. Consequently,
CoUDUB =V(G), and similarly CyUDUB =V (G). Hence D = (A~ B)U{vs,v4}.
Since v1 € C1 — D and v has two neighbours in A — B which therefore belong to
C1, it follows that aj,a3 € A— B, and a1,a9 are both adjacent to v1; and similarly
they are both adjacent to vo. Now (B U {aj,a2},A ~ {v1,v2}) is a 6-separation of
G, and

(A = {v1,v2}) = (BU{a1,02})| 2 2
since |A — B| > 4 by (6.3). From the inductive hypothesis, there is a 4-cluster
{X1,X9,X3,X4} of H\ {v1,v2} with a3 € X1,a2 € X9, v3 € X3,v4 € X4; but then
{X1U{v1}, X2 U {v2}, X3, X4}
satisfies the theorem. This proves (2).

(3) There is no (< 3)-separation (C,D) of H with v1,...,u4 € C, |D—-C|>2, and
[{v1,...,v4} N D[ <2.

For if (C, D) is such a separation, then (CUB, DU{uvs,vg}) is a (< 5)-separation
of G, and yet BUC #V(G) since |D — C| > 1, a contradiction. This proves (3).

(4) n(A,B)29.

Let us apply (6.4), taking k =6. Choose v € B — A arbitrarily; then by the 6-
connectivity of G, the k paths of (6.4) exist. We claim there is no separation (C, D)
of G| B with CND={v} and |CNA|,|DNA| > 2. For suppose that (C,D) is such
a separation. Then (CU A, D) is a separation of G, of order

ICND|+|AND|=|CND|+6-~|ANC|<5

and so CUA = V(G); and similarly DU A = V(G). Hence B—- A = {v}, a
contradiction. Thus there is no such (C, D), and the claim follows from (6.4).

(5) H cannot be drawn in a disc with v1,ve,v3,v4 on the boundary in some order.

For let us apply (6.5), taking k£ =6 and Z = {v;,v2,v3,v4}. Certainly (6.5)(i) is
false, by (1), and (6.5)(ii) is false, by (4). Also, (6.5)(iii) is false, for otherwise there
would be a 6-separation (C,D) of G with |C' — D|=2 and |D — C| > 2, contrary to
(6.3). Thus (6.5)(iv) holds, as required.

From (2.6) (applied to H), (2), (3), and (5), we deduce the theorem. ]

(6.7) Let (A,B) be a 6-separation of a non-apex Hadwiger graph G, with |A ~ B,
|B~ A| >2. Then G| AN B has no circuit of length 4.

Proof. Suppose that AN B={v1,...,v}, where v1va,vou3,vavys,v4v; are adjacent.
By (6.6), there is a cluster {X1,X3, X5, X6} of G| (A — {ve,v4}) with v; € X; (i=
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1,3,5,6); and there is a cluster {Y2,Y4,Ys,Y6} of G| (B —{v1,v3}) with v; €Y; (i=
2,4,5,6). But then

{X1,Y2,X3,Y4, X5 UY5, X UYe}
is a 6-cluster in GG, a contradiction. |

(6.8) Let G be a non-apex Hadwiger graph, and let W C V(G) with |W|=6. Then
G\W has <2 components.

Proof. Let the vertex sets of the components of G\ W be Cy,...,Cy, and suppose
that k> 3. Now |C;| =1 for at most one value of 4, since if |C1]=|Ca| =1 say then
the separation

(CLUC, UW,C3U...UC,UW)
fails to satisfy (6.3). In particular we may assume that |Cy| > 1. By (6.6) there is
a 4-cluster {X1,X2,X3,X4} in G| (W UC) with v; € X; (1 <i<4), where W =
{’01, .. .,’Uﬁ}. Then

{X1, X2, X3, X4,C2,C3 U {v5}}
is a 6-cluster, a contradiction. ]

Let G be a graph, let ZC V(@) with |Z| =6, and let v1,v2,v3 € Z be distinct.

An octopus on Z in G with base vy,v9,v3 is a set of eight disjoint fragments of G,
that can be numbered {X3,...,Xg} so that

(i) 1, €X; (1<i<3)and [ZNX;|=1(4<i<6)
(ii) for 1<i<3,X;X7 and X;Xg are both adjacent
(iii) for 4 <i <6, one of X; X7, X; X3 is adjacent
. (iv) X7X3g are adjacent.
(See figure 2, where each X; has been contracted to a single vertex. This shows

ome of the two basic types of octopus; in the other type, X4, X5, X¢ are all adjacent
to X7 and not to Xg, or vice versa.)

Vze X2

v3€ X3 X3

Fig. 2. An octopus
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(6.9) Let (A, B) be a 6-separation of a non-apex Hadwiger graph G, with |A—B| >
2 and |[B—A|>2. Let ANB={v1,...,u5}. Then there is an octopus in G| A on
AN B with base vy,v2,v3.

Proof. We proceed by induction on |A|.

(1) We may assume that there is no 6-separation (A',B’) of G with A’ C A and
B C B’ such that |A' — B'| >2 and |A'| < |A|.

For if (A’, B') is such a separation, by Menger’s theorem, there are six disjoint
paths P,...,Ps of G| (AN B’), where P; has ends v; and v, € A'N B’ say, for 1 <
i < 6. From the inductive hypothesis, there is an octopus {X],...,Xg} in G | A’
on A'N B’ with base v],vh,v}, where v} € X (1 <i<6). Let X; = X, UV(F,)
(1<i<6) and X; =X, (i=7,8); then {X7,...,Xg} satisfies the theorem.

From (1) and (6.3) it follows that

(2) v1,ve,v3 all have > 2 neighbours in A— B.
Moreover,

(3) There is no (< 3)-separation (C,D) of G | (A ~ {v4,v5,v6}) with vi,ve,v3€C
and |[D~C|>2 and D# A~ {v4,vs5,06}.

For if (C, D) is such a separation, (CUB,DU{v4,vs,v6}) is a separation of G
of order <6. By (1), DU {v4,vs,v6} = A, a contradiction.

(4) There are >4 vertices in A— B with a neighbour in {v1,vs,v3}.

For let the set of such vertices be N. Then (A — {v1,v9,u3},BUN) is a
separation of G, of order |N|+ 3. Suppose that |N| < 3. Then this separation has
order <6, and yet

[(A = {v1,v2,u3}) — (BUN)| > 2
since |A — B| > 5 by (6.3). This contradicts (1).

(3) G|(A— {v4,vs,v6}) cannot be drawn in a disc with v1,v2,v3 on the boundary.

For let us apply (6.5), taking k = 6 and Z = {v1,v9,v3}, and e =1 (by (4)).
(6.5)(i) does not hold, by (2); (6.5)(il) does not hold, since n(A,B) > 9 by (6.4);
and (6.5)(iii) does not hold, by (6.8). Thus (6.5)(iv) holds, and (5) follows.

From (5), (3), (3.4), (3.5) and the 6-connectivity of G, there is a legless tripod
in G| (A—{v4,v5,v6}) with feet v;,v2,v3. Consequently, there are disjoint fragments
X,Y C A— B of G such that X and Y both contain neighbours of v1,v; and v3.
Choose X and Y with X UY maximal; then every vertex in V(G) — X UY with a
neighbour in X UY belongs to AN B, from the maximality of X UY, and hence
v4,Vs,ve all have a neighbour in X UY. Moreover, by (6.8), XY are adjacent.
Consequently,

{{'01}7 {"]2}’ {'US}a {1)4}, {U5}’ {Uﬁ}a X, Y}

is the desired octopus. |
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7. Reductions for 6-separations

Now we use the results of the last section to eliminate most possibilities for
6-separations. We begin with the following lemma.

(7.1) Let G be a graph, let Z C V(G) with |Z| = 5, and suppose that X;,X is
feasible in G for all disjoint X1,X2 C Z with | X1|=|Xg|=2. Then there is at most
one X C Z with |X|=2 such that X,Z — X is infeasible in G.

Proof. Let Z={z1,...,25} and suppose that {21,22},{23,%4,25} is infeasible.
(1) X,Z — X is feasible for all X C {23,24,25} with | X|=2.

For let X = {z3,24} say. Since {z1,22},{#3,24} is feasible, there are dis-
joint connected subgraphs Hy,Hs with 21,20 € V(H1) and 23,24 € V(Hz). Since
{#1,22},{24,25} is feasible, there is a path from 25 to z4. Hence there is a minimal
path @ from z5 to V(H1UH2). If the end of @ is in V(H1) then {21,22,25},{23,24}
is feasible as required; and if the end of @ is in V(Hz2) then {z1,22},{%3,24,25} is
feasible, a contradiction. This proves (1).

In view of (1), we may suppose for a contradiction that {21,23},{22,24,25} is
infeasible. Hence there is symmetry between 29 and z3.

(2) There is a path P between zo and z3, and a path Q) between z4 and z5, with
V(PNQ) =40, and a path R from 7] to an internal vertex of P, with [V(RNP)|=1
and V(RNQ)=0.

For since {21,22},{24,25} is feasible, there are disjoint paths S,Q with ends
21,22 and 24,25 respectively. Since {z3,24},{21,22} is feasible, there is a path from
z3 to V(Q) in G\{21,22}. Hence there is a path from 23 to V(QUS) in G\{z1,22}.
Take a minimal such path T, and let its ends be z3,7. Now 7 ¢ V(Q) since {21,227},
{#3,24,%5} is infeasible. Consequently, r € V(S). Let P be the path in SUT
between 29 and z3, and let R be the subpath of S from 23 to r; then (2) holds.

Choose P,@,R as in (2) with |[E(R)| minimum. Let R have ends z1,7. Now
since {22,24},{23,25} is feasible, there are two disjoint paths from V(P) to V(Q),
and hence there is one, S say, with r ¢ V(S). Choose such a path S, minimal, with
ends p € V(P) and ¢ € V(Q). Since 7 ¢ V(S), we may assume from the symmetry
that p lies in the component of P\r containing z2. Then S has no vertex in P
except p, and none in @ except g, by the minimality of S.

Now SN R is null; for otherwise, let s be the vertex of SN R closest to p in §,
and let P’ be the union of the subpath of P from z to p, the subpath of § from
p to s, the subpath of R from s to r, and the subpath of P from r to 23; and let
R’ be the subpath of R from 2; to s. Then P’,Q, R’ satisfy (2), contrary to the
minimality of [E(R)|. This proves that R and S are disjoint.

Let H; be the union of R and the subpath of P from r to z3, and let Hy be
the union of @, S and the subpath of P from 29 to p. Then Hj,Hs are disjoint
and connected, and so {z1,23},{#22,24,25} is feasible, a contradiction. The result
follows. B

(7.1) is best possible in the sense that there may be one X as in (7.1) with
X,Z—X infeasible. For example, let G’ be a graph which can be drawn in the plane,
and let 21,29, 23, 24, 25, 26 be vertices incident with the infinite region, in order. Let
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76 be 4-valent, with neighbours a,b,c,d in order. Let G be obtained from G’ by
deleting zg and adding edges ac and bd. Then if G is sufficiently connected, it
satisfies the hypotheses of (7.1) with Z = {21,...,25}, and yet {21,23,25},{22,24}
is infeasible. The existence of this construction will give us a lot of trouble.

Throughout the remainder of this section, G is a non-apex Hadwiger graph,
and (A, B) is a 6-separation of G with |A~ B|,|B— A|>2. Let ANB={v1,...,v6}.
From (6.6), we have

(7.2) For all disjoint X1,Xo C AN B with |X1| = | X2| =2, X1,Xs is feasible in
Gl (A= B)UX; UX2) and in G| ((B — A)U X1 U Xa).

Consequently, from (7.1) we have

(7.8) For all ZC AN B with |Z| =25, there is at most one X C Z with | X|=2 such
that X,Z — X is infeasible in G| {((B— A)UZ), and at most one such that X, Z — X
is infeasible in G| ((A—~ B)U Z).

On the other hand, we have

(7.4) Let Zy,...,Zy be a partition of AN B into stable sets, such that Z;Z; are
adjacent for 1<i< j<k. Then Zi,...,Z}, is infeasible in one of G| A,G | B.

Proof. Suppose that Z1,...,Z;, is feasible in G| 4, via X3,...,X;. By (5.1) there is
a 5-colouring ¢2 of G| B such that for 1 <¢<k,da(u) = ¢2(v) for all u,v € Z;, and
for 1<i<j<k, ¢2(u) # ¢2(v) for u € Z; and v € Z;. Hence we may assume that
¢a(u)=1for u€ Z; (1 <i<k). Similarly if Z;,...,Z is feasible in G | B, there is
an analogous 5-colouring ¢1 of G| A. Let ¢(v)=¢1(v) if v€ A, and ¢(v) = do(v) if
v € B; then ¢ is a 5-colouring of G, a contradiction. |

(7.5) AN B is not the union of a clique and a stable set.

Proof. Suppose that ANB =X UY, where XNY =0, G| X is complete, and
Y is stable. Choose ¥ maximal; then each v € X has a neighbour in Y. But the
partition of AN B into Y and the sets {v}(v € X) is feasible in both G | A and
G| B, contrary to (7.4). |

The following is a generalization of (7.4).
(7.8) Let Z1,...,Z;, be a partition of AN B into stable sets, where k>3 and Z;Z;

are adjacent for all i, j with 1 <{ < j <k except possibly for (i,5) =_(1,2), (1,3).
Then either {
(i) there do not exist disjoint fragments X1,...,X; of G | A with Z; C X;
(1 <i<k) such that X1X, are adjacent, or
(ii) there do mot exist disjoint fragments Y1,...,Y, of G | B with Z; C Y;
(1<i<k) such that Y1Y3 are adjacent. ‘

Proof. Suppose X1i,...,X} exist as in (i). By (5.1) there is a 5-colouring ¢o of
G| B such that for 1 <i<k,do(u) = ¢2(v) for all u,v € Z;; and moreover, if d2(Z;)
denotes the common value of ¢2(u) for u € Z;, then ¢a2(Z;) # ¢2(Z;) for all 4,5 with
1< i< j <k except possibly (i,5) = (1,3). Now suppose also that Y7,...,Y} exist
as in (ii); then similarly there is a 5-colouring ¢ of G | A and values ¢1(Z;) (1 <
i < k) such that for 1 <i < k,¢1(u) =¢1(Z;) for all u € Z; and for 1 <i< j <k,
$1(Z;) # ¢1(Z;) except possibly for (4,5) = (1,2).
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If $1(Z1) # $1(Z2) and ¢2(Z1) # $2(Z3), we may assume that ¢1(Z;) =
®2(Z;) = i for 1 < i < k; but then setting ¢(v) = ¢1(v) (v € A) and ¢(v) =
@2(v) (v € B) defines a 5-colouring of G, a contradiction. We may therefore assume
that ¢1(Z1) = ¢1(Z2), and hence Z; U Z3 is stable. Now Z1 U Z3,Z3,..., 2 is
feasible in G | A, via X; U X9, X3,...,X}, since X1X5 are adjacent. By (5.1)
there is a 5-colouring ¢3 of G | B and values ¢3(Z1 U Z3),¢3(Z3),...,¢3(Z}) such
that @3(u) = ¢3(Z1 U Z3) for all u € Z; U Z, and ¢3(u) = ¢3(Z;) for all u €
Z; (3<i<k). Since Z; U Zo,Z3,...,Z; are mutually adjacent, it follows that
#3(Z1UZ3),$3(Z3),...,¢3(Z)) are all distinct. Hence we may assume that ¢;(u) =
¢3(u) for all u e ANB. But then setting ¢(u) =¢1(u) (u€ 4), d(u)=¢3(u) (v € B)
defines a 5-colouring of G, a contradiction.

If Z1,...,Z;, CV(G) are disjoint, we say that Z1,...,Z is strongly feasible (vza
X1,...,Xg) if there are disjoint fragments X7,..., X with Z; C X; (1 <i<k) such
that for 1 <i<k, if |Z;| =3 then G| X; contains a triad with set of feet Z;.

(7.7) Under the hypothesis of (7.6), if (7.6)(i) holds, then
(i) if Z1Z, are adjacent, then Z1,Z2,...,Zy, is infeasible in G| A
(ii) if|Z1|=|Z2|=1, then Z1 U Z3,Z3,...,7Z}, is infeasible in G | A
(iii) if|Z1.U Za| =3, then Z1 U Za,Z3,...,Z}, is not strongly feasible in G| A.
In each case the proof is clear.
(7.8) If vyv9,v1v3,v174 are all adjacent then vsvg are adjacent.

Proof. Suppose not. Since G | AN B has no circuit of length 4 by (6.7), each of vs
and vg is adjacent to at most one of vg,v3,v4. We may therefore assume that vavg
and v4vg are not adjacent. Hence by (7.5), vovs are not adjacent.

(1) {v1},{v2,v3}, {v4,v5,v6} is infeasible in G| A and in G| B.

For suppose that {v1},{v2,vs}, {vs4,vs,v6} is feasible in G | A, say. Let Z1 =
{02}122 = {'1)3}, Z3 = {’04,’()5,’06}, Zy = {’U]_}. By (75)’ Z9Z3 are adjacent. By
(7.7)(ii) there exist disjoint fragments X3,...,X4 of G| A with Z; C X; (1<i<4)
such that X1 X5 are adjacent. Moreover, there exist disjoint fragments Y3,...,Ys of
G| B with Z; CY; (1 <i<4) such that Y1Y3 are adjacent, by the 6-connectivity of
G. This contradicts (7.6).

(2) Fori=2,3, v; is not adjacent to both vs and vg.

Suppose that vovs and voug are both adjacent, say. Then {v3,vs,vg} is stable
and so by (7.5), vavs are not adjacent. By (1) and (7.3), {v1},{v2,v4}, {v3,v5,v6}
is feasible in botli G | A and G| B, contrary to (7.4). This proves (2).

Now by (6.7), not both vovg and w3vy are adjacent, and so we may assume
that v3vy are not adjacent. By (2), we may also assume (exchanging vs and vg if
necessary) that vovg and vzvs are not adjacent. By (1) and (7.3), {v1},{ve,v6},
{v3,v4,v5} is feasible in both G| A and G| B, and by (7.5) {ve,ve}, {v3,v4,1)5} are
adjacent, contrary to (7.5). |

(7.9) G| AN B has maximum valency < 3.

Proof. Suppose that v;vz,v1v3,v1v4,v105 are all adjacent. By (7.8), vsvg and vqvg
are adjacent, contrary to (6.7). ]
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(7.10) If {v1,v9,v3} is a 3-clique then so is {vg,vs,v6}.

Proof. Suppose that vivg,veu3,v1v3 are all adjacent and vqvs are not. By (7.5)
we may assume that vsvg are adjacent. Since G | AN B has no circuits of length
4 and has maximum valency <3, we may assume that there are no edges between
{v1,v2,v3} and {v4,vs5,v6} except possibly viv4,vovs and vave.

(1) We may assume that {v1},{ve,v6}, {v3,v4,v5} and {v2},{v1,v6},{v3,v4,v5}
are infeasible in G | A.

For suppose that at least one of them is feasible in G | 4, and also at least one
is feasible in G | B. By (7.4) neither of these partitions is feasible in both G | A and
G| B, and so we may assume that {v1},{ve,ve}, {v3,v4,v5} is feasible in G| A and
{va},{v1,v6}, {v3,v4,us5} is feasible in G| B. Let Z; = {vg}, Zo ={v2}, Zs={v1},
Z4 ={vs,v4,vs5}; then by (7.7)(ii), (7.6) is contradicted. This proves (1).

By (6.9), there is an octopus {X1,...,Xg} in G | A with base v3,v4,v5 with
v; € X; (1 €14 <6). By exchanging X7 and X3, we may assume that XgXg are
adjacent. By (1), X; Xg are not adjacent, and so X1 X7 are adjacent; and similarly
X9 X7 are adjacent. By (6.6) there is a 4-cluster {Y1,Y2,Ys,Ys} of G| (B—{vs3,vs5})
with v; €Y; (i=1,2,4,6). But then

{X1UY1,XoUY2, X3 U X3, Xy UYy, X5 U X7, X6 UYs}
is a 6-cluster in G, a contradiction. ]

(7.11) G| AN B has no triangle.

Proof. Suppose that {v1,vs,vs} is a 3-clique. Then by (7.10), {v4,vs,v6} is a 3-
clique. By (7.9) and (6.7), we may assume that there is no edge between {v1,ve,v3}
and {v4,vs5,v6} except possibly vivs. Now by (7.2), {v1},{va}, {ve,vs5},{vs,ve} is
feasible in both G | A and G | B, and so by (7.4), vjvs are not adjacent. Hence
G| AN B is the disjoint union of two triangles.

We claim that in G | A there are three disjoint paths from {v;,vs,v3} to
{v4,v5,v6}. For if not, then there is a (< 2)-separation (X,Y) of G | A with
v1,V2,v3 € X and v4,v5,v6 €Y. Then (X,BUY) is a separation of G of order

IXNY|+|XN(B-Y)|<|XNnY|+|(AnB)-Y|<5

and so BUY =V(QG); and similarly BUX =V(G). Since | XNY| <2, it follows that
|A— B] <2, contrary to (6.3). This proves that there are three disjoint paths of G
from {v1,v9,v3} to {v4,vs,ve}; and therefore from the symmetry we may assume
that {v1,v4},{ve,v5},{vs,ve} is feasible in G| A. But {v1},{va},{ve,v5},{v3,v6} is
feasible in G| B by (7.2), contrary to (7.6) and (7.7)(i),(ii), taking Z1 ={v1},Z2=
{v4}, Z3 ={va,v5},Z4 = {vs,ve}. This completes the proof. 1

(7.12) G| AN B has no circuit.

Proof. From (7.11), G| AN B has no triangle, and from (6.7), it has no circuit of
length 4. Suppose that {v1,v9,v3,v4,v5} C AN B is the vertex set of a circuit of
length 5, numbered in order. By (6.7) and (7.11), vg has valency <1in G|ANB
and G| {v1,...,v5} has no more edges. Suppose first that vsve are adjacent. From
(7.4), {vs},{va,v4}, {v1,v3,v6} is infeasible in one of G| A,G | B, say G | A.
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By (6.9) there is an octopus {X71,...,Xg} in G| A on AN B with base vy,v3,v4
with v; € X; (1 < i <6). From the symmetry we may assume that XoX7 are
adjacent. Then XgXg are not adjacent since {vs}, {vz,v4} {v1,v3,v6} is infeasible
in G| A, and so X¢X7 are adjacent. By (6.6) there is a 4-cluster {Y2,Y3,Yy, Y5} in
G| (B —{v1,v6}) with v; €Y; (1=2,3,4,5). Then

{X1U Xs, X2 UYa, X3UY3, X4 UYy, X5 UYs, Xp U X7}

is a 6-cluster in G, a contradiction.

This proves that vsvg are not adjacent, and so UG has valency 0 in G | AN B.
By a cruz we mean a partition Z1,72,Z3 of {v1,...,v6} such that |Z1| =1, |Z2]| =
2,|Z3| =3, and Z1,Zy,Z3 are all stable. Necessarily, vg € Z3. There are ten cruces
in total. For 1 <4 <5, there are two cruces 71,42, 7Z3 with Z1; = {v;}, and one of
them is feasible in G | A, by (7.3). Thus at least five cruces are feasible in G | A4,
and at least five in G| B. On the other hand, no crux is feasible in both G| A and
G | B by (7.4), and so for each i (1 <4 < 5) there is exactly one crux Zy,Z»,73
with [Z1| = {v;} feasible in G| A. Moreover, every crux is feasible in exactly one of
G| A, G|B.

If Z1,%2,73 is a crux its mate is the unique crux 71, Zy, Z3, with Z = Z3 and
Zi # Z1. This provides an involution among the set of cruces, and since an odd
number of cruces are feasible in G | A, there is one feasible in G | A such that its
mate is infeasible in G | A. We may therefore assume that {v1},{v2,v4},{v3,v5,v6}
is feasible in G | A, and its mate {v2} {v1,v4},{v3,v5,v6} is infeasible in G
Consequently, the latter is feasible in G | B, contrary to (7.6) and (7.7)(ii), taking
Zy={v}, Za={va},Z3={w1}, Z4= {v3,U5,ve}

This proves that G | AN B has no circuit of length 5. To complete the proof,
we suppose that G | AN B has a circuit of length 6; and then, by (7.11) and (6.7),
it has no more edges. Let ANB = {v1,...,v6} numbered in order on the circuit. By
(7.4), {v1,v3,vs5}, {v2,v4,v6} is infeasible in one of G| A,G | B, say G| A. By (6.9)
there is an octopus {X3,...,Xg} in G| A on AN B with base vg,v4,vg, with v; € X;
(1<i<6).

Now not all X1,X3, X5 are adjacent to X7 since {v1,v3,v5},{v2,v4,v6} is not
feasible in G | A, and similarly they are not all adjacent to Xg. Thus we may assume
that X1 X7, X3Xg,X5Xg are adjacent. By (6.6) there is a 4-cluster {¥7,Y2,Y3,Y5}
in G| (B—{v4,v6}) with v; €Y; (1=1,2,3,5). But then

{X1UY1,X2UYs,X3UY3, X4 U X7, X5 UYs, Xg U Xg}
is a 6-cluster in G, a contradiction. |
(7.13) G| AN B has maximum valency < 2.

Proof. By (7.9), G| AN B has maximum valency <3. Suppose that v; is adjacent
to v2,v3,v4. Then by (7.8), vsvg are adjacent. By (7.3), one of

{v1}, {v2,v5}, {v3,v4, v6}
{v1}s{vs, vs}, {va,ve, v6}
{1}, {va, vs}, {ve, vs, ve}
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is feasible in both G | A and G | B, and so by (7.4) one of these sets is not stable.
From the symmetry and (7.12) we may assume that vovus are adjacent; and then
by (7.12) G| AN B has no more edges. By (7.3), one of

{v1}, {vs, vs}, {v2,v3,v6}
{v1},{vs,vs},{v2, va, v6}
{v1}, {va,ve}, {v3,v4,vs}

is feasible in both G| A and G| B, contrary to (7.4). [ |
(7.14) G| AN B has >3 edges.

Proof. By (7.5) no vertex of G | AN B meets all its edges, and so we may assume
that vqvg are adjacent and wgvs are adjacent, and G | AN B has no more edges.

(1) {v1,v3},{va,v4,v5,v6} is infeasible in G| A and in G| B.

For let Z1 ={v1}, Zo ={vs}, Z3 = {v2,v4,v5,v6}; the claim follows from (7.6).
(7.7)(1) and (7.7)(i1). ((7.6)(ii) does not hold since Z; Z3 are adjacent.)
Now by (7.3), one of

{ve}, {v1,vs}, {v2,v4, 05}
{ve}, {va,v3}, {v1,v4,v5}
{ve}, {v1,va}, {v2,v3,v5}

is feasible in both G | A and G | B. (This does not contradict (7.4).) From the
symmetry we may assume the first. Consequently, there are disjoint fragments
Xi,X3 of G| A with v1,v3 € X1 and vg,v4,v5 € X3. Choose X, X9 maximal. Then
vg € X1 U Xs, and by ( ) vg & Xo. Thus vg € X1. We have therefore proved that
{v1,v3,vg},{v2,v4,v5} is feasible in G | A. But by symmetry it is also feasible in
G| B, contrary to (7.4). |

(7.15) G| AN B has >4 edges.

Proof. Suppose it has only three. Suppose that it has > 2 vertices of valency 0:
then we may assume its edges are v1vg,v203,v3v4. Then {v1,v4,v5,v6} is stable
and vgvs are adjacent, contrary to (7.5).

Thus G| AN B has at most one vertex of valency 0. Suppose it has one. Then
we may assume its edges are v1vg,v3v4,v4v5. By (7.3) one of

{v4}, {v1,v3}, {v2, v5, 6}

{vg}, {v1,vs5}, {ve,v3, ve}

{va}, {va,v3}, {v1,vs,v6}
is feasible in both G| A and G| B, contrary to (7.4).

Hence G | AN B has minimum valency > 1; and hence we may assume its edges
are viva,v3v4, and vsvg.
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1) If {vy,v3,v5}, {ve,vs,ve} is strongly feasible in G| A, then {vs}, {v1,v3},
{va,v4,ve} is infeasible in G| B.

For take Z1 = {vs}, Z2 = {v1,v3}, Z3 = {v2,v4,v6 }; the claim follows from (7.6)
and (7.7)(iii).

By (6.9) there is an octopus {X3,...,Xg} in G| A on ANB with base v1,v3,vs,
and an octopus {Y1,....Yg} in G | B on AN B with base vi,v3,v5. From the
symmetry we may assume that X9 X7 and Y2Y7 are adjacent..

(2) Not both X4 X7 and Xe¢X7 are adjacent.

For suppose they are. Then {v1,v3,v5},{v2,v4,v6} is strongly feasible in G | A.
If Y4Y7 are adjacent, then {vg},{va,va}, {v1,v3,vs5} is feasible in G| B contrary to
(1). Thus Y4 Y3 and similarly YgYg are adjacent. But then {va}, {v4,v6}, {v1,v3,05}
is feasible in G| B, contrary to (1).

We may therefore assume that XgX7 are not adjacent, and hence XgXg are
adjacent. Hence there is symmetry between X; and Xg (exchanging vy,ve with
v5,v¢ and exchanging Y7, Yy if necessary) and so we may assume that X4 X7 are
adjacent. Now {v1,v3,vg},{ve,v4,v5} is strongly feasible in G | A, and so Y4Y7 are
not adjacent, since {vg},{v1,v3}, {v2,v4,v5} is infeasible in G| B by (1); and Y5Y3
are not adjacent, since {vq4},{v2,v5},{v1,v3,v6} is infeasible in G| B by (1). Hence
Y4Ys and YsY7 are adjacent. But then {ve},{v4,vs},{v1,vs3,v6} is feasible in G| B
contrary to (1). |

(7.16) G| AN B is a 5-edge path.

Proof. If not, then from (7.15), (7.12) and (7.13), G| AN B is the disjoint union of
two paths. There are three cases depending on the lengths of these paths.
First, we assume that v; is adjacent to v;4; for i =1,2,3,4, and vg has valency 0.

(1) {v1.v3,v5,06},{ve,v4} is infeasible in G| A and in G| B.

For let Zy = {v2},Z2 = {v4}, Z3 = {v1,v3,v5,06}; the claim follows from (7.6)
and (7.7)(ii).

By (7.4), {v3},{v2,v5},{v1,v4,v6} is infeasible in one of G | A and G | B, say
in G| B. Hence by (7.3), {vs},{v1,v4},{v2,v5,v6} is feasible in G | B and hence
not in G| A, by (7.4).

There is still symmetry between A and B (exchanging v; and vs). By (7.4),
{v1,v3,v5}. {v2,v4,v6} is infeasible in one of G| A and G| B, say in G| A. By (6.9)
there is an octopus {Xi,...,Xg} in G| A on AN B with base v1,vs3,v5, with v; €
X; (1 €14 <6), and there is an octopus {Y1,...,¥Y3} in G| B on AN B with base
V1,03, 05, wWith v; €Y; (1 <{<6). We may assume that Xo X7 are adjacent. Now
either XgX7 or X¢gXg are adjacent, and yet both

{v1,vs,vs}, {v, va, v6}
{v1,v3,v5,v6}, {v2,v4}
are infeasible in G | A, and so X4 X7 are not adjacent. Hence X4Xg are adjacent.

Since {v3},{v1,v4},{ve,v5,v6} is infeasible in G | A, it follows that X X7 are not
adjacent, and so XgXg are adjacent.
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We may assume that YoY7 are adjacent. If YgYs are adjacent, then either Y Y7
are adjacent or Y4Yg are adjacent, and yet

{v1,v3,v5,v6}, {v2,v4}
{va}, {vo, vs}, {v1, v4, v}

are both infeasible in G | B, which is impossible. Thus Yg¥3 are not adjacent, and
s0 YgY7 are adjacent. But then

{Xl UY; UYs, Xo UYQ UX7, XaUY3UX4UYy, XsUY5, XgUYs UY7,X8}

is a 6-cluster in G (recall that X7 Xy are adjacent), a contradiction. This concludes
the first case.

Now we assume that v;v;41 are adjacent for ¢ = 1, 2, 3, 5. By (7.4), we
may assume that {vs}, {v2,vs},{v1,v4,v6} i3 infeasible in G | A. By (7.3),
{v3},{v2,v6}, {v1,v4,u5} is feasible in G | A, and hence not in G | B, by (7.4).
By (7.3), {vs},{v2,vs5}, {v1,v4,v6} is feasible in G | B. Suppose that {va},{v3,v5},
{v1,v4,v6} is feasible in G | A. Take Z; = {vs}, Zo = {v3}, Z3 = {v2}, Z4 =
{v1,v4,v6}; then (7.6) is contradicted. This proves that {va},{vs,vs}, {v1,v4,v6}
is infeasible in G | A, and, by the symmetry, {v2},{v3,vs}, {v1,v4,v5} is infeasible
in G| B.

Let {X1,...,Xg} be an octopus on AN B in G | A with base vy,v3,v¢, with
v; € X; (1 <3 <6). We may assume that X4 X7 are adjacent. Since {va},{vs,vs5},
{v1,v4,v6} is infeasible in G | A4, it follows that X5Xg are not adjacent, and hence
X5 X7 are adjacent.

Suppose that X9 X7 are adjacent. By (6.6) there is a 4-cluster {C1,C2,C4,Cg}
in G| (B - {vs,vs}) with v; € C; (i=1,2,4,6). But then

{X1 UC1,X9UCs, X3U Xg, X4 UCy, X5 U X7, XgU C6}

is a 6-cluster in G, a contradiction. Thus X2 Xg are adjacent.

Now, there is a symmetry exchanging A with B, vs with vg,v1 with v4 and v
with v3. Consequently, there is an octopus {Y¥1,...,¥g} in G| B with base va,v4,vs,
with v; €Y; (1<4<86), and with Y1Y7,YsY7,YaYs adjacent. But then

{XlUY1UX7,X2UYQ,XgUYg,X4UY4UY7,X5UY5UY8,X6UY6UX8}

is a 6-cluster, a contradiction. This concludes the second case.

In the third case, we assume that v;v;41 are adjacent for i=1,2,4,5. By (7.4),
{vs},{va,v4}, {v1,v3,v6} is infeasible in one of G | A,G | B, say G | A. By (7.3),
{vs},{v2,v6}, {v1,v3,v4} is feasible in G| A, and hence not in G | B.

Let {X3,..., X3} be an octopus in G| A on AN B with base v1,v3,v4 with v; €
X; (1<i<6). We may assume that XoX7 are adjacent. Since

{vs}, {v2,v4}, {v1,v3,v6}

is infeasible in G | A it follows that XgXg are not adjacent, and so XgX7 are
adjacent. Suppose that X5Xg are adjacent; let {C2,C3,C4,Cs} be a 4-cluster in
G| (B —{v1,ve}) with v; € C; (:=2,3,4,5), and then

{X1UXg,X2UCy, X3UC3,X4UCy, X5 UCs, XU X7}
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is a 6-cluster, a contradiction. Hence X5 Xg are not adjacent, and so X5X7 are
adjacent.

Let {Y1,...,Yg} be an octopus in G| B on AN B with base vy, v, ve, with v; €
Y; (1<4<6). We may assume that Y3Y7 are adjacent. Then Y4Y7 are not adjacent,
since {vs}, {va,v6}, {v1,v3,v4} is infeasible in G | B. Hence, Y4 Y3 are adjacent. But
then

{X1 UY,XoUYo, X3UYsU Xg, XqUY,UYs, X5UY5 UX7,X6UY6UY7}
is a 6-cluster in GG, a contradiction. ']

The remaining case, when G | AN B is a 5-edge path, unfortunately resists
attack by these methods, and we need another technique, which we develop in the
next two sections.

8. The infeasible partitions

Now we use the methods of the last section to learn what we can about the
case left open by (7.16). We need the following lemma.

(8.1) Let X,Y,Z be finite sets of integers, with |X|,|Y|,|Z| > 3. Then either

(i) for one of X,Y,Z, say X, there are two members 1,72 € X and y €Y
and z € Z with 1 <y <z9 and £1 < z<1x3, Or

(ii) for some integer n, let I, J be the sets of integers < n and > n respectively;
then both I and J include one of X, Y, Z, and X, Y, Z are all subsets
of one of I, J.

Proof. Let z; be the smallest member of X, and z9 the largest; and define
Y1,Y2, 21,22 similarly. We may assume that zo —z1 > y2 — y1,20 — 21. Let A =
{n:zi<n<za}. HANY #0 and ANZ #0 then (i) holds, and so we may assume
that ANY =0. If y; < z9 and ys > z; then it follows that y; < z1 (since y; ¢ A)
and similarly y2 > z2; and since zg — 1 > y2 — y1, we deduce that Y = {y1,¥2}. a
contradiction since |Y'| > 3. Thus, either 29 <y or y2 <7, and from the symmetry
we may assume that xo < yj. If 22 < 21, then (i) holds, and so we may assume
that 21 <z, and similarly y; < 29. But then (i) holds (with 21,z9,¥1,22). ]

We use (8.1) to prove the following.

(8.2) Let G be a graph and let vy,...,u5 € V(G) be distinct. Suppose that

(i) there is a circuit of G containing v1,v9,vs, disjoint from a path of G with
ends vgq,vs,

(ii) {v1,v2,v3} is stable,

(iii) there is no 5-separation (A,B) of G with {v1,...,u5} C A, |A| > 5 and
|B—A|>2, and

(iv) there is no (< 4)-separation (A,B) of G with {v1,...,u5} C A and
|B—A|l>1.
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Then {v1,v9,v3}, {v4,vs} is strongly feasible in G.

Proof. Let C be a circuit of G with vy,v2,v3 € V(C), and let P be a path of G with
ends vq,vs, with PN C null. Let the path of C between v; and v9 not containing
vz be C12, and define C13,Co3 similarly. Since {vy,v9,v3} is stable, it follows that
|E(Ci2)| > 2, and so there is a unique component His of G\ (V(P) U {v1,v2,v3})
containing Ci9 \ {v1,v2}. Define Hys, Hag similarly, and choose P and C so that
Hq9 U H13U Hsg is maximal.

(1) We may assume that vs has no neighbour in V(His), and similarly for
va,V (H13) and for vi,V{(Hoeg); and in particular Hyo, Hy3,Hos are all distinct.

For if V(Hj2) contains a neighbour of v3, then V(Hia) U {v1,v2,v3} contains
a triad with feet v1,v9,v3, and so the theorem is true.

Let X3 be the set of vertices in V(P) with a neighbour in V(H13), and define
Xq, X1, similarly for V(Hi3),V(Haz).

(2) X1l X2l,1X3]>3.

For if | X3] <2 say, let B=V (H12)U{v1,v2}UX3 and A=V (G)-V(H2); then
AN B={v1,v2}UX3 and so (A, B) is a (< 4)-separation of G; but {v1,...,v5} C A,
and
B—A=V(Hy)#0
contrary to hypothesis (iv).

(8) Let v € V(P), and let P1,P» be the subpaths of P between v and vy,vs
respectively. Then it is not true that X1,X2 CV(P1) and X3 CV(Py).

For suppose this is true. We may assume that v € X3. Let

A =V(Hi2)U{v1,v2,v3,v4} UV (Po),
B = V(Hiz U Hz) U {v1,v2,u3} UV(P1).

Since {v1,...,u5} C 4, |A| >5, |B— A|>2 and AN B = {v,v1,v2,v3,v4}, it follows
from hypothesis (iii) that there is a path Q of G from A to B with V(Q)N AN B =0;
choose @ minimal, with ends a € A— B and b€ B — A say. By the minimality of Q,
V(Q)N(AUB)={a,b}. If a€ V(Hi2) then

V(Q)N(V(P)U {v1,v2,v3}) CVI(Q) N (AU B - {a}) = {b},

and hence @ \ b C Hyg; but then b & B — A has a neighbour in V(Hj2), and hence
be X3 C A, a contradiction. Thus a ¢ V(H12), and similarly b ¢ V(Hi3 U Has).
Since a,b ¢ AN B, it follows that a € V(Py) — {v}, and similarly b€ V(P1) — {v,vs}.
Let P’ be obtained from P U @ by deleting the edges and vertices of P strictly
between a and b; then P’ NC is null, and V{(H1s),V(Hi3),V(Has) are all disjoint
from V(P'UC), and v¢ V(P'UC) and has a neighbour in V(Hj2) (since v € X3).
This contradicts the choice of P,C. This proves (3).

From (2), (3) and (8.1), we may assume that there exist a,b € X3, such that
if R denotes the subpath of P between 4 and b, then for i = 1,2 there exists xz; €
X;NV(R) —{a,b}. Let P’ be a path of G between v4 and vs obtained from P by
replacing R by a path from a to b with vertex set in {a,b} UV {(Hi2). Let T be the
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union of Cy3, a minimal path in {z9} UV (Hy3) between V(C13) — {v1,v3} and 2,
the subpath of P between z2 and z1, a minimal path in {z1} UV (Ha3) between 1
and some u € V(Ca3) — {vg,v3}, and the subpath of Co3 between u and vg; then T
is a triad with feet vy, v9,v3, disjoint from P’. Hence the result is true. |

(8.3) Let G be a graph, let v1,...,vs be distinct, and let C be a circuit of G\{v4,v5}
with v1,v9 € V(C). Let R be a path of G\ {v1,vs,v4,vs} from vs to hg € V(C),
with no vertex in C' except hs. Let Cio be the path of C between v1 and vs not
containing hg, and for i = 1,2, let C;3 be the path of C' between v; and hs not
containing vs_;. Let H; be the component of G\ V(C U Rg) containing v; for i =
4,5, and suppose that for i = 4,5 both V(C13) — {v1,hs} and V(Ca3z) — {ve,hs}
contain a vertex with a neighbour in V(H;). Suppose also that

(i) {v1,v2,v3} is stable,

(ii) there is no 5-separation (A,B) of G with {v1,...,u5} C A,|A| > 5 and

|B— Al >2, and
(iil) there is no (< 4)-separation (A,B) of G with {v1,...,v5} C A and
|B—A|>1.

Then {v1,v2,v3},{v4,v5} is strongly feasible.

Proof. For i = 4, 5, choose h; € V(H;) such that there are three paths P, Q;, R; of
G, mutually disjoint except for h;, where
(i) P; is from h; to V(C13) — {v1,h3}, and has no vertex in CU R3 except its
end p; € V(C13) — {v1,h3}
(i) Q; is from h; to V(Ca3) — {va,h3}, and has no vertex in C U R3 except
its end ¢; € V(CQ3) - {’Uz,h3}
(iii) R; is from h; to v;, and is disjoint from C U Rs.
Moreover, choose C, hy,hs etc., so that |E(R3)|+ |E(R4)|+ |E(R5)| is minimum.

(1) We may assume that (P4UQ4UR4)N(PsUQsURs)CC.

For otherwise there is a path from v4 to vy disjoint from C'U Rg; and hence if
E(R3) # 0 this path is disjoint from a triad with feet v1,v9,v3 as required, and if
E(R3) =0 the result follows from (8.2).

Let‘ A=V(Ci2UR3URyURs)
B=V(C13UC;3UPUQsUPsUQs).

Then AN B = {v1,vy,h3,h4,h5} and |B — A| > 2 (since Cy3,Ca3 both have internal
vertices) and |A| > 6 (since |V(Ci2)| > 3), and so from the hypothesis there is
a path Q of G from A to B with V(Q)NANB = ). Choose () minimal, with
ends a € A~ B and b € B — A, and hence with V(Q) N (AU B) = {a,b}. From
the symmetry we may assume that a € V(C12 UR3 U Ry4) — {v1,v2,h3,h4} and be
V(C13U PyU P5) — {v1,h3, ha, hs}.

Suppose first that a € V(C12). Then

QU012U(P4\h4)U(P5\h5)UCl3UR3

contains a triad with feet vy,v9,vs, disjoint from the path between v4 and vs in
R4UQ4U (Co3\ {v2,h3}) U Qs U Ry, and so the result is true. Now suppose that
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a € V(R4)—{hg}. Then since be V(Ci3UPyU Ps), this contradicts the minimality
of |E(Rs)| + |E(R4)|+ |FE(Rs)|, as we see by replacing an appropriate subpath of
Py by Q. Finally, suppose that a € V(R3) — {h3}. Then we can replace Ci3 by a
path between v and a in

((C13UR3)\ h3) UQU (Py\ hy) U (P5 \ hs),

replace hg by a, and change Co3 and R3 accordingly, again contrary to the mini-
mality of |[E(R3)|+ |[E(R4)| + |E(Rs)|. The result follows. 1

(8.4) Let G be a graph, and let v1,...,v5 € V(G) be distinct, such that

{v1}: {va, vs}, {vg, vs}
{ve}, {v1,v3}, {vg,v5}
{vs}, {v1,v2}, {va, vs}
{v1,v2,v3}, {va,v5}

are all feasible in G. Suppose also that
(i) {v1,v2,v3} is stable
(i) there is no 5-separation (A,B) of G with v1,...,u5 € A, |A] > 5 and
IB—A|>2, and
(iii) thereis no (< 4)-separation (A,B) of G withvy,...,us € A and|B — A] > 1.
Then {v1,v2,v3},{vq,vs} is strongly feasible.

Proof. Let P be the partition {v1,v2,v3}, {va,v5}. Since P is feasible, we may
assume that there is a path H of G with ends vy,v9 and with v3 € V(H), and a
path J of G with ends vy, vs, such that HNJ is null. Since {vs},{v1,v2}, {va,v5} is
feasible, there is a path P of G\ v3 with ends v1,v2 and a path @ of G\ vs with ends
v4,vs, such that PN Q is null. Choose H,J, P, so that HUJUP U is minimal.

By an arc we mean a subpath of PU @ with distinct ends both in V{H U J)
and with no edge or internal vertex in H U J.

(1) We may assume that every arc has one end in V(H) and the other in V(J).

For let R be an arc with ends a,b say. If a,b € V(J), let J' be obtained
from J U R by deleting the edges and vertices of J strictly between a and b; then
H,J',P,Q contradicts the minimality of HU.JUPUQ. Thus not both a,b€ V(J).
Similarly not both a,b belong to the subpath of H between v1 and wvg, or to the
subpath between vy and vs. Consequently, if a,b € V(H) then we may assume that
vy and a belong to one component of H \ v3, and vy and b to the other. If v; =a
and vy =b then 2 is strongly feasible by (8.2); and otherwise P is strongly feasible
since RU H includes a triad with feet vq,v9,v3. This proves (1).

(2) Both P and @ include arcs.

For since P has ends v1,vs and vs ¢ V(P), it follows that P¢Z H U J and so P
includes an arc. Suppose that @ includes no arc; then @@ = J, and so the arc in P
has both ends in V(H), contrary to (1).

Let P; and P be the arcs in P closest in P to v; and to vy respectively; these
exist by (2). Let P, have ends v, and u;, where v} lies in P between u; and v; (i =
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1,2). Let R; be the subpath of P between v; and vi. Then R; CHUJ, and so R; C
H since v; e V(R; N H). By (1), ui,ug € V(J).

Let Q4 and Q5 be the arcs in @ closest to v4 and to vg respectively; for i =
4,5 let @); have ends 'U,,,; and u;, where vé lies in () between u; and v;. Let R; be the
subpath of Q between v; and v}. Then R; CJ (i=4,5), and by (1), u4,us € V(H).

(3) ugq and us belong to the same component of H \ vs.

For suppose that u4 and v, belong to one component, H; say, and u5 and vy
to the other, Hy say. For 1=1,2,4,5, let vé’ be the vertex of H U J which

(i) belongs to the same component of HU J as v;
(ii) belongs to V(PUQ)
(iii) does not belong to V(R;)
(iv) subject to (i)~(ii), is closest in H U .J to v;.
Since u4 € V(H;) and Ua ¢ V(Ry), it follows that v{ lies in H strlctly between
v} and v3, and similarly v} lies in H strictly between v3 and v. If vy € V(P) let
P’ be obtained from P by replacing the subpath of P between v} and v{ by the
subpath of H between these vertices; then P'NQ i s null contrary to the mlnlmahty
of HUJUPUQ. Thus v{ € V(Q) and similarly vy € V(Q) v [ € V(P),v] e V(P).
Let P/ be the umon of the subpath of H between '1)1 and v{, the subpath of @
between v/ and v}, and the subpath of H between vj and ve. Let Q be the union
of the subpath of J between v4 and vy, the subpath of P between v} and vf, and
the subpath of J between vf and vs. Then P'NQ’ is null, contrary to the mmlmality
of HUJUPUQ. This proves (3).
\ From (3) we may assume that w4, us,v; all belong to the same component of
H\ vs.

(4) We may assume that vh = vy.

For let S be the union of R4,Q4, the subpath of H between u4 and us, @s,
and Rg. If v2 # vo then there is a triad with feet v1,v9,vs disjoint from § in the
union of the subpath of H between ve and vs, Py, the subpath of J between u; and
ug,P1 and Ry, and so P is strongly feasible as required. This proves (4).

From (3) and (4) we deduce that the hypotheses of (8.3) hold (Wlth V1,73
exchanged), taking C to be the union of the subpath of H between v] and 112 =y,
Py, the subpath of J between u; and us, and P;. The result follows from (8.3). 1

It is convenient to prove a slight strengthening of (8.4). Let v1,...,v5 € V(G) be
distinct. A bat in G on {vy,...,v5} with feet vg,v5 is a set of six disjoint fragments
of G, which can be numbered X7,...,Xg so that X3 X5 are adjacent, and for 1 <
1<5,1; € X; and X,; Xg are adjacent.

(8.5) Under the hypothesis of (8.4), there is a bat in G on {v1,...,u5} with feet
V4, V5.

Proof. By (8.4), {v1,v2,v3},{v4,v5} is strongly feasible, and so there is a path
P between v4 and vs and a fragment Xg of G such that Xg,V(P),{v1,vs,v3} are

mutually disjoint and v1,v2,v3 all have neighbours in Xg. Choose Xg maximal,
and let N be the set of all v € V(G) — Xg with a neighbour in Xg. Then
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(V(G) — X6,N U X¢) is a separation of G. Since v1,...,v5 € V(G) — Xg # V(G),
it follows that this separation has order > 5 (by(8.4)(iii)), and so |N| > 5. But
N—-V(P)C {v1,v2,v3} by the maximality of Xg, and so [NNV(P)|> 2. Choose an
edge e of P so that N meets both components of P\ e; and let these components
have vertex sets X4, X5 where v; € X; (i =4,5). Let X; = {v;} ({ = 1,2,3); then
{X1,...,X¢} is the desired bat. ]

Let v1,...,u5 € V(G) be distinct. We denote by Pq,...,P12 the following
partitions:

P1:{v1}, {vs, vs}, {ve,v4,v6}
Py : {ve}, {v3,v5}, {v1,v4,v6}
P3 : {vs}, {va, vs}, {v1,v4,v6}
Py {va}, {v2,v5}, {v1,v3,v6}
Ps : {vs}, {va,va}, {v1,v3,v6}
Pe : {ve}, {v2,v4}, {v1,v3,v5}
P7:{v1,vs}, {v2,vs}, {va, v6}
Pg : {v1,v4}, {ve,v5}, {vs, v6}
Py : {v1,va}, {v2,v6}, {v3,v5}
P10+ {v1,vs}, {v2, va}, {vs, ve}
P11+ {v1,v6}, {v2, va}, {vs,vs}
P12 : {v1,v3,vs}, {va, v4, v6}-

(8.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a 6-separation of G
with |A — B|,|B — A| > 2, chosen with A minimal. Let G| AN B be a path with
vertices v1,...,vg in order. Then #1,...,P19 are infeasible in G | A.

Proof. We show first that
(1) There is an octopus {Y1,...,Ys} in G| B on {v1,...,v¢} with base v1,v4,ve such
that YoY7,Y3Y7,Y5Ys are adjacent.

For by (6.9) there is an octopus {Y¥1,...,Y3} in G | B on {v1,...,v¢} with
base v1,v4,vs. We may assume by exchanging Y7 and Yg that Y2Y7 are adjacent.
If YaYg and Ys5Y7 are adjacent, let {C1,(C3,C4,C5} be (by (6.6)) a 4-cluster in
G| (A —-{vg,vg}) with v; € C; (i=1,3,4,5); then

{(Y1UC,YaUY7,Y3UC3,Y UG, Y5 UCs, Y U Ys}
is a 6-cluster, a contradiction. If Y3Y3 and Y5Yg are adjacent, let {C1,C2,C5,Cs}
be a 4-cluster in G| (A — {vs,v4}) with v; € C; (=1,2,5,6); then
{LUCL,Y2UCa,Y3UYs, Y4 UYy,Y5UCs, Y UCs}
is a 6-cluster, a contradiction. Thus Y3Y3 are not adjacent, and so Y3Y7 are adjacent.
If Y5Y7 are adjacent, let {C1,C3,C5,Cg} be a 4-cluster in G | (A — {vg,v4}) with
v; € C; (1=1,3,5,6); then
{Y1UC1,Y2UY7,Y3UC3,Y, UYg, Y5 UCs, Y6 UCs}
is a 6-cluster, a contradiction. Thus Y5Ys are adjacent. This proves (1).
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(2) #q,...,P¢ are infeasible in G | A.

For let Y7,...,Ys be as in (1). Now {ve,v4,v6} is stable. Moreover, if (4',B)
is a separation of G | (A — {v1}) with {vs,...,v6} C A’ and B’ — A’ # 0, then
(4’U B,B'U{v;}) is a separation of G of order |[A'NB’|+1, and so |A'NB’| > 5,
and by the minimality of A, either B’ U{vi} = A (that is, [A/|=5) or [B' - 4| =
1. Hence the hypotheses of (8.5) applied to G | (A — {v1}) are satisfied. Suppose
that Py is feasible. By (6.6) and (8.5) applied to G | (A — {v1}), there is a bat
{X9,X3,X4,X5,X6,X7} in G| (A—{v1}) on {va,...,ve} with v; € X; (2<i<6)
and with feet v3,vs. Then

{(1UY2UXoUYs, X3UY3,X4UYy, X5 UYs, XeUYsUYr7, X7}

is a 6-cluster, a contradiction. Thus P is infeasible, and so is Pg, by symmetry.

Suppose that P9 is feasible. By (6.6) and (8.5) there is a bat {X;, X3, X4,
X5, X6, X7} in G| (A— {v2}) on {v1,v3,v4,v5,06} With v; € X; (i=1,3,4,5,6) and
with feet v3,vs. Then

{X1UY1UYa U Y, X3UY3, X4 UYy, X5U Y5, XeUYsUYr, X7}

is a 6-cluster, a contradiction. Hence &> is infeasible, and by symmetry so is Ps.

Finally, suppose that P3 is feasible. By (6.6) and (8.5) there is a bat
{X1,X2,X4,X5,X¢6,X7} in G| (A—{v3}) on {v1,v2,v4,v5,06} with v; € X; (i =
1,2,4,5,6) and with feet v,v5. Then

{X1UY1UYs, X2 UYe, Y3U X, UYy, X5 UYs5, XeUYsUYr, X7}

is a 6-cluster, a contradiction. Hence P3 and similarly P4 are infeasible. This
proves (2).

(3) P7 is infeasible in G| A.

For suppose that P;, P;, P3 are three disjoint paths of G | A, where P; has
ends vjv3, Py has ends vqvg, and Ps has ends wous. We claim that there are
two disjoint paths of G | (A — {v1,v3,v4,v6}) from (V(P1) — {v1,v3}) U {v3}
to (V(P2) — {vs,v6}) U {vs}. For if not, there is a (< 1)-separation (X,Y) of
G | (A~ {v1,v3,v4,06}) with V(P1) - {v1,u3} C X, v2 € X, V(P2) — {vg, 6} CY
and vs €Y. Then (X UB,Y U{v1,v3,v4,v6}) has order <6, and so from the min-
imality of A, either X UB = B or |V(G) — (X UB)| < 1. The first is impossible
since V(P) C X and P has an internal vertex (for vivs are not adjacent). Thus
the second holds, and so [Y — (X U B)| < 1. Similarly |[X — (Y UB)| < 1; but
also [ X NY — B| <1, and so |V(G) — B| < 3, contrary to (6.3). This proves our
claim that there exist two disjoint paths Q;,Q2 of G | (A — {v1,v3,v4,v}) from
(V(P1) — {v1,v3}) U {v2} to (V(P2) — {v4,v6}) U {vs}; and because of the existence
of P3, we may choose Q1,Q2 so that v2 is an end of one of them, and so is v5, and
(1,Q2 have no vertex in V(Py) except for p;, say, and no vertex in V(P;) except
for pg, say. Now if one of Q1,Q2 has ends vous and the other has ends pypa, then
P4 is feasible in G | A, contrary to (2); while if one of Q;, Q2 has ends vaps and the
other has ends pyvs then P is feasible contrary to (2). This proves (3).
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(4) Ps, P9, P10 are infeasible in G| A.

Now Pg is infeasible by (7.6) and (6.6), taking Z1 = {va},Z2 = {vs}, Z3 =
{vi,v4}, Z4 = {v3,v6}. Py is infeasible by (7.6) and (6.6), taking Z; = {v3},Zo =
{vs}, Z3={v1,v4},Z4 = {va,v8}. P1g is infeasible by symmetry.

(8) P11 is infeasible in G | A.

For suppose that there are disjoint paths P, and R of G | A with ends
v1Vg,vov4 and vzvs respectively. Let S be a minimal path of G | (A — {vg,v5})
between V(P) and V(QU R); let S have ends p € V(P) and g € V(Q) say. (This
exists since there is a path of G | A between v; and v3 with no vertex in {vq,vs},
because any component of G\ B contains neighbours of all of v1,...,v¢.) Since q#
vg it follows that P is feasible, a contradiction. This proves (5).

(6) P12 is infeasible in G | A.

For suppose it is feasible. Since P and Pg are infeasible, it follows that there
are four paths Pi3, Pis5, Pog, Pyg of G | A, mutually disjoint except for their ends,
where each F;; has ends v;v;. But by (1), {vs},{v1,vs}, {va,v4,v5} is feasible in
G |'B. This contradicts (7.6) with Zy ={v3}, Zo ={v1,v5}, Z3 = {vo,v4,v8}.

The result follows. I

In addition to (8.6) we need to prove that one further structure does not
appear in G| A. Let vy,...,u5 be distinct vertices of a graph G. A turkey in G on
(v1,...,v5) (note that here v1,...,vs are ordered, unlike the octopus and bat) is a
set {Xo,X1,X2,X3,X5} of disjoint fragments of G, such that

(i) v1,v4 € X1, and v; € X; for i=2,3,5, and

(ii) XoX1,X0X2,X0X3,X2X5 and X3X5 are adjacent.
If (v1,...,v6) is a 6-term sequence, and 1 <k < 6, the 5-term sequence obtained by
omitting the kth term vy of (v1,...,vg) is denoted by (v1,...,0k,-..,Vg)-

(8.7) Let G,A,B,1,...,vs be as in (8.6) Let 1 < k < 6; then there is no turkey in
GlAon (v1,...,08,...,06).

Proof. Suppose that for some k there exists such a turkey. Let (v1,...,0k,...,v8) =
(a1,...,a5). Then there are five paths R; of G | A with ends a;,b; (1 < i < 5),
mutually disjoint except that by = by; and two paths Q; of G | A between b; and
bs (1=2,3); a vertex ce A—V(R1U...UR; UQ1 UQ2), and three paths P; from
¢ to b; (1=1,2,3), so that all these paths are disjoint except for their ends. (Note
that it is possible that a; =b; for some values of i.) See figure 3.

Let H=R1U...UR5UQ1UQ2U Py UP, UPs; we call H a skeleton.

Now since G is 6-connected, there are six paths Lq,...,Lg of G| A between ¢
and vy,...,vg respectively, mutually disjoint except for ¢. Choose k, H and L;,...,Lg
so that

(1) HULyU...ULg is minimal.

Let R be the minimal subpath of Ly between vy and V(H), and let R have
ends v, h. Thus, if vy € V(H) then h=uv.
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as

Fig. 3. A turkey skeleton on (aj,...,a5)

(2) For 1<i<35, if a; and vy, are consecutive in the sequence (v1,...,vg), then h ¢
V(R;).

For suppose that a; and v are consecutive in (v1,...,vg) and h € V(R;). We
obtain a new skeleton H' by replacing the subpath R’ of R; between a; and h by
R. But

HULU...UL§CHUL{U...ULg,

and so by (1) equality holds; and hence R’ C Ly U...U Lg, which is impossible since
RC Ly, R CL;,RNR is non-null (since h€ V(RNR')), and Ly, ...,Lg are disjoint
except for ¢. This proves (2).

(3) For1<i<5h¢V(R;).

Suppose that h € V(R;). By (2), a; and vy are not consecutive in (v, ...,7g).
There are several cases.

Suppose that £ =1, and hence ¢ > 2 and a; = v;+1. Then i 2 (for otherwise Py
is feasible, contrary to (8.6); in the remaining cases we abbreviate this to “(P4)”),
and i # 3 (P3). Now h # by since h ¢ V(R1), and so i # 4 (P1g), and i # 5 (Py).
Hence k£ #1.

Suppose that k£ =2, and hence ¢ # 1,2. Then i # 3 (Pg), i # 4 (P3) since h #
b4, and 2# 5 (5’12). Thus, k 99 2.

Suppose that k=3. Then i #1 or 4 (P¢), and i # 5 (P10). Hence k #3.
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Suppose that £ = 4. Then i # 1 (Pg) since h # by, and i # 2 (Pg) and i #
5(P12). Thus, k#4.

Suppose that kK =5. Then i # 1 (P1p) since h # by, and ¢ # 2 (Pg), and i #
3(Pg). Hence, k#5.

Suppose that k =6. Then ¢ #1 or 4 (P3), i # 2 (Pg) and i # 3 (Pg). Hence,
k # 6.

In each case we therefore obtain a contradiction, and (3) follows.
(4) h¢V(Q2UQs).

For suppose first that h € V(Q2). Since h ¢ V(RoU Rs) by (3), h#by and h#
bs. Then k#1 (‘7)4)’k7é2 (?12)7 k#3 (?10)’ k;é4(?6),k7é5 (‘7’8)5 and k?'éﬁ(?g)a
a contradiction. Hence h ¢ V(Q2). Suppose now that h € V(Q3). By (3), h #b3, bs.
Honce & # 1 (P3),k #2 (Ps), b #3 (Pro) b £4 (Prz), k#5 (Po), and k#6 (Pg).
This proves (4).

From (3) and (4), we deduce that h € V(P U Py U P3). By (3), h # b1,b2,bs.
Hence k#1(P3), k#2(P10), k #3 (P12), k#4(P10), k#5(Pg), and k #6 (P3).

This is a contradiction, and so there is no such turkey, as required. [ ]

9. Chasing a turkey

Let ay,...,a5 be distinct vertices of a graph G, fixed throughout this section.
P denotes the partition {a1,a3,a5},{e2,a4}, and we assume the following three
hypotheses:

(9.1) (Hypothesis) P is infeasible in G.
(9.2) (Hypothesis) There is no turkey in G on (a1,...,as) or on (as,...,a1).

(9.3) (Hypothesis) G is simple, and there is no separation (X,Y) of G of order <3
with ai,...,a5 € X and |V(G)— X| > 2, and none of order <2 with ay,...,a5 € X #
V(G).

A frame on (a1,...,a5) (see figure 4) is a subgraph H of G with ay,...,a5 €
V(H), cousisting of the union of:

(i) five paths P; with ends u;a; (1 <4 <5), mutually vertex-disjoint, where
u1 # a1 and us #as

(ii) two disjoint paths Ry7,Rsg, with ends uqu7 and usug respectively, meet-
ing V(PyU...UP;) in {u1} and {us} respectively

(iii) six paths Q12,Q26,Q36,Q37,Q47,Q45, mutually disjoint except for their.

ends, where each @Q;; has ends u;u;, and each Q;; is disjoint from
Py,...,Ps and Rj7,Rsg except for its ends.

This definition implies that the paths Py, Ps,Q12,Q26,Q36, @37, Q47,45 each
have at least one edge, but the paths P, Ps,Ps, Ri7,Rs6 may have no edges.
In particular, we permit us = ug and u; = uy. We call P;,P,P3,Py,Ps5,
Q12,Q26,Q36,Q37, @47, Qa5 the sides of the frame, and denote their union by I(H).
We define the cost of H to be |E(R17)| + |E(Rs6)|- A frame in G on (a1,...,a5) is
minimal if its cost is minimum over all frames in G on (a1,...,a5).
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a, a, a, a, a;
Fig. 4. A frame

The objective of this section is to analyze the structure of G implied by (9.1)-
(9.3), assuming there is a frame. Roughly, we shall show that G can be drawn in a
disc with aj,...,as on the boundary in order, except for one part of G (associated
with R17U Rsg) which is separated from the remainder of G by a (< 4)-separation.

If H is a subgraph of G, let us say an H-path in G is a path of G with distinct
ends both in V(H), and with no other vertex or edge in H. We begin with the
following.

(9.4) Assuming (9.1)-(9.3), let H be a minimal frame on (ay,...,a5) with nota-
tion as above. There is no path in G\ {u1,us,ue,ur} between V(R17U Rsg) —
{v1,us,u6,u7} and V(I(H)) — {u1,us,ue,ur}.

Proof. Suppose there is such a path; then there is an H-path P in G with ends z €
V(R17URs6) and y € V(I(H)), with z,y ¢ {u1,us,ue, ur}. From the symmetry we
may assume that z € V(Ry7).

(1) y¢V(PLUQ12UPUQg).

For if y € V(P2 UQ2g) we replace @12 by P to obtain a new frame with smaller
cost, a contradiction. If y € V(P;) or y € V(Q12) we replace the subpath of P,
or Q12 respectively between y and u; by P, again obtaining a frame with smaller
cost. This proves (1).

(2) y¢V(Q3sUP3UQg7) and y ¢ V(Qa7 U P4 UQas).

For if y € V(Q36 U P3 U @37) we replace Q37 (or a part of it) by P, obtaining
a frame with smaller cost. If y € V(Q47 U P4 UQys), we similarly replace Q47 (or a
part of it) by P.

From (1) and (2) we deduce that y € V(P;5) — {us}. But then 2 is feasible,
contrary to (9.1). [ ]
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Given a frame H and P;’s and @;;’s as before, we define

Ri=PUQu2UP,

R = Q12U Q2
R3 =P, UQ2U Q36U P3
Ry =Q36UQs7
Rs =P3UQ37UQq7U Py
Rg = QarUQss

R7 = PyU Q45U Ps.
Then Rj,...,Ry7 are all paths of I(H).

(9.5) Assuming (9.1)~(9.3), let H be a minimal frame on (a4, ...,a5). Let P be an
H-path of G with ends z,y € V(H). Then either z,y € V(R;) for some i (1<i<
7), or z,y € V(Ry7U Rgg).

Proof. First, suppose that £ € V(P1) — {u1}. We must show that y € V(R;).
Now since % is not feasible, ay,a3,a5 do not belong to the same component of
G\V(P,UQ12UR17UQ47U Py), and so

Y & V(Qa6 U Q36 U P3UQs7U Rse UQqs U Ps) — {ug, ug, ur}-

We deduce by (9.4) that y € V(P4UQ47) UV (R1). Now if y € V(PgUQy7) — {ur},
then taking

X1 =V(PLUPUPLUQqr) — {uy,ur}

Xg =V{(P)

X3 =V(F3)

X5 =V(Ps U Rsg U Q26 UQ36) — {uz,us}

Xo = V(Q12U R17 U Q37) — {u2,u3}
defines a turkey on (a1,...,a5) contrary to (9.2). If y = uy # uy, then replacing
the subpath of P} between z and u; by P yields a frame with smaller cost, a
contradiction. It follows that if y € V(P4 UQ47) then y=u7=u1 and so y € V(R;).

Hence the result holds if z € V(P;) — {u1}. We may therefore assume by symmetry
that

(1) z,y¢V(P) — {ur} and z,y ¢ V(Ps) — {us}.
Next, we claim we may assume that
(2) z,y#u1,us.
For if not then by symmetry we may assume that z =u;. If
¥y € V{Qas UP3U Q37U Qa7 U Py UQas) — {us, us, ur}

then from the minimality of H, it follows (by replacing all or a part of one of
Q37,Q47) that u; = u7, and hence z,y € V(R;) for i = 4,5 or 6 and the result is
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true. By (1), y € V(Ps) — {us}. Thus either ¥ = us or ur (in which case z,y €
V(R17 U Rsg)) or y € V(R1) UV(Rg), and then z,y € V(R;) for-i=1 or 2. This
proves (2).

Next, we claim we may assume that

(3) 2,y ¢ V(Qi2) — {uz} and z,y ¢ V(Qa5) — {ua}.
For otherwise, by (2) we may assume that z € V(Q12) — {u1,u2}. Now by

(9.1), y ¢ V(PsUQq7rUQ45)— {us,ur}, since otherwise a1,a3,a5 belong to the same
component of

G\ (V(P2UQi2UPUPLUQ47UQas) — {u1,us,ur}).

By the minimality of H,y # uy (for if y=wuy then w7 # uy by (2), and so replacing
part of Q12 by P produces a frame with smaller cost). If y € V(Q3gU PsUQ37) —
{ug,u7}, then taking

X1 =V(PLUR17UQq UPFy)
X2 =V(P2UQz) — {us}
X3 =VI(Q36 U P3 U Q37) — {us, ur}
X5 = V(P U Rss)
Xo=V(Q12UP) — {u1,uz,y}
defines a turkey on (a3,...,as) contrary to (9.2). By (1) and (2), y ¢ V(P5); and so
y € V(R1)UV(Rs) as required. This proves (3).
Next, we claim we may assume that
(4) z,y¢ V(P UQge) — {us} and 2,y ¢ V(P4 U Qar) — {ur}.
For suppose that z € V(P2 U Q26) — {ug} say. By (1)-(3),
y € V(P4 U Qa7 UQ37 U Ry).
Now 4y ¢ V(P4 UQ47) — {ur} since 2 is not feasible. Also, y3#wy, for if y =u; then
w7 # 11 by (2), and replacing Q2 by P contradicts the minimality of H. If y €
V(Q37) — {U3,U7}, then taking
X1 =V(PLUR17UQa7 Y Py)
Xo =V (P, UQ26 U P)— {us,y}
X3 =V(Q36 U P3) — {us}
X5 = V(P U Rsp)

Xo = V(Qa7) ~ {uz,ur}

defines a turkey on (a1,...,05), a contradiction. Hence y € V(H3) as required. This
proves (4).

From (1)-(4), z,y e V(P3 U Q36 UQ37), and so z,y € V(R;) for i = 3, 4 o1 5,
as required. [ ]

If C CV(G), we denote by NV(C} the set of all v € V(G) — C with a neighbour
in C. We recall that if H is a subgraph of G, an H-flap is the vertex set of a
component of G\ V(H).
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(9.6) Assuming (9.1)-(9.3), let H be a minimal frame on (a1,...,a5). If C is an
H-flap and N(C) meets each of V(Q12) — {ua}, V(P2) —{ua}, V(Qa6) — {uz}, then
N(C)CV(Q12U Py UQag). An analogous result holds for Qsg, P3,Q37.

Proof. Since N(C) N {(V(P) — {us}) # 8, it follows from (9.5) that N(C) C
V(R1UR3). Similarly N(C)CV(R1UR»), and N(C) CV(Ra2U R3). Hence

N(C) CV(R1UR3) N V(R UR2) NV(R2URg) = V(Q12U P U Qap).
The proof is analogous for @3¢, P3,Q37. 1

(9.7) Assuming (9.1)-(9.3), let H be a minimal frame on (a3,...,a5). There is no
triad in G with feet in V(Q12)—{u2},V(P2) —{u2} and V(Qog) — {ua} respectively
and with no other vertex in V(H).

Proof. Suppose that T is such a triad with feet 21,x9,z3 say, where 27 € V(Q12) —
{ug}, 3 € V(Po)—{uz} and 23 € V(Qag)—{ua } respectively. Then TUP>UQ12UQ 2
is a tripod with feet u1,a9,ug and with no other vertex in

Z=V(H)~(V(PR2UQ12U Q) — {u1,02,u6}).

By (3.3) and (9.3), we may assume (by the symmetry between the two triads in
the tripod) that there is-a path of G from V(T) — {#;,22,23} to Z disjoint from
P, U Q12U Qag, contrary to (9.6). |

A virtually identical proof yields:

(9.8) Assuming (9.1)-(9.3), let H be a minimal frame on {a1,...,a5). There is no
triad in G with feet in V(Qs6)—{us}, V(Ps)—{us} and V(Q37)—{us} respectively
and with no other vertex in V(H).

(9.9) Assuming (9.1)-(9.3), let H be a minimal frame on (ay,...,a5). For any H-
flap C, either N(CYC V(R17U Rsg) or N(C) CV(R;) for some i (1<i<7).

Proof. We may assume that there exists x € N(C) — V(R17 U Rsg). By (9.4).
N(C)CV(I(H)). If z can be chosen with z € V(P) —{u1} then by (9.5), N(C) C
V(R;) as required, and we may therefore assume that N(CYNV(P;) C {ul} and
N(CYNV(Ps) C {us} similarly. If N(C) € V(QasUPsUQ37), then by (9.8), N(C) C
V(R;) for i=3,4 or 5, as required. From the symmetry, we may therefore assume
that )

N(C)NV(Qi2U P2 U Qag) Z {us}-
From (9.5),
N(C) CV(Q12U P, U Q26 U Q36 U Ps3).
We may assume that N(C) € V(R3), and so N(C)NV(Qi2) € {u2}. By (9.5).
N(C)CV(Q12U Py UQ2). Then the resuls follows from (9.7). 1

(9.10) Assuming (9.1)-(9.3), let H be a minimal frame on (a1,...,a5). There do
not exist disjoint H-paths P, () with ends p1p2 and ¢1qe respectively, such that
p1,q1 € V(P) ~ {wi}, p2,g2 € V(Q12) — {w1}, and a1,p1,91,p2,92,02 are in order
on Rl.
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Proof. Suppose that such P and Q exist. Let P’ be the subpath of P; between u;
and p;. Now PLUQ12 U PUQ is a tripod with feet aj,uq,u2 and with no other
vertex in ’
Z=V(H)— (V(PLUQ12) — {a1,u1,u2}).

By (3.3) we may therefore assume that there is a path R from a € V(P'UQ) —
{u1,p1.92} to b€ Z with no vertex in HUPUQ except a and b, and with a;,uq,u2 #
a,b. (We use here that every leg of the tripod “output” by (3.3) is a subpath of the
corresponding leg of the “input” tripod, so that the leg incident with uq remains
null, and we use the symmetry between ¢; and ps.) By (9.5), b€ V(R;1), and so

be V(R)NZ —{a1,u1,u2} = V(P2) — {uz}.
But then P is feasible, a contradiction. 1

(9.11) Assuming (9.1)—(9.3), let H be a minimal frame on (ay,...,a5). There do
not exist disjoint H-paths P, Q) with ends pyps and qyqy respectively, such that
1_)1,;121 € V(Qa6) — {us6}, p2.92 € V(Qs6) — {ue}, and a2,pi,q1,p2,92,a3 are in order
mn 3.

Proof. Suppose such P,Q exist. Let P’ be the subpath of Q2g between p; and ug.
As in (9.10), we may assume by (3.3) that there is a path R with ends a € V(P'UQ)
and be V(H) — V(Q26 U Q36), with no other vertex in V(H U PUQ) and with no
vertex in {p1.gs,ug}. By (9.5), b€ V(Rg U R3), and so either b € V(Py) — {us}, or
be V(Ps) — {us}, or b€ V(Q12) — {uz}.

Suppose first that b € V() — {uz}. Let H' be obtained from H by deleting
the edges and internal vertices of the subpath of P, between b and ug, and adding
R (if a € V(Q26)) or adding R and the subpath of @ between a and ¢; (if a €
V(Q)). Then H’ is a minimal frame on (ay,...,as), and yet it does not satisfy
(9.5). because of the H’'-path P, a contradiction. Thus b¢ V(Py) — {up}.

Now suppose that be V/( P3 — {uz}. Then taking

V(PLUR17UQq7 U Py)

V(P2 U Q) = (V(P') — {p1})
(P3) = {us}
(
(

Il
<

V(Ps UR56UPIUQUR) - {p17b7QZ}
V(P U Q36U Q37) — {p1,ug,ur}

defines a turkey on (ay,...,as) contrary to (9.2). Thus b¢ V{(Ps) — {us}.

Consequently, b € V(Q12) — {u2}. Let Q' be the subpath of Q3¢ between ug
and po. Then taking

X1 =V(PLUR17U Q4 UPyUQ12) — {uz}

Xo =V (P2)U (V(Qas) - V(P) U(V(P) — {p2})
X3 =V(P3) U (V(Qs6) - V(Q"))

X5 = (PsURss UQ')

Xo=V(RUP UQ) - {b,p1,us, g2}

I

X3
Xs
Xo
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defines a turkey on (aj,...,a5) contrary to (9.2). (The reader may see what seems
to be a simpler way to dispose of this case, but there is a difficulty with it if b=
w1 =w7.) The result follows. ' ]

We recall that Py,...,P5 and the ();;’s are called the sides of H.

(9.12) Assuming (9.1)—(9.3), let H be a minimal frame on (a1,...,a5). Let P, Q be
disjoint H-paths of G, with ends p1pg and q1q2 respectively, and let k with 1<k <7
be such that p1, q1, p2, g2 all lie in Ry, in order. Then one of {p1,p2}, {q1,92} is a
subset of the vertex set of some side of H.

Proof. Suppose first that £ = 1; then we may assume that a1,p1,q91,p2,92,02 are
in order in Ry. If g9 ¢ V(P2) — {ug}, then the result holds by (9.10), and so we
assume that g2 € V(Ps) — {u2}. Suppose that p; ¢ V(Py) — {u1}. Then either the
result holds, or p1,q1 € V(Q12) — {us} and ps,qs € V(P3) — {ua}; but in the latter
case by replacing the subpath of P, between ¢ and ug by (), we obtain a minimal
frame in which (9.7) is not satisfied, a contradiction. Hence we may assume p; €
V(Py) —{u1}. Consequently, if the result does not hold, there are disjoint paths
in R\ {p1,92} with ends ¢1,u1 and pa,us respectively, and hence P is feasible, a
contradiction. Thus if k=1 the result holds.

If k = 2 the result holds, for otherwise there is a minimal frame violating (9.7),
and similarly (using (9.8)) the result holds if £ = 4. By the symmetry we may
therefore assume that k = 3 and as,p1,q1,P2,92,a3 are in order in R3. By (9.7),
the result holds if go € V(Ps UQ26), and by (9.8) it holds if p; € V(Q36 U F3). We
assume therefore that p; € V(P2 UQa6) — {us}, and g2 € V(Q36 U P3) — {ug}. If
p2 € V(P2 UQgg), then p1 € V() —{ug} and pg € V(Qg¢) — {ua} (unless the result
holds), and by replacing the subpath of (J2¢ between uy and ps by P we obtain a
minimal frame violating (9.5). Thus we may assume that pa € V(Q36 U P3) — {ue}.
Similarly if g1 € V(Q3s U P3), we may assume that g € V(P3) — {u3} and ¢ €
V(Qs¢) — {us}, and then by replacing the subpath of Q3¢ between g; and ugz by
@}, we obtain a minimal frame violating (9.5). We therefore assume that ¢; €
V(PyUQo6) ~ {us}. If p1 € V(P2) —{uz} and g2 € V(P3) — {ug} then P is feasible,
a contradiction. Thus if p; € V(P) — {ua}, then g2 € V(Q3g); but then there is a
turkey on {ai,...,as), taking

X1 =V(PLUR17UQq47U Py)

Xo = V(P

X3=V(PUQ")

X5 =V(PsURsgUQss UP)— (V(Q)U{p1})
Xo=V(QizUPaUQo UQ) — (V(P') U {u1,us,92})

where P’ is the subpath of P, between as and pi, and Q' is the subpath of Q3¢
between g9 and uz. Consequently, p1 € V(Q26) — {us}-
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By (9.11), g2 ¢ V(Qs3g) (since g2 # ug), and so g2 € V(P3) — {u3z}. But then
there is a turkey on (as,...,a5), taking

X1 =V(PLUR17UQq7 U Py),

Xo=V(P,UP)

X3 =V(Q)

X5 =V(PsURssUQasUQ) — (V(P)U{g})

Xo =V (P3UQ36UQ37UP)— (V(Q) U {p1,us,ur})

where P’ is the subpath of Q¢ between us and p;, and @’ is the subpath of Ps
between a3 and go. This completes the proof. ]

(9.13) Assuming (9.1)—(9.3), let H be a minimal frame on (ay,...,a5), and let S
be a side of H. There do not exist disjoint H-paths P, @ with ends p1p2 and q1q9
respectively, such that

(i) p1,q1,p2 lie in V(S) in order on S, and qo € V(Ry) — V(S) for some k
with SC Ry, (1<k<7), and

(ii) there is a path R in G from V(P) — {p1,p2} to V(R UQ) — V(S) with
no internal vertex in V(HUPUQ).
Proof. First we prove that
(1) There do not exist such P, @, R with QN R null.

For suppose such P,Q,R exist with @ N R null. Let R have ends a €
V(P)—{p1,p2} and b€ V(Ry) — V(S). Let us examine the order of occurrence of
P1,02,91,92,0 in R;. We may assume that p1,q1,p9,¢2 occur in Ry in order, and
since b¢ V(S) and py,py € V(S), it follows that the order of the five vertices is one
of

P1,41,P2,92,b
P1,q1,P2,b,92

baplaq]‘vp2aq2'

In the first and third cases let j = 2, and in the second case let j = 1. Then the
vertices ¢1,42,p;,b occur in the orders

q1,P5,92,b
pja*?lab)q2
baqlapj’Q2

in the three cases. But there are disjoint H-paths with ends g1¢2 and p;b respec-
tively, and so from (9.12), there is a side S’ containing > 3 of g1,¢2, pj,b. Now S+
S since b,g2 & V(S); and so g1 ¢ V(8’) since S is the only side containing g;. Con-
sequently, {g2,p;,b} CV(S’), and so V(SNS') = {p;}. Thus j =2 since p1,q1,p2,q2
are in order in Ry, and so p1,q1,p2,q2,b are in order in Ry. Let H' be the minimal
frame obtained from H by deleting the edges and internal vertices of the subpath
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of S between p; and ps, and adding P; then R is an H’'-path and so is the union
of @ and the subpath of S between p; and ¢;, and they are disjoint, contrary to
(9.12) applied to H’. This proves (1).

From (1) it follows that if P,Q, R, S exist then PUQURU S is a tripod with
feet s1,s2,¢2 and with no other vertex in Z=V(H) — (V(5) — {s1,s2}), where S
has ends s1,s2. Consequently, by (3.3) we may choose P,@,R,S and H so that
there is a path R’ from V(P)—V(S) to V(H)—V(S) disjoint from V(QUS). But
by (9.9}, R’ has both ends in V{Ry), contrary to (1). 1

A frame H on (a1,...,as) in G is secure if, with the usual notation,
{a) it is minimal
(b) each side is induced (that is, every edge of G with both ends in the side
is an edge of the side), and
(c) for each H-flap C, there is no side S of H with N( ) CV(S).

(9.14) Assuming (9.1)—(9.3), if there is a frame on (o1, ...,as5) then there is a secure
frame on (a1,...,as).

Proof. Let H be a minimal frame on (ay,...,a5). An H-flap C is good (with respect
to H) if N(C) Z V(S) for each side S of H; and bad otherwise. Let C,...,Cr be
the good H-flaps, ordered with

V(C)| = [V(C2)| = ... 2 [V(Cr)],
and let D1,...,Ds be the bad H-flaps, ordered with
V(DD 2 V(Do) 2 ... > V(D).

The sequence
(IV(CDI, - IV(CHIL V(D)L - - IV (Ds)]

is called the signature of H. Among all minimal frames, choose H so that its
signature is maximum, using the lexicographic order of signatures; that is, if H has
signature (o, ...,@,), then no frame has signature (81, ..., ) where for some j <
min(n,m— 1),

(i) ay=p0; for 1<i<j, and

(if} either n=j or a1 <fBj41.
We shall show that H is secure.

Let S be a side of H, and suppose that a,b € V(S) are adjacent in G but not
in §. Let H be obtained from H by replacing the subpath of S between @ and b by
the edge ab; then H' is a minimal frame. Each H-flap is a subset of an H'-flap, and
each good H-flap is a subset of a good H'-flap. Consequently, the s1gnature of H'
is greater than that of H, a contradiction. This proves that each side is induced.

Suppose that there is a bad H-flap, and choose a bad H-flap C' with |V (C)]
minimum. Thus |V(C)| is the last term of the signature of H. Choose a side S
with N(C) CV(S). Let a,be V(S)NN(C) be the first and last members of N(C)
in S. From (9.3), there is an H-flap C’ # C such that some member of N(C’) lies
in § strictly between a and b. Let H' be obtained from H by replacing the subpath
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of § between a and b by a path between a and b with all its internal vertices in
C. Then H' is minimal. Moreover, every H-flap except C is a subset of an H'-
flap, and every good H-flap is a subset of a good H’-flap. Since C’ is a proper
subset of an H’-flap, it follows that the signature of H’ is greater than that of H,
a contradiction. Thus there is no bad H-flap, and so H is secure. 1

Assuming (9.1)-(9.3), let H be a secure frame on (a1,...,as5). It follows
from (9.9) and the definition of “secure” that for every H-flap C, either N(C) C
V(R17U Rsg), or there is a unique i (1 <4< 7) such that N{(C) CV(R;). We define
Gy to be the subgraph of G induced on

V(R17U Rs6) U| J(C : C is an H-flap with N(C) C V(Ri7 U Rss))
and for 1 <¢<7 we define G; to be the subgraph of G induced on
V(R;)U| J(C : Cis an H-flap with N(C) C V(R;) and N(C) Z V(R17 U Rsg)).
Then every edge of G not in H belongs to exactly one of Gy,G1,...,G7, and
G=GgUG1U...UG7.
(9.15) Assuming (9.1)-(9.3), let H be a secure frame on (a,...,as), and let

1<i<7. Then G; (defined as above) can be drawn in a disc with R; drawn on the
boundary.

Proof. There is no (< 3)-separation (X,Y) of G; with V(R;)C X and |[Y — X|>2,
for otherwise (X’,Y) would violate (9.3), where

X' =Xul|JV(G)):0<ji<7,5#1).

Consequently, by (2.4) it suffices to show that there do not exist disjoint R;-paths
P,Q in G; with ends p1p2 and ¢1¢2 respectively, so that p1,41,p2,92 occur in R;
in order. Suppose then that there exist such P,Q. By (9.12) there is a side S
containing > 3 of p1,q1,p2,q92, and S is a subpath of R;. We may assume that
P1,491,p2 lie in S in order.

(1) g2€V(95).

For suppose not; then go € V(R;) — V(S). Since P C G; and H is secure and
V(P) #{p1,p2} (because S is induced) there is a path R of G from V(P)~-{p1,p2}
to V(R;UQ) — V(S), with no internal vertex in V(H U PUQ), contrary to (9.13).
This proves (1).

By (1) we may assume that p1,g1,p2,¢2 are in V(S) in order. Since P,Q belong
to G; and H is secure there is a minimal path R from V(P UQ) — {p1,p2,491,92}
to V(R;) — V(S) with no internal vertex in V(H). We may assume that R has one
end a € V(Q) — {g1,92} and the other b € V(R;) — V(S). Let Q" be the path in
QUR from g1 to b; then P,Q’ violate (1), a contradiction. The result follows. 1

Let 21,...,29 be distinct vertices of a graph J which can be drawn in a disc
with 21,...,2z9 on the boundary in order. Let J; be obtained from J by identifying
zg with zg; let Jo be obtained from J by identifying 27 with zg; and let J3 be
obtained from J by identifying 2¢ with 2zg and 27 with 2. If K € {J,J1,J2,J3},
we call (K,z1,...,25) a twisted graph with twist the set of at most four vertices
corresponding to 2g,27,28,29. Finally, we deduce the main result of this section,
the following.
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(9.16) Assuming (9.1)-(9.3), if there is a frame on (a1,...,a5) then there is
a (< 4)-separation (X,Y) of G with ai,...,a5 € X, such that ((G|X)\
E(G|XnNY),ay,...,a5) is a twisted graph with twist X NY.

Proof. Let H be a secure frame; this exists by (9.14). Let X = U(V(GZ) 1<)

and Y =V (Gp). By (9.4), (X,Y) is a {< 4)-separation of G and the result follows
from (9.15). ]

10. 7-connectivity of Hadwiger graphs

In this section we combine the results of sections 8 and 9 to close the gap left
by (7.16). We need the following lemma. (£1,...,P12 were defined in section 8.)

(10.1) Let G be a graph, let v1,...,vg € V(G) be distinct, so that P1,...,P12 are
infeasible in G, and for 1 < k < 6 there is no turkey in G on (vy,...,0%,...,Vg)-
For 1 <1 <5 let v;u;41 be adjacent. Let H be obtained from G by adding five
new vertices ai,...,as, where a; has neighbours v; and v,y (1 < i <5). Then
{a1,a3,a5}, {a2,a4} is infeasible in’ H and there is no turkey on (ay,...,a5) in H.

Proof. We denote the partition {a1,a3,a5}, {a2,a4} by P. Suppose first that P is
strongly feasible in H. Thus, there is a triad T on H with feet a1,a3,a5 and a path
S with ends as,a4 such that SNT is null. Choose S,T with V(S UT) minimal.
For 1 < i < 5,a; has valency 1 in SUT; let its neighbour in SUT be b;. Then
b; € {vi,vi+1}, and by,...,b5 are all distinct. Either b3 = w3 or b3 = vy, so from the
symmetry we may assume that b3 =wvs, and hence by =v1 and ba = vo.

Suppose first that by = v4. Then vs ¢ V(S) by the minimality of V(SUT),
and vg € V(S) since P12 is not feasible in G. Hence vz € V(T) since P5 is not
feasible, and vg € V(T') since Pg is not feasible. By the minimality of V(SUT), vs
and vg both belong to the path of T between v; and v3, and hence one of P1p,P11
is feasible, a contradiction. Thus by # vy, and so by = vs and by = vg. Then vq ¢
V(5) by the minimality of V(SUT), and v4 € V(T) since P4 is not feasible. By the
minimality of V(S UT), vs and vs both belong to the path of T' between vy and
vg, and hence one of P7,Pg is feasible, a contradiction. This proves that P is not
strongly feasible in H.

Now suppose that P is feasible in H. Since it is not strongly feasible, we may
write {a1,a3,a5} = {c1,c2,d} in such a way that there are three paths Py, P,,Q of
H, disjoint except for their ends, where @ has ends aza4, and P; has ends ¢;d (i =
1,2). Suppose first that d = a;; then we may assume that ¢; = a3 and ¢z = as.
Consequently, v1,v2 € V(P U Ps), and so v3 € V(Q), v4 € V(P1), vs € V(Q) and
vg € V(P»). But then Pg is feasible in G if v; € V(P;) and Py, is feasible in G
if vg € V(Py), in either case a contradiction. Thus d # a;, and by symmetry d #
as; hence d = ag, and we may assume that ¢; = oy and ¢z = a5. Hence v3,u5 €
V(P1UP,), and so ve,vs € V(Q), v1 € V(P1) and vg € V(Py). Then P is feasible in
G if v3€V(P1) and Py is feasible in G if v4 € V(P1), in either case a contradiction.
This proves that & is not feasible in ‘H.

Now suppose that {X1,X2,X3,X5,Xo} is a turkey in H on (ay,...,as), with
a1,04 € X1, a9 € X9,a3 € X3,a5 € X5.
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(1) |X;] 22 fori=1,2,3,5.

This is trivial for i =1 since ay,a4 € X7. Suppose first that | X3| =1, and hence
X2 =1{az}. Since X3Xg and X2Xj5 are adjacent, it follows that one of v2,v3 is in Xg
and the other is in X5. Consequently v1 € X7. Since v3 ¢ X3 and Xp X3, X3X5 are
both adjacent, it follows that v4 € XoUX3U X5, and hence vs € X7 and vg € X5. If
vy € X, then v3 € Xg and v4 € XgU X3, and so Pqg is feasible, via X3, XgUX3, X5.
On the other hand, if v ¢ X, then vo € X5,v3 € Xo,v4 € X3U X5 and P1g is
feasible, via XU X1, X3U X5. This shows that |Xa| > 2. Now suppose that | X3|=
1; then v1,v5 € X1,v2 € X2, vg € X5, and one of vs,v4 is in X, and the other is in
Xs. If vg € X then P12 is feasible, via X1 UXp, XoUX5; and if vg € X5 then P1g is
feasible, via X1, X2 U X, X5. Thus |X3| > 2. Finally, suppose that |X5|=1. Then
v1,v4 € X1,v2 € X9, vz € X3, and one of vs,vg is in X5 and the other is in X3. If
vs € X9 then Py is feasible, via X7, X2, X3; and if vs € X3 then Pg is feasible via
X1,X2,X3. This proves (1).

From (1), it follows that there exist 1 < 41 < ip < i3 < i4 < i5 < 6 such that
v;; € X for j=1,2,3,5 and v;, € X1. Let ¥; =X — {ai1,..,05} (1 =1,2,3,5,0).
We claim that {Y1,Y2,Y3,Y5,Y0} is a turkey in G on (v;,,;,,4,,%s,,Vis)-

Let {i,7} be one of {0,1},{0,2},{0,3},{2,5},{3,5}; we claim that Y;Y; are
adjacent in G. For X;X; are adjacent in H, and so we may assume that there exist
u € X;,v € X; which are adjacent in H with {u,v} € V(G). By exchanging i and
Jj if necessary we may assume that u ¢ V(G), and so u = ap, for some h with 1 <
h<5. Butué€ X;, andso h=4if ¢ #1, and h € {1,4} if i =1. Now a; has only
two neighbours in H, namely vy, and vj,41, and so one of these is v, and the other,
w say, is in X; by (1). Hence, v,w are adjacent, since vjvp4 are adjacent, and so
Y;Y; are adjacent as required.

To complete the proof that {¥1,Y5,¥3,Y5,Yp} is a turkey, we must show that
each Y; is a fragment of G. Let i € {1,2,3,5,0} and let C be a component of G |Y;;
and suppose that C # G |Y;. Let G| (Y; - V(C)) = D. Since X; is a fragment of
H, there exists h with 1 <h <5 such that ap € X; and ap has neighbours in both
V(C) and V(D). But the two neighbours of aj, are adjacent, contradicting that C
is a component of G | Y;. Thus each Y] is a fragment of G, and so {¥7,Y2,Y3,Y5,Yp}
is a turkey in G on (v;;,v;,,%;,,4,,Vig), contrary to the hypothesis.

Now let us apply (10.1) and the results of sections 8 and 9 to our problem.

(10.2) Let G be a non-apex Hadwiger graph. Then there is no (< 6)-separation
(A4,B) of G with |A— B|,|B— A| >2.

Proof. Suppose that there is a (< 6)-separation (A,B) with |A— B|,|B - A| > 2.
Choose it with |A| minimum. By (7.16), G| AN B is a 5-edge path, with vertices
v1,...,6, Say, in order.

Let G* be obtained from G | A by adding five new vertices ay,...,as, where a;
is adjacent to v; and to v;4+1 (1 << 5). By (10.1), (8.6) and (8.7), we deduce

(1) {a1,a3,a5},{a2,04} Is infeasible in G*, and there is no turkey in G* onm
(a1,...,a5) or on (as,...,a1).

Moreover,



340 NEIL ROBERTSON, PAUL SEYMOUR, ROBIN THOMAS

(2) G* is simple, and there is no (< 3)-separation (X,Y) of G* with ay,...,a5 €
X#V(GY).

For suppose that (X,Y) is such a separation, and choose it with X maximal.
Suppose that 1 <{<6 and v; ¢ X. From the symmetry, we may assume that i <6
and that v;41 € X, since one of vy,...,vg belongs to X. Now a; € X, and since v; €
Y — X it follows that a; € XNY. Let X' = XU{v;}, Y’ =Y —{a;}. Then (X',Y") is
a separation of G*, since v;,v;+1 € X', and (X’,Y’) has the same order as (X,Y).
From the maximality of X, it follows that X' =V (G*), and so X = V(G*) — {v;}.
But v; has > 2 neighbours in A~ B (from (6.3) and the minimality of A) and >2
neighbours in (ANB)U{ay,...,a5} (actually, >4 neighbours unless i =1 or 6), and
hence v; has valency >4 in G*, a contradiction since (X,Y) has order < 3. This
proves that v; € X for 1 <4 <6. But then (Y NA,(XNA)UB) is a (< 3)-separation
of G, a contradiction. This proves (2).

(3) There is a frame in G* on (ay,...,a5).

Define u; = v1,u9 = ag9,ug = v3,U3 = a3, U7 = V4,U4 = Q4,U5 = Ug. Let
Ry7,Rsg be disjoint paths of G | (A — {v2,v5}), where Ry7 has ends v1v4 and Rse
has ends v3vg; these exist by (7.2). Let Py, P3, Py be 1-vertex paths, with vertex
a; (1=12,3,4); and let P, P; be 1-edge paths, formed by the edges a;v1 and asve
respectively. Let Q12 consist of the edges vjvo and vaas; let Q45 consist of the edges
a4vs and vsve; and let every remaining Q;; needed for the frame be the 1-edge path
formed by the edge u;u;. This proves (3).

We deduce from (13 (2), (3) and (9.16) that

(4) There is a (< 4)-separation (X,Y) of G* with ay,...,a5 € X, such that
(G*|X)\ E(G"|X nY),a1,...,a5)
is a twisted graph with twist X NY.

From the definition of a twist, it follows that ai,...,a5 ¢ X NY, and so
v1,...,06 € X. Hence (ANX,ANY) is a (< 4)-separation of G| A with ANB C
ANX, and so AC X; and hence V(G*)=X.

Let |A — B| = n, and let e be the number of edges of G with both ends in
A—B, and f the number with one end in A— B and the other in AN B. By (5.6),
2¢+ f > Tn—2. Since f > 12 by (6.3) and the minimality of A, it follows that
2e+2f > Tn+10; and so |E(G | A)| > Tn/2 + 10, since G | (AN B) has five edges.
Thus |E(G*)| > Tn/2+20. But

(G*X)\ E(G*IXNY),a1,...,a5)
is a twisted graph with twist XNY; let J,21,...,29 be as in the definition of twisted
graph. Let |Y|=k; then |XNY| =k, and k=2,3 or 4, and |[E(G|Y)| < %k(k -1).
Now

V()| =|X|+4-k=n+15—-k
and J can be drawn in a disc with 2i,...,29 on the boundary in order. Since

26,27,28,20 are mutually non-adjacent in J and so are z1,23,23,24,25, it follows
that

|E(J)| < 3|V(J)| — 6~ 13 =3(n+15— k) — 19 = 3n — 3k + 26.
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1
But |[E(G*)| <|E(J)|+ Ek(k —1), since X =V(G*), and so
1
|B(G™)| < 3n+26 - 3k + 5k(k —1).

1
Since k=2,3 or 4, and so -3k + §k(k —1) < -5, it follows that

|E(G¥)] < 3n+21.

Yet |[E(G*)| > Tn/2 + 20, and so Tn/2 + 20 < 3n + 21, that is, n < 2, contrary to
(6.3). The result follows. |

11. Forbidden subgraphs

With the aid of (10.2) we now prove the absence of several kinds of subgraph
in a non-apex Hadwiger graph. We begin with the following.

(11.1) Let G be a non-apex Hadwiger graph, and let X CV(G), with |E(G | X)| =
g and |V(G) — X|=n. Then |[E(G\ X)|>3n—4|X|+8+g.

Proof. Let |[E(G\X)|=e¢, and let f be the number of edges with one end in X and
the other in V(G) — X. Then by (5.6), 2+ f >7n—2. But by (6.1), e+ f+g <
4(n+|X|) — 10. Hence, subtracting, e — g > 3n — 4|X| + 8, as required. ]

(11.2) Let G be a non-apex Hadwiger graph, and let X CV(G) with |X|=3. Let
v1,v2,v3,v4 € V(G) — X be distinct. Then there is a 4-cluster {X1,..., X4} of G\ X
withv; € X; (i=1,...,4).

Proof. Let |[V{G) - X|=n. By (11.1), |E(G\ X)| > 3n —4 > 3n — 6 and hence
G\ X is non-planar. But G\ X is 3-connected and has no 3-separation (A4, B) with
|A—B|,|B— A|>2, by (10.2), and the result follows from (2.6). |

(11.3) Let G be a non-apex Hadwiger graph, let v € V(G) have valency 6, and let
N be the set of neighbours of v. If G| N has two disjoint triangles then it has no
more edges.

Proof. Let N = {v1,...,u6}, where v1,v3,v5 are mutually adjacent, and so are
v2,v4,V6; and suppose vs,vs are adjacent. By (11.2) there is a 4-cluster {X1,..., X4}
in G\ {v,vs5,v6} with v; € X; (1 <i<4); but then {X1, X2, X3, X4,{v},{vs,v6}} is
a 6-cluster in G, a contradiction. [ |

Let Fi,...,Fyg be the graphs shown in figure 5. By an F;-subgraph of G we
mean a subgraph of G isomorphic to F;.

(11.4) Let G be a non-apex Hadwiger graph. Then for 1 < i < 5,G has no F;-
subgraph.

Proof. G has no Fj-subgraph by (2.7). Suppose it has an F,-, F3-, Fy- or Fx-
subgraph. In each case there are seven distinct vertices z,y,z2,v1,v2,v3,v4 of G
such that zy,yz are adjacent and for 1 < ¢ < 4, zv; are adjacent and either yv;
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Fig. 5. Forbidden subgraphs

are adjacent or zv; are adjacent. By (11.2) there is a 4-cluster {X71,...,X4} in
G\{z,y,2z} with v; € X; (1 <i<4). But then {X1,...,X4,{z}, {y,2}} is a 6-cluster
in G, a contradiction. ]

If v is a vertex of a graph G, we denote the set of neighbours of v in G by N(v).

(11.5) Let G be a non-apex Hadwiger graph. Then |(N(u)UN (v)) —{u,v}| > 8 for
any two distinct vertices u, v of G, with equality only if both u and v are 6-valent.
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Proof. Since G has no F3-subgraph by (11.4), |[N{u) N N(v)| <4. Consequently, if
uv are not adjacent,

|(N(w) UN () — {u,0}| = |N(w) UN(®)| > IN(u)| + |N()| -4 2 &
and the result holds. We assume then that uv are adjacent, and so
I(N(u) UN(v)) — {u,v}| = [N(u)| + [N (v)| = IN(u) N N(v)| — 2.

If |IN(u) N N(v)| < 2 the result therefore holds. If |N(u) N N(v)| > 3, then
|IN(u) N N(v)| = 3 by (2.7), and |[N(u)| + |[N(v)] > 14 by (5.4), and again the
result holds. [ |

(11.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation of G
with {A— B|>2. Then |A— B| >4.
Proof. For all distinct u,v € A — B we have

|(N(u) UN(v)) — {u,v}[ < |A| -2=|A - B| +5.

Hence by (11.5), |A— B| > 3. Moreover, if |A— B| =3 then all vertices in A— B are
6-valent by (11.5), contrary to (5.6). ]

We recall that (A, B) was defined just before (6.4).

(11.7) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation with
|A—B|,|B-A|>2. Let ANB={vy,...,v7}. Suppose that either n(A,B) > 12 or
every vertex in A -- B has valency > 7. Then there is a 4-cluster {X1,...,X4} in
G| (A~ {vs,v6,v7}) with v; € X; (1<i<4).

Proof. We suppose, for a contradiction, that for some (A, B) there is no such 4-
cluster, and choose |A| as small as possible.

(1) There is no 7-separation (A',B') of G with A'C A, BC B',|A' -~ B'| > 2 and
|4 <|A].

For suppose that (A’, B’) is such a separation. Let Py,..., Py be disjoint paths
of G| (AN B'), where P; has ends v; and v} € A’N B’ (1 <i < 7). (These exist
by (10.2).) If n(A,B) > 12 then n(4’, B') > 12, while if every vertex in A — B has
valency > 7 then every vertex in A’ — B’ has valency > 7. Consequently, from the
minimality of |A|, there is a 4-cluster {X{,...,X4} in G | (4’ — {v§,v5,v5}) with
v; € X} (1<i<4). Let X;=X/UV(P,) (1<i<4); then {X,..., X4} satisfies the
theorem, a contradiction. This proves (1).

We deduce from (1) and (11.6) that

(2) Every vertex in AN B has > 2 neighbours in A — B.
Let H=G|(A — {vs,v6,v7}).
(3) There is no trisection (C1,Cs,D) of H of order 2 with
[(Ci — D)n{vy,vg,v3,v4}| =1 for i=1,2.
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For suppose that (Cy,C2, D) is such a trisection, with v; € C;— D (:=1,2) say.
Let C1NC2N D = {a,b}, and let C =C; U Cs. Since (DU {vs,vg,v7},CUB) is a
(L T)-separation of G, and v1,vs ¢ D, it follows from (1) that |V(G) - (BUC)| <1,
that is,

ID - {a’ ba ’U3,’U4}| S 1.

Also, (CU{vs,v6,v7}, DUB) is a (< T)-separation of G, and so either CU{vs,vg,v7} =
Aor |[V(G)-(DUB)|<1.

Suppose that C'U {vs,vg,v7} = A. Then D = {v3,v4}, since |CN D|=2; and
hence C1NCy =D. Since |A —~ B| >4 by (11.6), we may assume that |C} — B| > 2,
and so (Cy U {vs,vs,v7}, DU BUC,) is a 6-separation of G violating (10.2).

Hence C U {vs,vg,v7} # A, and so |V(G) - (DU B)| < 1, that is, |C —
{a,b,v1,v2}] < 1. But |D — {a,b,vu3,v4}| < 1, and by (11.6), |[A — B| > 4, and
so |[A— B| =4, and a,b € A— B, and C = {a,b,v1,v2,¢} and D = {a,b,v3,v4,d},
where A— B={a,b,c,d}; and we may assume that C1 = {v1,a,b,c}, Ca = {v9,a,b}.
It follows that c is not adjacent to wg, and hence ¢ is 6-valent, with neighbours
vg, Vg, V7,0,b, and vy. If d is adjacent to all of vs,vg,v7,a,b then G has an Fj-
subgraph, contrary to (11.4). Thus d is also 6-valent, adjacent to v3,v4 and to four
of vs,ve,v7,a,b.

Suppose that ab are not adjacent. Since c,d are 6-valent, it follows that a,b have
valency > 7, and hence have > 5 common neighbours in {vy,...,v7,¢,d} contrary to
(11.4). Thus ab are adjacent. Since the edge ab is in < 3 triangles, and a,b have
valency > 7, it follows that a,b have valency 7, that there are exactly three vertices
adjacent to both ¢ and b, and that each of v1,...,v7,c,d is adjacent to at least one
of @ and b. In particular we may assume that > 2 of vs,vg,v7 are adjacent to a.
But then the edge ac is in > 3 triangles, contrary to (5.4). This proves (3).

(4) There is no (< 3)-separation (C,D) of H with vy,...,u4€C and |[D-C|>2.

For if (C,D) is such a separation then (B U C,D U {us,vg,v7}) is a (< 6)-
separation of G, and :

|D U {vs,v6,v7} — (BUC)|=|D-C| 22,

contrary to (10.2).
From (2), (3), (4) and (2.6), we deduce

(5) H can be drawn in a plane with v1,v2,vs,v4 all incident with the infinite region.
Moreover, we have
(6) n(4,B)>11.

For suppose not. Choose v € B — A with valency > 7; this is possible by (5.6)
and (11.6). Then v is joined to AN B by seven paths, disjoint except for v, by
(10.2); and so by (6.4) there is a separation (C,D) of G| B with CND = {v} and
[CNA|,|DNA|>2. From the symmetry, we may assume that | DN A| >4 and hence
[CNA| <3. Thus (C,DU A) is a (< 4)-separation of G, and so DUA=V(G). But
(D,CUA) is a (< 6)-separation of G, since ANCND=§; and so [D—(CUA)|<1.
Hence |D — A| <2, and so |B — A| <2 contrary to (11.6). This proves (6).
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(7) There are <4 vertices in A— B with a neighbour in {vy,...,v4}, and v1,...,v4
each have exactly two neighbours in A — B.

For suppose not; let us apply (6.5), with £ =7 and Z = {v1,v2,v3,v4}. With
6, as in (6.5), € = 1 by (2); and either § =1 or n(A,B) > 12, and so by (6),
6§+ (A, B) >12. Then (6.5)(i) is false, by (2); (6.5)(ii) is false, since § +7(4,B) >
12; (6.5)(iii) is false since G has no F3-subgraph, by (11.4); and (6.5)(iv) is false,
by (5). This is a contradiction, and so (7) holds.

Let J be the subgraph of G with V(J) = (A — B)U {v1,v2,v3,v4} and edges
the edges of G with at least one end in A — B and with both ends in V(J).

(8) J is 2-connected.
For suppose that (C,D) is a (< 1)-separation of J with C,D # V(J). Then
(DU B,CU {vs,ve,v7})
is a separation of G of order
|ICND|+7-|BnD|.

If DUB=V(G), choose v € V(H) — D; then v € {v1,v2,v3,v4}. By (2), v has >2
neighbours in A — B, and both are in C since v € V(H) — D; and so |[CND| > 2,
a contradiction. Hence DU B # V(G). Consequently, (DU B,C U {vs,vg,v7}) has
order >6, and so |[BND|<1+4|CND|<2. Similarly [BNC|<2, and s0 |BND|=
|BNC|=2 and |CND|=1. Consequently, (DUB,CU{vs,vg,v7}) has order 6, and
so |V(G)—- (DUB)| =1, that is, |C — (DUB)|=1. Similarly |D-(CUB)|=1, and
so |A~ B| <3, contrary to (11.6). This proves (8).

Let N be the set of vertices in A — B with a neighbour in {v1,...,u4}. Take a
drawing of H as in (5); since J is a subgraph of H, this yields a drawing of J. By (8)
there is a circuit C bounding the infinite region of the latter. By (5), {v1,...,v4} €
V(C), and by (7), V(C) =N U{v1,...,v4} and |N| =4, since {v1,...,v4} is stable
in J. Let the vertices of C be vi,a1,v9,a2,v3,a3,v4,04 in order.

(9) |[A—B|>6.

By (5.6), we may assume without loss of generality that a1 is not 6-valent. If
A-B= {a1’a2aa3ya4} then by (7),

(N(a1) U N(a2)) - {a1,a2} C {a3,a3,v1,v2,v3,vs, 6,07},
contrary to (11.5). Thus |A — B| >5. If A— B={a1,a2,a3,a4,a} then by (7)

(N(a1) U N(a)) — {a1,a} C {a2,a3,a4,v1,v2, 5,76, 07},

contrary to (11.5). This proves (9).
Now (A—{v1,v2,v3,v4}, BUN) is a T-separation of G, and |(4—{v1,v2,v3,v4})—
(BUN)| >2 by (9). This contradicts (1), and the result follows.

(11.8) Let G be a non-apex Hadwiger graph, and let (A, B) be a T-separation with
|A— B|,|B—A|>2. Then G| AN B has no circuit of length 4 or 5.

Proof. Suppose that G| AN B has a circuit of length 4 or 5.
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(1) 7(4,B)>12 and n(B,A) > 12.

For by (11.6), there exists v € A — B with valency 7, and hence there exist
seven paths Py,...,Pr of G| A from v to AN B, disjoint except for v. Suppose that
(C,D) is a separation of G | A with CND = {v} and |CN BJ|,|DN B| > 2. Since
(C,BUD) is a separation of G of order

ICND|+7—|DNB| <6

it follows that |C —(BUD)| <1 and similarly |D — (BUC)| < 1. Hence |A— B| <
l(’;, contrary to (11.6). Thus there is no such (C, D), and so the claim follows from
6.4).

Le¢ AnB = {v,...,v7}. From (11.7) and (1), there is a 4-cluster
{X1,X3,X6, X7} in G| (A~ {'Uz,’U4,'U5}) with v; € X; (i = 1,3,6,7). Similarly
there is a 4-cluster {Y3,Y4,Ys,Y7} in G| (B—{v1,v3,v5}) with v; €Y; (1=2,4,6,7).

It follows that not all of vyvo,vevs, v3v4,v4v1 are adjacent; for if they are then

{X1,Y2, X3,Yy, Xe UYe, X7 U Y7}

is a 6-cluster in G, a contradiction. Similarly not all of vivg,vovs, v3v4,v4V5, V5]
are adjacent; for if they are then

{X1,Y2, X3,Ys U {vs}, Xe UYe, X7 U Y7}
is a 6-cluster in G, a contradiction. The result follows. 1

We need the following lemma.

(11.9) Let ey,...,ex be mutually non-adjacent edges of a simple graph G. Let T be
the number of tr1angIes of G containing one of e1,...,e, and let S be the number
of induced circuits of length 4 containing two of e1,...,e;. Let H be obtained from
G by contracting ey,...,e; and deleting any multiple edges. Then

|E(H)| 2 |[E(G)| -k—-S-T.

Proof. Let J be the graph obtained from G by contracting ej,...,ex; then J
is loopless. For each v € V(J) let Z, be the set of one or two vertices of G
corresponding to v. Let u,v € V(J) be distinct; we claim

\(1) The number of edges of J with ends u, v is at most one more than the number
?f induced circuits C of G with V(C) C Zy U Zy,.

| For iet the number of edges of J with ends u,v be r, and let there be s induced
dircuits of G of length 4 and ¢ of length 3 with vertex set in Z,, U Z,. If r <1 then
s=t=0;if r=2then s+t=1;if r=3 then s=0 and ¢t =2; and if r =4 then s=0
and ¢ =4. In each case r < s+t+1, as required.

Now/ by summing the inequality of (1) over all adjacent pairs u,v of vertices
of J, we deduce that

E(J)| < |E(H)| + S +T.
But |E(J)| = |E(G)| — k, and the result follows. ]
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(11.10) Let G be a non-apex Hadwiger graph. Then G has no Fg-, Fy- or Fg-
subgraph. ‘

Proof. Suppose that G has such a subgraph K say. We refer to the three cases
when K is an Fg-, F;- or Fg-subgraph, as cases (i), (ii) and (iii) respectively. Let
K have vertex set {z1,2,v1,v2,v3,v4,5,06,V7,Vg}, where in case (i) vs = vg and
U7 = s, in case (ii) v7 = vg, and otherwise these vertices are all distinct, and z1
has neighbours z9,v1,v3,v5,v7, and 9 has neighbours x1,v2,v4,v6,vs, and vivy are
adjacent, and v3gvy are adjacent, and wvsvg are adjacent (except in case (i), when
vs =vg) and vyvg are adjacent (except in cases (i) and (ii), when vy = vg).

Let H be obtained from G\ {z1,22} by contracting the edges vive, v3v4,
vsvg (except in case (i)) and vyvg (except in cases (i) and (ii)), forming vertices
wiy,we, w3, wq. (In case (i) we take w3 = vs and wq = vy, and in case (ii) we take
wy=v7.)

(1) There is no 4-cluster {X,...,X4} in H with w; € X; (1<i<4).

For suppose that {X1,...,X4} is such a 4-cluster. For 1 <4 < 4, let X| =
(X; — {w; DU {vgi—1,v2;}; then {X7], X5, X5, X}, {z1},{z2}} is a 6-cluster in G, a
contradiction.

(2) There is no trisection (A1, A2,B) of H of order 2 with

(A — B) 0 {wy,wg, wa,wa} =1 (i=1,2).

For suppose that (A1, Az, B) is such a trisection. Let Ay NA2NB ={a,b}. Let
A} = (A1 — {w1, w2, w3, we}) U J({vaim1,v2i} 1 1 <6 < 4,w; € 4y)

and define A5, B similarly. Then (A}, A%, B') is a trisection of G\ {z1,z2} of order
<4. In particular,

(A1 U{e1, 22}, A3 U B' U {1,22})

is a (< 6)-separation of G. Since A; —{a,b} and A3 —{a,b} both contain members
of {w1,...,ws} and hence are non-empty, it follows that A} U{z1,z2} # V(G) and
A5UB' U{z1,72} # V(G). Hence this separation has order exactly 6, and so a,be
{w1, w2, w3,ws}, and a,b# wy in cases (i) and (ii) and a,b# w3 in case (i). Thus we
may assume that a =w1,b=ws. Let Z = {vy,v2,v3,v4,71,22}. Since (4} U{z1,z2},
A3UB'U{z1,z2}) has order 6 it follows that either |A} —Z| <1 or [(A5UB') - 2| <
1. Similarly either |45—Z| <1 or |(AjUB’)—Z| < 1. We may therefore assume that
|A]—Z| < 1. Since A; —{a,b} contains one of w3,wy, it follows that we may assume
that wy € A; —{a,b} and v7 =g, and in case (iii), this is a contradiction. It follows
therefore that we are in case (i) or (ii), and so vy = vg = wy. Since A} — Z = {vr},
every neighbour of v7 in G is in Z, and so v7 is 6-valent in G, and vy is adjacent
to every vertex in Z. But G | Z has > 2 circuits of length 4, contrary to (11.3) and
(5.3). This proves (2).



348 NEIL ROBERTSON, PAUL SEYMOUR, ROBIN THOMAS

(8) There is no (< 3)-separation (A,B) of H with wy,...,ws € A, |B— A|>2, and
{wi,...,wg}NB{<2.

For suppose that (A4, B) is such a separation. Define

A= (A - {’tUl, .. .,UJ4}) U {1)1,.. .,vg}
B = (B - {wlv‘--aw‘l}) U U({Uzi—laUZi} 1<i<4,w; € B)

Then |A’ N B'| < 5, since |[AN B| < 3 and |{w1,...,w4} N B| < 2. Thus (A'U
{z1,22}, B U {z1,72}) is a (< 7)-separation of G. Now |B'— A'|=|B — A| > 2.
and |A’ — B'| > |A — B| > 2 since at least two of w,...,wy are in A — B. Therefore
(A" U {z1,22}, B'U{21,29}) is a T-separation of G, and AN B contains two of
wy,...,ws. This contradicts (11.8). Hence (3) holds.

From (1), (2), (3) and (2.6), we deduce that H can be drawn in a disc with
wy,...,ws on the boundary in some order. Let H' be obtained from H by deleting
all parallel edges; it follows that |E(H')| < 3n — 7 where n = |V(H)| = |[V(H")|.
For 1 < i < 4, define T; = 0 if vg;_1 = v9;, and otherwise let T; be the number of
triangles of G\ {z1,22} containing the edge vg;_1vy;. For 1 <i<j <4, define §;; =
1if G| {ves—1,v2:,v25—1,v2;5} is a circuit of length 4, and otherwise let S;; =0. Let
k be 2, 3, 4 in cases (i), (ii), (iil), respectively. By (11.9)

B 2 BG\ for,e2D)| —k= Y Ti— >, i

1<i<4 1<i< <4

Hence
IE(G \ {zhx?})l <3In—T+k+ Z T, + Z Si]‘.
1<i<4 1<i<j<4
On the other hand, |V(G\ {z1,2z2})| =n+k, and so by (11.1),

|E(G\ {z1,22})| > 3(n+k)—8+8+1=3n+3k+1.

Consequently,

Z T; + Z Sij > 2k + 8.
1<i<4 1<i<j<4

Now Ty,T5,T3,T4 <2, since by (11.4) G has no Fa-subgraph, and so Z Sij >
1<i<j<4

2k. Since Z S;; <3 in cases (i) and (ii), it follows that we are in case (iii).

1<i<j<4
and k =4; but then Z S;j <6 <2k, a contradiction. B
1<i<j<4
(11.11) Let G be a non-apex Hadwiger graph. Then G has no Fy-subgraph.
Proof. Suppose that K is such a subgraph, with vertex set z,y,z,w,v1,v2,v3,04,

where z has neighbours y,2,v1,v2,v3,v4, and y has neighbours z,v1,v2,w, and z
has neighbours z,v3,v4,w. Let H=G\{z,y,z,w}.
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(1) There is no 4-cluster {X1,...,X4} in H with v; € X; (1 <i<4).
For if {X1,...,X4} is such a 4-cluster then

{X1, X2, X3, X4, {z}, {y, 2, w}}
is a 6-cluster in G, a contradiction.

(2) There is no trisection (A1, As,B) of H of order 2 with

I(AQ—B)Q{Ul,’UQ,'Ug,U‘LHZI (i:1,2).

For suppose that (A1, Ag, B) is such a trisection. Then (A1U{z,y, 2z, w}, A2UBU
{z,y,2,w}) is a 6-separation of G, and so either | A1 —(A2UB)| <1 or [(A2UB)—A;1| <
1. Similarly either |42 — (A3 UB)| <1 or [(A; UB)— Ag| <1. We may therefore
assume that |A; — (AU B)| < 1. If also [Ay — (A1 UB)| <1 then [(4; UAs2)— B|=
2, and then (4; UAyU{z,y,2z,w},BU{z,y,2,w}) is a 6-separation of G contrary
to (10.2), for |B — (A1 U A)| > 2 by (6.2). Thus |Ay — (A3 UB)| > 2, and so

|(A1 U B)— Ag| <1. Hence |B|=2 and A1 U Ay =V (H).

Now |A; — A2 UB| < 1, and so we may assume that A; — (A2 U B) = {v1}.
Since v; has valency > 6 in G, it follows that viz are adjacent. But then
G| {z,y,z,w,v1,v3,v4} has an Fp-subgraph, a contradiction. This proves (2).

(3) There is no (< 3)-separation (A,B) of H with vy,...,u4 € A and |B — A| > 2
and |{v1,...,v4} N B| < 2.

For if (A, B) is such a separation, then |A — B| > 2 since |{vy,...,v4} N B| <2,
and (AU{z,y,z,w}, BU{z,y,2,w}) is a (< 7)-separation of G, violating (11.8).

From (1), (2), (3) and (2.6), we deduce that H can be drawn in a disc with
v1,...,v4 on the boundary in some order. Hence |E(H)| < 3n —7 where |V (H)|=
n. But by (11.1), |[E(H)| > 3n — 16 4+ 8 + 4, a contradiction.

(11.12) Let G be a non-apex Hadwiger graph, and suppose that K is an Fig-
subgraph of G. Then there exists v € V(K ) such that v has valency 2 in K, both
its neighbours in K have valency > 3 in K, and no vertex in V(G) — V(K) is
adjacent tov in G.

Proof. Let V(K) = {z1,22,23,24,25,v1,v2,v3}, where 1 is 5-valent, x5 is 4-valent,
z3 is 3-valent, z4x5 are adjacent, 1 has neighbours z3,v1,v9,v3,25, and z2 has

neighbours z3,v1,v2,74. Let H be obtained from G \ {z1,z2,z3} by contracting
the edge z4x5, forming a vertex w say.

(1) There is no 4-cluster {X1,...,X4} in H with v; € X; (1<i<3) and w € Xj.
For otherwise
{X1, X2, X3, (X4 — {w}) U {24, 25}, {11}, {72, 23}}

is a 6-cluster in G, a contradiction.
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(2) H cannot be drawn in the plane with vy,v9,vs3,w all incident with the infinite
region. '

For suppose it can. Let H' be obtained from H by deleting any parallel edges:
then |E(H")| <3n — 7 where |V(H)| =n. Since z4z5 is in <3 triangles by (2.7), it
follows that |[E(H)| <3n—4, and so |E(G\ {z1,z2,23})| <3n— 3. But by (11.1)

|[E(G\{z1,29,23})| 2 3(n+1) - 124+84+2=3n+1

since |V(G) — {z1,72,23}| =n+ 1, a contradiction. This proves (2).

(3) There is no (< 3)-separation (X,Y) of H with v1,v9,v3,w€ X and |Y —X|>2
and iY N {’111,?/2,1)3,?1)]" <2.

For suppose that (X,Y) is such a separation. Let

X' = (X - {w}) U{z1,22, 3,24, 75},

Yy — YU{£13$25$3} lf’UJ$Y
B (Y‘{W})U{$l,ﬂ?2,$3,$4,$5} fweY.

Then (X’,Y”) is a (< 7)-separation of G, with |Y' — X'{ >2 and | X' — Y| > 2 since
|Y N {v1,v9,v3,w}| <2. By (10.2), (X',Y”’) has order 7, and so w € XNY’; but then
G| X'NY’ has a circuit of length 5 (with vertex set {z1,...,z5}) contrary to (11.8).
This proves (3).

From (1), (2), (3) and (2.6), there is a trisection (X,X2,Y) of H of order 2
such that X1 — Y and X —Y both contain exactly one member of {vy,v2,v3,w}.
We may assume that | X1] <|X3|. Define

X! = {X1U{$1,$2»$3} .if’w¢X1

(X1 — {w}) U {:131,:L‘2,$3,:E4,$5} ifwe Xq
and define X5,Y” similarly. Then (X] U X3,Y’) is a (< 6)-separation of G. But
](X;UXé) —Y'| > 2 since X1 —Y and X2 —Y both contain one of v1,v2,vs3,w; and
so by (10.2), [Y' — (X] U X4)| < 1. Consequently, |Y|<3. From (6.2) [V(H)| > 14,
and so | X1|+ |X2|+ Y] > 18. Hence |Xq| > 8, since |X1| < |Xa].

Now (X5, X1 UY’) is a (< 6)-separation of G, and it has order 6 only if w €
XN (X1 UY). But |X5 — (X{UY’)| >2 since |Xp| >8, and |[(X{UY') - X3| >1
since X1 — Y contains one of v1,v2,u3,w. By (10.2), [(X{UY") -~ X)|=1, and w¢
XoN(X1UY). It follows that |Y|=2,|X3| =3, and X3 —Y = {v;} for some ¢ with
1<i<3. Since |(Xg —Y) N {v,v9,v3,w}H =1, it follows that |Y N {v1,ve,v3,w}| =
2, and so Y C {v1,v2,v3,w}. Since (X},X3) is a 6-separation of G (because Y’ C
X4) it follows that every neighbour of v; in G belongs to

X1N X5 =Y U{z, 29,23} CV(K),

and the result holds. 1
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12. Finding a perfect matching

In this section we prove that every non-apex Hadwiger graph G has a matching

of cardinality l%|V(G)|J . For that, we need the following.

(12.1) Let G be a non-apex Hadwiger graph, and let (A,B) be a T-separation of
G with |A — B|,|B — A| > 2, such that every vertex in A— B has valency > 7. Let
ANB={vi,...,v7}, and let Y1,...,Y7 C B be disjoint fragments with v; €Y; (1<
i < 7). Then there are disjoint fragments X1,...,. X7 C A withv; € X; (1<i<7),
such that for at least four pairs i, j with 1 <i<j <7, X;X; are adjacent and Y;Y;
are not adjacent.

Proof. Let H be the graph with V(H) = {v1,...,v7} in which v;v; are adjacent if
Y;Y; are adjacent. We may assume that

(1) H has minimum valency > 3.

For suppose that v is not adjacent in H to vg,vs,vg,v7 say. Choose v € A— B;
then by hypothesis, v has valency > 7. Take seven paths Pi,..., Py in G| A disjoint
except for v, where P; has ends vv;. Let X1 =V (P1) and X; =V (F;) —{v} (2<i<
7); since X1 X; are adjacent for ¢ = 4, 5, 6, 7, the result holds.

(2) For all ZC ANB with |Z|=4 there is a cluster.in G | (A— B)U Z traversing Z.

This follows from (11.7), since every vertex in A — B has valency > 7.
Let J be the complement of H; that is, V(J) = AN B, and v;v; are adjacent
in J if ¥;Y; are not adjacent in G. We may assume that

(8) If ZC AN B with |Z| =4 then J|Z has <3 edges.

Let Z = {v1,...,04} say. By (2) there is a cluster {X1,...,X34} in
G| (A—{vs,v6,v7}) with v; € X; (1 <4< 4). Let X; ={v;} ({ =5,6,7); then
X1,...,X7 satisfy the theorem, unless J|Z has <3 edges. This proves (3).

In particular from (3) we deduce
(4) J has no circuit of length 4.

Next, we claim
(8) If(C,D) is a (< 3)-separation of H with C—D,D—C # { then (C, D) has order
3 and one of |C —D|;|D-C|=1.

For suppose that |C — D|,|D — C| > 2, and choose distinct a,b € C — D and
c,d € D—C. Then a,b are adjacent in J to c¢,d, contrary to (4). Hence we may
assume that |C — D|=1,C — D ={a}, say. But by (1), ¢ has valency >3 in H, and
so |CNDJ| >3, as required.
(6) H is planar.

For if not, then by (5) and [17], H has a 5-cluster {Z;,...,Z5} say. Let W; =
U(Y] :1<j<7,v; € Z) for 1 <i <5; then {Wy,...,Ws} is a 5-cluster in G | B,
and W,NANB#0 for 1 <i<5. Choose v € A — B; then since v has valency > 7,
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there are by (10.2) seven paths of G| A between v and AN B, disjoint except for
v. Hence there is a fragment Wg C A — B such that vy,...,v7 all have neighbours
in We; but then {W1,...,Ws} is a 6-cluster in G, a contradiction. This proves (6).

(7) J has no circuit of length 3.

For suppose that v1,v9,v3 € V(J) are pairwise adjacent in J. By (6) not all of
v1,v9,v3 are adjacent in H to all of vgq,v5,v6 and so we may assume that vivg are
adjacent in J. But then Z = {v1,v9,v3,v4} contradicts (3).

(8) J has no circuit of length 7.

For if it has such a circuit, then by (3), J is a circuit of length 7; but then its
complement H is non-planar contrary to (6).

Our next objective is to show that J has no circuit of length 5. The proof
requires two steps. Suppose therefore that vive,vevs,vavg, v4vs,vsv] are non-
adjacent in H. Let K =G | (A—{vg,v7}). We may assume, by permuting v1,...,vs,
that

(9) There is a path P of K with ends vivs, and a vertex v € V(K ) —{vy,v9,v3,05},
and three paths Ps, Py, Ps of K from v to v, vy, vs respectively, such that Ps, Py, Ps
are mutually disjoint except for v, and each of them is disjoint from P.

For by (2) there are disjoint paths P,@Q of K\{vs} with ends vivs and v3vy,
respectively. Suppose that there is a separation (X,Y) of K with vs € X, V(PUQ) C
Y, and X NY = {vy,v9,v3,v4}. Then (X UB,Y U{vs,v7}) is a 6-separation of G,
and so |Y — X| <1 by (10.2), and hence one of P, has no internal vertices, a
contradiction since vive and wvgv4 are non-adjacent in H and hence in G. This
proves that there is no such (X,Y’), and hence there is a path R of K from vg to
V(PUQ)~ {v1,v2,v3,v4} with no vertex in {v1,v2,v3,v4}. Choose a minimal such
path R, with ends vs,v say. By exchanging v1,v9 with v4,v3, we may assume that
veV(Q) — {v3,v4}; but then (9) holds.

Choose v, P, P3, P4, Ps as in (9) with |E(P;)| minimum. (Note that possibly
v=14 in (9), and so possibly E(Py)=10.)

(10) There is a path of K from V(P3U Ps) to V(P) — {v1,v2} with no vertex in
{’U,’Ul,U2}-

For if not, there is a separation (C,D) of K with CN D = {v,v1,v2}, V(P) C
C and V(P3UP;) CD. Then (CU{vg,v7},D U {vg,v7}) is a separation of G | A,
and so

(C U{ve,vr}, D U{ve,v7} U B)
is a separation of GG. Its order is

241CND|+((C - D) {v}| < 6;

and so |C — (DUB)|<1. But C — (DUB) # { since V(P) — {v1,v2} # 0, and so
|C — (DU B)| =1, and there exists u € C — (DUB) C A— B with valency 6 in G,
contrary to the hypothesis. This proves (10).

Let @ be a minimal path of K from V(P3 U P;5) to V(P) — {v1,v2} with no
vertex in {v,v1,ve}. Let Q have ends z € V(P3UPs) and y € V(P)—{v1,v2}. From
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the symmetry, we may assume that z € V(P3), and hence z € V(P3)—{v}. Suppose
that @ N Py is non-null, and let the minimal subpath of Q from z to V(Py) be Q’;
let Q" have ends z,7’. Let P; be the union of Q' and the subpath of P3 between
v3 and z; let Pj be the subpath of Py between vq and v'; and let Pg be the union
of Ps and the subpath of P4 between v and v'. Then P,v', P, Py, P satisfy (9),
contrary to the minimality of |E(Py4)|. This proves that Q@ N Py is null. Let

X1 = {v1}
Xo =V(P) - {v1}
X3 =V(P3UQ) - {y,v}

Xq=V(Py)

X5 =V(P5) — {v}
Xe = {ve}

X7 = {vr}

Then X; X9, X9 X3, X3Xy, X4 X5 are adjacent in G, and the theorem holds. This
proves that we may assume (for a contradiction) that

(11) J has no circuit of length 5.
It follows that
(12) J has no circuit of length 6.

For suppose that vjvs,v2v3,v3v4,v405, U506, Ugv1 are adjacent in J. By (4),
(7) and (11), v7 has valency <1 in J, and J|{v1,...,v6} is a circuit. But then H is
non-planar, contrary to (6). This proves (12).

(13) |E(J)|=6 and J is a tree.

For from (4), (7), (8), (11), (12), J has no circuits and hence has < 6 edges.
But by (6), |E(H)| <15, and yet |E(J)|+ |E(H)|=21. Hence |E(J)|=6 and so J
is a tree.

Since J is a tree with maximum valency < 3 by (1) and (13), it has a 4-edge path
starting from some 1-valent vertex. Thus we may assume that v1vs, vov3, U3V4, v4V5
are all adjacent in J, and v; is 1-valent in J. Consequently, v1v; are adjacent in
H for 3 <1< 7; and since J has no circuits, vovs are adjacent in H, and for i =
3,4,6,7 v; is adjacent in H to at least one of va,vs. By (2) there is a 4-cluster
{X3,X4,Xg,X7} in G| (A—{v1,v9,v5}) with v; € X; (i=3,4,6,7). But then

{"1,Y2UY5, X3 U Y3, Xq UYy, Xg UYs, X7 UY7}
is a 6-cluster in G, a contradiction. |

We use (12.1) to prove the following.

(12.2) Let G be a non-apex Hadwiger graph. Then G has a matching of cardinality

1
> (V@) -1).

Proof. Suppose that G has no such matching. By Tutte’s theorem [16], there exists
Z C V(G) such that G\Z has > n+ 2 components (actually, “odd” components,
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but that will not matter here), where n =|Z|. Since G\Z has > 2 components it
follows that n > 6 since G is 6-connected, and so G\ Z has >n+ 2> 8 components.
Choose 7 distinct components of G\Z, with vertex sets C1,...,Cp, such that for
1<4i< n every vertex in C; has valency > 7 in (7. (This is possible by (5.6).)

For 1 <i<n let N; be the set of vertices in Z with a neighbour in C;. Let us
number Cq,...,Cy, so that

IN;| <7and |Ci|=1for 1<i<h
|[N;] <7and |Cy| >1forh+1<i<m
IN;] >8form+1<i<n.

Let ZUC1U...UC) = {v1,...,Up4+n}- We shall prove the following for h <k <
m by induction on k:

(x) There exist disjoint fragments Y1,..., Y31, CZUCLU...UC, withv; €Y; for
1 <4< h+mn, such that there are at least 4(h+ k) pairsi, jwith 1<i<j<h+n
for which Y;Y; are adjacent.

(1) () is true when k=h.

For each v € C1U...UCy, let T, be the number of triangles containing v. Now v
is 7-valent, by the choice of Cl; ...,Cp and Cy,...,Cq; let N be the set of neighbours
of v. By {(5.2), G| N has no stable set of cardinality 4, and so G| N has >3 edges
(in fact more). Hence T, > 3. By summing over all such v, we deduce that |T| >
3h, where T is the set of triangles containing a vertex in C1 U...UCy. Since each
member of T’ contains an edge of G | Z, and each such edge is in <3 triangles by

(2.7), it follows that |E(G | Z)| > —’;—|T| > h. Since each vertex in C1U...UCy is

7-valent, there are > 8h edges with both ends in ZUC7 U...UC}, and so () holds
with ¥; = {v;} (1 <¢<h+n). This proves (1).

Now let us prove () for A <k <m. We assume inductively that A+1 <k <
m, and Y1,..., Yy, exist as in (x) with k replaced by &£ —1; and we shall show
that they also exist for k. Let B=V(G)— C, and A=C;UNg. Then (A,B) is a
7-separation of G, and |A — B|=|Cg| > 2, and |B — A| > 2 since n > 3. Since Nj C
Z, we may assume that Ny ={v1,...,v7}. By (12.1) there exist disjoint fragments
X1,...,X7 C A such that v; € X; for 1 <4< 7, and there are > 4 pairs ¢, with 1 <
i <j <7 for which X;X; are adjacent and Y;Y; are not adjacent. Let Y =X;uY;
(1<i<7)and Y/ =Y; (8<i<h+mn); thenv; €Y} (1<i<h+n),and ¥{,....Y;
are disjoint fragments in ZUCU...UCg, since Y7,..., Yy, are disjoint fragments
in ZUCyU...UCy_1. Since Y;Y; are adjacent for > 4(h+k —1) pairs ¢,j with 1 <
i< j<h-+mn, and since Y;'Y] are adjacent for >4 more pairs, it follows that YlY]
are adjacent for > 4(h + k) pairs ¢,7 and so (*) holds.

This completes the inductive proof of (x), and so in particular () holds when
k=m. Forh+n+1<i<h+2n—mlet Y, =C, 5 p n It follows that
Y1,..., Yhion—m are disjoint fragments. Since for all j with m+1<j <n there are
> 8 values of 7 with 1 <4 < h+n such that v; € N, it follows that for all j with
h+n+1<j<h+2n—m there are > 8 values of 4 with 1 <i <A +n such that V;Y;
are adjacent. In total therefore there are at least

Ah+m)+8(n—m)=4h+8n—4m
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pairs 4,5 with 1 <i < j < h+2n—m such that Y;Y are adjacent. By (6.1) applied to
the graph obtained from G by contracting all edges with both ends in Y; for some
i and deleting parallel edges, since h +2n—m>h+n>n >4, it follows that

4h + 8n — 4m < 4(h + 2n — m) — 10,

a contradiction. Thus there is no such Z, as required. [ |

13. Reducible configurations

We use (12.2) for the following.

(13.1) Let G be a non-apex Hadwiger graph. Then either
(i) there are adjacent vertices a, b of valency 7 and 8 respectively, so that
the edge ab is in 3 triangles, and neither a nor b is in a 4-clique, or
(ii) there are adjacent vertices a, b, both of valency 7, such that the edge ab
is in 3 triangles, and at most one of a, b is in a 4-clique, or

(iii) there are distinct vertices a, b, ¢, d of G, such that ab, bd, ac, cd are
adjacent and ad, bc are not, the edges ab and ac are both in 2 triangles,
and a, b, ¢ all have valency 7 and are in no 4-clique, and either d has
valency 7, or d has valency 8 and is in no 4-clique.

Proof. We denote the valency of a vertex v by §(v). Let M be the set of all edges
uv of G that are in exactly two triangles and such that é§(u) = §(v) =7 and u,v

1
belong to no 4-clique. Let ¢ = |_§|V(G)|J, and let |V(G)| =2t +¢; thus, e =0 or

1. By (12.2) there exist edges eq,...,e; of G, pairwise with no common end; choose
e1,..-,e¢ with |[{e1,...,et} N M| minimum. For 1< i <t, let T; be the number of
triangles containing e;. For 1<4,j <t, let S;; =1 if ¢ # j and the subgraph of G
induced on the four ends of ¢;,¢e; is a circuit, and S;; =0 otherwise. Let d; be the
sum of the valencies of the ends of e; for 1 <{<t, and let dy be the number of edges
with an end not incident with any of ey,...,es. (Thus if € =0, then dy=0.) Now

AE(G) =do+ Y di.
1<i<t

Let H be obtained from G by contracting ej,...,e; and deleting any resulting
parallel edges. By (11.9)

1
BH)| 2 E@)|~t= Y 8i- ), T
1<4,5<¢ 1<i<t

Consequently,

AEH)| >do—2t+ Y (i —2T)— Y. Sij.
1<i<t 1<4,5<t
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But ¢ >4 by (6.2), and {V(H)|=2t+e—t=t+¢, and so from (6.1),
|[E(H)| < 4(t + €) — 10.
Consequently,
8(t+e)—20>do—2t+ . (di—2L)— Y. Sy
1<i<t 1<i4,5<t
that is,
> (di—2T;—10)— ) §i; <8 -20—dp < —18
1<i<t 1<1,5<t
since either € =0 or dp > 6. For v € V(G), define a(v) =2 if v has valency 6, and
otherwise a(v) =0; and 8(v) =1 if v belongs to a 4-clique, and otherwise §(v) =
It follows that
Y (aw)+8@) <14
vEV(G)
since there are < 10 vertices in 4-cliques by (4.5), and <2 6-valent vertices by (5.6).
For 1 <i<t, let
fi = a(u) + B(u) + afv) + B(v)
where e; has ends uv. Hence Z fi <14, and so

1<:<t
S i+ fi-2T-10)- Y S <-4
1<i<t 1<4,7<t
For 1<i<t, let Si= Y S, and let Ry =d;+ f; —2T; — 10. Then
1<j<t
2 Y R- Y Sy= Y Re Y R Y s
1<i<t 1<i,5<t 1<i<t:8;=0 1<i<£:8;>0 1<4,5<t

Suppose first that Z(& :1<4<1t,5;,=0) <0. Choose i with S; =0 and R; <0;
i=1 say. Let e; have ends ab. Since R; <0,
di+ f1 <21 +9.
But dj + f1 > 14, because §(v) + a(v) > 7 for every vertex v, and so 217 > 5. Hence
Ty > 3, and so T; = 3 by (2.7). Consequently, d1 + f; < 15. If a is 6-valent, then
a(a) + B(a) > 3, and so dy + f1 > 16, a contradiction. Thus §(a) > 7, and similarly
8(b) > 7. But &(a) + 6(b) + B(a) + B(b) < 15, and so (i) or (ii) holds.
We may therefore assume that Z(R" :1<4<t,8;=0)>0. Consequently,

4> Y R- Y Sy

1<i<t:5:>0 1<4,5<t

_Z((——l> 1<z]<t,5'”_1>
— J ;g L
_§Z<(—§;+S_j_2>s7v]'1SZaJSt§S‘LJ_1>-
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R;
We may therefore choose i ,j with S5 = 1 such that % + S'_] 2 < 0; and by
exchanging i,j we may assume that & —1<0. Let =1, j =2 say, and let e; have

S;
ends ab and ez have ends cd. Since S;; =1, we may assume that a is adjacent to c
and b to d, and ad, bc are not adjacent.

Now % —1<0, and so d1 + f1 — 2T — 51 <9. By (11.4), T1 <2, since S; > 1.

Suppose th;t T, <1. Since dj + f; > 14, we deduce that 57 >3 if T} =1, and §; >
5 if T} = 0, and hence G has an F7- or Fg-subgraph, contrary to (11.10). Thus
T1 =2. By (11.10), G has no Fg-subgraph, and so S; =1.

Thus d; + f1 < 14. But 6(a) + a(a) + B(a) > 7, with equality only if §(a) =
7, and similarly for . Hence a and b are both 7-valent and consequently 3(a) =
B(b)=0, and e; € M.

If we replace e; and e, in the matching ej,...,er by the edges ac and bd, we
obtain another matching of the same cardinality; and therefore from the minimality
of |{e1,...,et} N M|, we may assume that the edge ac belongs to M. Consequently,
ac is in two triangles, and ¢ is 7-valent, and G(c) =0.

Now %+%_2<0 We have shown that S;=1and Ry =di+f1 —2T1-10=
1 2

0. Consequently, I;— <2, and so
2
7+ 6(d) + a(d) + B(d) — 2T — 10 < 2S5,

that is, So +Th > %(5(d)+ a(d)+ 8(d) — 2). Suppose that §(d) + a(d) + 8(d) > 9;

then Sp+T5 >4, contrary to (11.4) and (11.10). Thus 6(d)+a(d)+3(d) < 8. Hence
d has valency 7 or 8, and if it is 8-valent then 3(d) =0. Thus (iii) holds. 1

(13.2) Let G be a non-apex Hadwiger graph; then (13.1)(i) does not hold.

Proof. Suppose that a,b € V(G) are adjacent, and a has valency 7, and b has
valency 8, and ab is in three triangles, and neither a nor b is in a 4-clique. Let a have
neighbours b,z1,z2,z3,a1,a2,a3 and let b have neighbours a,z1,z2,23,b1,b2,b3,b4.
Since a is not in a 4-clique, {z1,z2,z3} is a stable set, and some two of a1,a2,a3 are
not adjacent, say ajas. For 1 <4< 3, at most one of by,...,b4 is adjacent to z;; for if
b1,b9 say are both adjacent to z; then G | {a,b 1151,.’172,1:3,b1,b2} has an Fy-subgraph,
contrary to (11.4). We may therefore assume that b; is not adjacent to any of
Z1,Z2,Z3, and so {bl,zl,xz,mg} is stable. By (5.1) taking X; = {a1,a,a2} and X5 =
{b,b1,71,72,23}, there is a 5-colouring ¢ of G\ {a,b} such that ¢(a;) = ¢(az) and
¢(b1) = ¢(z1) = ¢(z2) = ¢(z3). Choose B € {1,...,5} with B # ¢(b1),4(b2),d(b3),
@(bs); and choose a € {1,...,5} with a # 8,¢(a1),¢(a3),d(x1). Then setting ¢(b) =
B,¢(a) = o defines a 5-colouring of G, a contradiction., 1

(13.3) Let G be a non-apex Hadwiger graph; then (13.1)(ii) does not hold.

Proof. Suppose that a,b€ V(G) are adjacent, both of valency 7, and ab is in three
triangles, and a is not in a 4-clique. Let a have neighbours b,z7,29,73,a1,a2,a3, and
let b have neighbours a,1,22,23,b1,b2,b3. Since a is not in a 4-clique, {z1,72,73}
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is stable, and some two of ai,as,as are not adjacent, say aj,as. By (5.1) taking
X1 ={ay,a,a2} and Xo = {b,z1,72,z3}, there is a 5-colouring ¢ of G \ {a,b} such
that ¢(a1) = ¢(az) and ¢(z1) = ¢(z2) = ¢(z3). Choose 3 € {1,...,5} with 3 #
¢(b1)a¢(b2)’¢(b3): ¢')(IE]_); and choose a € {15:5} with a # ﬁ’¢(a1)7¢(a3)7¢($1)'
Setting ¢(a) = and ¢(b) =3 defines a 5-colouring of G, a contradiction. ]

(13.4) Let G be a non-apex Hadwiger graph, and let a,b € V(G) be distinct and
both 7-valent, such that a is in no 4-clique. Then there are < 3 vertices adjacent
to both a and b.

Proof. Suppose that z1,z2,23,24 € V(G) — {a,b} are distinct and all adjacent to
both a and b. By (11.4) no other vertex is adjacent to both a and b, and by (2.7)
ab are not adjacent. Let a have neighbours z1,292,23,24,a1,a2,a3, and let b have
neighbours r1,29,23,24,b1,b2,b3.

(1) Noze of a1,a3,a3,b1,b2,b3 is adjacent to any of x1,z2,23,Z4.

For if ajz1 are adjacent, say, then G | {a,b,a1,%1,%2,23,24} has an Fjy-
subgraph, contrary to (11.4).

Since a is in no 4-clique, no three of x1,z9,r3,74 are mutually adjacent, and
SO we may express {¥1,T2,73,24} =Y UY2 where Y1NY2 =0 and Y7,Y3 are stable.
By (1) and (5.1), taking X1 =Y1U{a,a1},X2 =YoU {b,b1}, there is a 5-colouring
¢ of G\ {a,b} such that ¢(y) =(a;) for all y € Yy, and ¢(y) = ¢(b1) for all y€Ys.
Choose « € {1,...,5} with a # ¢(a1),¢(az2),#(as),¢(b1), and choose 3 € {1,...,5}
with 3 # ¢(b1),d(b2),#(b3),d(a1). Setting ¢(a) = a,¢(b) = B defines a 5-colouring

of G, a contradiction. ]
We need the following

(13.5) Let I1,I5,13,14 be four sets, each of cardinality > 2. Then there exist a; €
I; (1<i<4) such that oq #ap Faz #og F 3.

Proof. If I{ = Iy = I3 = Iy, let a,b € I1 be distinct and let @y = a3 =a and az =
o4 = b. Thus we may assume that I; € Iy. Choose a1 € Iy —I4. Choose as €
In—{e}, ag€Is — {aa}, ag € I4 — {a3}; then oy # a1, since o ¢ I4. 1

Finally, we complete the proof, by showing
(13.6) Every Hadwiger graph is apex.

Proof. Suppose G is a non-apex Hadwiger graph. By (13.1), (13.2) and (13.3),
(13.1)(ii) holds; let a,b,c,d € V(G) be distinct, such that ab,bd,ac,cd are adjacent,
ad,bc are not adjacent, ab,ac are both in two triangles, a,b,c are T-valent and are
in no 4-clique, and either d has valency 7, or d has valency 8 and is in no 4-clique.

(1) There is a vertex p adjacent to a, b and c, and no vertex except a, d and p is
adjacent to both b and c.

For if there is no such vertex p, then since ab is in 2 triangles and so
is ac, there are u,v,w,r € V(G) such that w,v,w,z,a,b,c,d are distinct and
ua, ub,va, vb,wa, we, ra, c are edges, forming an Fy-subgraph contrary to (11.11).
Thus, there is such a vertex p. The second claim follows from (13.4).
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(2) There are vertices q, r so that a,b,c,d,p,q,r are distinct, and q is adjacent to a
and b, and r is adjacent to a and c.

For ab is in two triangles, and so there exists a vertex q # p adjacent to both
a and b. Then ¢ # ¢,d since ad,bc are not adjacent. Similarly there exists r #
a,b,c,d,p adjacent to a¢ and c. By (1), g#r.

(3) ¢ and r are not adjacent to p or d.

For if dg are adjacent, then G has an Fj-subgraph with vertex set
{a,b,c,d,p,q,7} (delete the edges bp and bg). So dgq and similarly dr are non-
adjacent. Clearly pq are not adjacent, since a is in no 4-clique, and similarly pr are
not adjacent.

From (1), (2) and (3), the only pairs among a,b,¢,d,p,q,” whose adjacency is
so far undecided are ¢r and dp.

(4) gr are not adjacent.

For suppose that they are. Since b has valency 7 and is not in a 4-clique, there
are neighbours z,y of b with z,y # a,d,p,q such that xy are not adjacent. Then
z,y # ¢,r since ¢,r are not adjacent to b. By (5.2), {z,y,a,d} is not stable. But
az are not adjacent since the edge ab is in < 2 triangles by (13.3), and similarly
ay are not adjacent, and so we may assume that dx are adjacent. But then
G | {a,b,c,d,p,q,r,x} has an Fyp-subgraph (delete ap,ag,ar). By (11.12), some
v € {a,p,z} has no neighbour in V(G) — {a,b,c,d,p,q,7,2}. Now v # a since a is
7-valent and ad are not adjacent; v # p since pg and pr are not adjacent, by (3);
and v # z since za are not adjacent as we already saw, and zc are not adjacent by
(1). This is a contradiction, and (4) follows.

(5) dp are adjacent.

For suppose they are not. Then {d,p,q,r} is stable. Let a have neighbours
b,c,p,q, r,a1,a2; then ay,a2 # d. Let b have neighbours a,d,p,q,by,b2,b3; then
b1,b2,b3 # r,c. Let ¢ have neighbours a,d,p,r,c1,c2,c3; then ¢1,e9,¢3 # b,q. Since
b is in no 4-clique we may assume that b1 by are non-adjacent. By (5.1) with Xy =
{b,b1,b2} and X3 ={a,c,p,q,r,d}, there is a 5-colouring ¢ of G\ {a,b,c} such that
8(b1) = $(b2) and ¢(p) = #(a) = $(r) = §(d). Choose s € {1,...,5} with a1 #
#(c1),#(ca),¢(c3), #(p); choose az € {1,...,5} with as # a1,6(a1), #(az2),d(p); and
choose ag € {1,...,5} with a3 # az,4(b1),4(b3), ¢(p). Setting ¢(c) = a1,¢(a) = az,
$(b) = a3 defines a 5-colouring of G, a contradiction. This proves (5).

(6) There is a vertex s ¢ {a,b,c,d,p,q,7} adjacent to b and d; and a vertex t ¢
{a,b,c,d,p,q,r} adjacent to ¢ and d. Moreover, s #t.

For let b1,b2 be two non-adjacent neighbours of b with b1,b9 # a,b,¢,d,p,q,r.
By (5.2), {a,b1,b2,d} is not stable, and yet ab; and abs are not adjacent, because
the edge ab is in < 2 triangles, by (13.3). Thus one of by,b2 is adjacent to d, and
so there is such a vertex s, and similarly ¢; and s#¢ by (1). This proves (6).

(7) s is not adjacent to any of a, ¢, p, q, 7, t; and t is not adjacent to any of a, b,
p7 q’ r! 8.

For sa are not adjacent since by (13.3) the edge ab is in < 2 triangles; sc are not
adjacent by (1); sp are not adjacent since b is in no 4-clique; and sr are not adjacent
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for otherwise G would have an Fg-subgraph with vertex set {a,b,c,d,p,q,r,s} (delete
cp,dp,re,sd). Tt remains to check sq and st. Suppose that sq are adjacent; then G
has an Fjg-subgraph with vertex set {a,b,c,d,p,q,7,s} (delete bp,bq,bs,cp) and so
by (11.12), some v € {b,p,r} has no neighbour in V(G)—{a,b,c,d,p,q,7,s}. But v#
b since b is 7-valent and bc are not adjacent; v # p since pg and pr are not adjacent;
and v # r since pr and gr are not adjacent. This shows that sq are not adjacent.
Similarly, ¢ is not adjacent to any of a,b,p,q,7.

Now suppose that st are adjacent. Then G has an Fjg-subgraph with vertex
set {a,b,c,d,p,q,s,t} (delete ap,dp,ds,dt). By (11.12) some v € {p,q,d} has no
neighbour in V(G) — {a,b,¢,d,p,q,s,t}. Now v # p since pq,ps are not adjacent;
v # q since gc,qd are not adjacent; and v # d since da,dq are not adjacent, a
contradiction. Thus st are not adjacent. This proves (7).

Let aj,a2 be the two neighbours of a not in {a,b,c,d,p,q,r,s,t} and define
b1,bo for b and c1,cq for ¢ similarly. Now d may have valency 7 or 8. Let N be
the set of two or three neighbours of d not in {a,b,c,d,p,q,7,s,t}. If |N| =3 then
d is 8-valent and so not in a 4-clique; and therefore, whether |[N| =2 or 3, there
is a stable subset Y C N with [N-Y|=1. Let N-Y ={d;} and let dy € Y.
By (5.1) with X1 ={a,b,¢,p,q,7,5,t} and Xa =Y U {d}, there is a 5-colouring ¢ of
G\ {a,b,c,d} such that

o(p) = ¢(q) = ¢(r) = ¢(s) = ¢(¢)
and ¢(y) =¢(do) for all ye Y. Let

I(a) = {1,...,5} — {¢(a1), p(a2), ¢(p)}
I(6) = {1,...,5} — {$(b1), 6(b2), ¢(p)}
I(c) = {1,...,5} = {¢(c1), #(c2), ¢(p)}
I(d) = {1,...,5} — {¢(d1), ¢(d2), ¥(p)}-

By (13.5) there exist a1 € I(a),a2 € I(b), ag € I(d), ag € I(c) such that a; # ag #
a3 # a4 # a1. Then setting ¢(e) = ar,¢(b) = a2, ¢(d) = as,¢(c) = a4 defines a
5-colouring of G, a contradiction. This completes the proof. i
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