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In 1943, Hadwiger made the conjecture that every loopless graph not contractible to the 
complete graph on t +  1 vertices is t-colourable. When t _< 3 this is easy, and when t = 4, Wagner's 
theorem of 1937 shows the conjecture to be equivalent to the four-colour conjecture (the 4CC). 
However, when t _> 5 it has remained open. Here we show that when t = 5 it is also equivalent to the 
4CC. More precisely, we show (without assuming the 4CC) that every minimal counterexample 
to Hadwiger's conjecture when t = 5 is "apex", that is, it consists of a planar graph with one 
additional vertex. Consequently, the 4CC implies Hadwiger's conjecture when t = 5, because it 
implies that apex graphs are 5-colourable. 

1. I n t r o d u c t i o n  

The  following conjec ture  was made  by  H. Hadwiger  in 1943 [4]. 

(1.1) (Hadwiger ' s  conjec ture)  Fo r  every  t > 0, every  1oopless graph with no Kt+l-  
mi~or is t-colourable. 

(All  g raphs  in this  p a p e r  are finite; Kn is the  comple te  g raph  wi th  n vertices;  
a g raph  H is a minor of a g raph  G if H can be ob t a ined  from a s u b g r a p h  of G by 
con t rac t ing  edges; an H-minor  of G is a minor  i somorphic  to  H;  a t-colouring of 
G is a funct ion r f rom the  ver tex  set V(G) of G into ( 1 , . . .  , t}  so t h a t  r  ~ r  
for every edge wi th  ends u,v; and  G is t-colourable if it  has a t -eolouring.)  

For  t - - 0 , 1 , 2  ( 1 . 1 ) i s  obvious,  and  Hadwiger  [4] and  Dirac  [3] proved (1.1) for 
t = 3, when it  is also easy. For  t --  4, however,  (1.1) seems ex t r eme ly  difficult. I t  
ev iden t ly  implies  the  four-colour  conjec ture  ( tha t  every loopless p l ana r  g raph  is 4- 
co lourable  - -  briefly, the  4CC) because  no p l ana r  g raph  has a Ks -minor ;  and  in 
1937 Wagne r  [17] proved the  equivalence of the  two. The  4CC rema ined  open unt i l  
1977, when A p p e l  and  Haken [1, 2] gave a proof.  

Our  ma in  resul t  is t h a t  the  4CC impl ies  Hadwige r ' s  conjec ture  for t = 5. Since 
the  converse imp l i ca t ion  is easy, we canno t  do wi thou t  t he  4CC.  However,  we can 
re formula te  the  ma in  resul t  to  avoid men t ion  of the  4CC,  in the  following way ((1.2) 
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below). A graph G is simple if it has no loops or parallel edges. Let us say G is a 
Hadwiger graph if 

(i) G is simple and not 5-colourable 

(ii) every loopless minor of G with fewer vertices than G is 5-colourable, and 

(iii) G has no Ka-minor  (or equivalently, in view of (ii), G 7 ~ K6). 

Hadwiger 's conjecture for t = 5 is therefore that  there is no Hadwiger graph. 
Let us say a graph G is apex if G \ v is planar for some vertex v. (We use G \ X 
to denote the graph obtained from G by deleting X; here X can be a vertex or an 
edge, or a set of vertices or edges.) Without  assuming the 4CC, we shall prove the 
following. 

(1.2) Every Hadwiger graph is apex. 

Since the 4CC obviously implies that  every loopless apex graph is 5-colourable 
and hence is not a Hadwiger graph, (1.2) together with the 4CC imply (1.1) with 
t - - 5 .  

This paper  is therefore devoted to proving (1.2). The proof falls into five sepa- 
rate steps. (We assume Mader 's  result that  every Hadwiger graph is 6-connected.) 

Step 1: A non-apex Hadwiger graph has minimum valency >_ 7 except for at most 
two vertices of valency 6. 

To prove this we study the distribution of K4-subgraphs in a non-apex Had- 
wiger graph G. It  is easy to show that  no edge of G is in four triangles, and so no 
two K4-subgraphs meet in exactly two vertices. If there are three K4-subgraphs 
meeting pairwise in at most one vertex, then either they have a common vertex 
(when we can prove that  G is apex, a contradiction, in section 3) or not (when we 
can find a K6-minor, a contradiction, using Mader 's  "H-Wege" theorem, in section 
4). Thus there are not three such subgraphs. On the other hand, it is easy to show 
that  no three K4-subgraphs meet pairwise in 3 vertices: and it follows that  G has 
_< 4 K4-subgraphs. But every vertex of valency 6 belongs to > 2 K4-subgraphs, for 
otherwise a 5-colouring of a minor of G could be extended to a 5-colouring of G; 
and it easily follows (in section 5) that  there are _< 2 such vertices. 

Step 2: A non-apex H~dwiger graph is 7-connected except for its (<_ 2) vertices of 
valency 6. 

For this, assume that  (A,B) is a separation of a non-apex Hadwiger graph G, 
that  is, A , B  C_ v(a ) ,  A u B  = V(G), and no vertex in A -  B is adjacent to a vertex 
in B A. Moreover, assume that  I A n B I = 6, and [A - BI, [B - A[ _> 2. We prove 
in section 6 that  for any four vertices /)1,...,/J4 E A n B, the restriction of G to 
( A - B ) U { v l ,  ... ,v4} can be contracted to a K4 on {vl , . . .  ,v4}; this uses the result 
of step 1, and also a characterization of when such a contraction to K4 is possible, 
proved in section 2. Now we examine the six-vertex graph GIANB. (If X c_ V(G), 
G IX denotes the graph G\  ( V ( G ) -  X).) It  is easy to show, contracting K4's  from 
left and right onto A O B appropriately, that  GIA n B has no circuit of length 4. 
The remainder of step 2 breaks into cases, because we need to enumerate all the 
possibilities for GIA n B. Here is a simple one, when GIA n B has no edges: then 
we contract A to a single vertex, find a 5-colouring, and deduce that  GIB has a 
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5-colouring in which all the vertices in A N B have the same colour. But so does 
GIA~ and we fit these two 5-colourings together to obtain a 5-colouring of G, a 
contradiction. All except one of the possibilities for GIA N B can be disposed of 
by this and similar arguments (section 7). The remaining possibility for GIA N B 
is that  it is a 5-edge path. Disposing of this is much more difficult, and occupies 
sections 8, 9 and 10; roughly we show that in this case, if we choose such (A,B) 
with A minimal, then both GIA and GIB can be drawn in the plane with < 1 
crossing, contrary to the result of step 1. This completes step 2. 

Step 3: Find ten forbidden subgraphs. 

We observed earlier that no edge was in four triangles. For this we only needed 
6-connectivity, and now we have 7-connectivity (more or less) by step 2. We can 
therefore get more; for instance, that  if we contract one edge of G, still no edge is 
in four triangles. By similar means, we find (in section 11) a list of ten graphs, with 
about 8 vertices and 11 edges, that  are not subgraphs of any non-apex Hadwiger 
graph. 

Step 4: There is a perfect matching. 

exactly, there is a matching of cardinality [ 1 V ( G ) [ .  For if not, by More 
L-- J 

Tutte 's  theorem, there ex i s t sZ  C_ V(G) such that G \ Z has > [Z[ § 2 components, 
and by contracting appropriately we obtain a simple minor H of G with _> 4IV(H)[ 
edges; but this is impossible, for Mader proved that  a simple graph H with > 
4[V(H)[ - 10 edges has a K6-minor. This is the content of section 12. 

Step 5: There is a reducible configuration. 

By a "reducible configuration" we mean, roughly, a subgraph of G (whose 
vertices typically have small valency in G) such that  there corresponds a proper 
minor of G every 5-colouring of which induces a 5-colouring of G. The most trivial 
one is a single vertex v which is 4-valent in G; then every 5-colouring of G\v extends 
to one of G. Of course, we already know that  G has no 4-valent vertices, but  
there are more useful reducible configurations, for example, two adjacent vertices 
of valency 7 and 8, joined by an edge in three triangles, where neither vertex is 
in a K4-subgraph. A Hadwiger graph by definition cannot contain a reducible 
configuration. However, let us take the matching of step 4, and contract its edges, 
and delete any resultant parallel edges. If [V(G)[ -- n, we obtain a graph with 

(about) ~n vertices, and therefore, by Mader's theorem, at most 4 ( ~ n ) - 1 0  
k - -  / 

7 3 
edges. But G has _> ~ n . -  1 edges, by step 1; where did the extra > ~n  edges go? 

1 
~n  were lost because they were contracted, but the remaining > n edges became 

parallel and were discarded for that  reason. Consequently, on average an edge of 
the matching belongs to several triangles or squares, and more (on average) if its 
ends have valency > 7. This leads to a proof (in section 13) that there is either a 
reducible configuration or a forbidden subgraph in any non:apex Hadwiger graph, 
and so there is no such graph. 
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There is a very interesting conjecture due to Jr [5], that  every 6- 
connected graph with no K6-minor is apex. This would obviously imply our result, 
because Hadwiger graphs are 6-connected, and we spent a good deal of effort trying 
to prove it, with no success. However, it does seem to us to be true, and with a 
view to this conjecture we organized sections 274 to apply to all graphs satisfying 
the hypotheses of the conjecture, rather  than jfist to Hadwiger graphs. 

2. F inding  a K4-minor 

Let G be a graph. Its vertex- and edge-sets are denoted by V(G) and E(G). 
As in section 1, G \ X denotes the result of deleting X,  and for X C_ V(G), G I X 
denotes G \ (V(G) - X). Thus, alx is the subgraph of G induced on X. A subset 
X C V(G) is a fragment of G if X r (~ and GIN is connected. If X , Y  c_ V(G), we 
say X Y  are adjacent in G if X A Y = ~ and some x C X is adjacent in G to some 
y E Y. If there is an edge of G with ends x,y E V(G) we say xy are adjacent (with 
no comma, because we shall need lists ab, uv, xy,. . ,  of adjacent pairs), and if there 
is a unique edge with ends x ,y  we speak of the edge xy or yx. 

A cluster in G is a set of mutually adjacent fragments of G, and it is a p- 
cluster if it has cardinality p. Thus, G has a Kp-minor if and only if it has a 
p-cluster. Given p distinct vertices Vl , . . . ,  Vp a cluster ~ is said to traverse v l , . . . ,  vp 
or {vl,.. . ,Vp} if I~1 = P ,  and $ can be writ ten as ~ = {X1, . . . ,Xp}  in such a way 
that  vi E Xi (1 <_ i _<p). Our concern here is, given four vertices of a graph G, when 
is there a cluster in G traversing them? 

If H, J are subgraphs of G, then H tJ J denotes the subgraph with vertex set 
V(H) U V(J) and edge set E(H) U E(J),  and H C? J is defined similarly. We say 
subgraphs H,J  are disjoint if V(H A J) = ~. A separation of G is a pair (A,B) 
of subsets of V(G) such that  (G I A) U (G I B) = G, that  is, A U B = V(G) and no 
edge has one end in A - B and the other in B - A. Its order is tA • BI. It  is a 
k-separation if it has order k, and a (_< k)-separation if its order is < k. 

Let Z1, Z2,... ,  Zk C_ V(G) be disjoint. We say that  (the subpartit ion) Z1, . . . ,  Zk 
is feasible in G (via X1,.. .  ,Xk) if there are disjoint fragments X1, . . .  ,Xk of G with 
Zi C_ Xi (1 _< i _< k); and it is infeasible otherwise. 

Paths and circuits by definition have no repeated vertices or edges. We begin 
with the following. 

(2.1) Let Vl,... ,v4 E V(G) be distinct. Then there exist disjoint fragments 
X1, . . . ,X4 of G such that vi E Xi (1 < i < 4) and XIX2,X2X3,XaX4,X4X1 are 
adjacent, if and only if { Vl , v2 }, { v3, v4 } and { v2, v3 }, { vl , v4 } are both feasible in G. 

Proof. The "only if" implication is easy, and we prove "if". Let P, Q, R, S be paths 
of G, chosen with P tJ Q tj R tJ S minimal, such that  

(i) P has ends VlVz,Q has ends vzv3,R has ends v3v4, and S has ends vlv4 
(ii) P, R are disjoint and Q, S are disjoint. 

These exist, from the feasibility hypothesis. 
By an arc we mean here a pa th  of Q tJ S with distinct ends both in P tJ R and 

with no edge or internal vertex in P tj R. Every are is a subpath of Q or of S, and 
both Q and S contain at least one arc. 
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(1) Every arc has one end in V(P)  and the other in V(R).  

For if some arc A has both ends in V(P)  say, let pt  be the path obtained 
from P by replacing by A the subpath of P between the ends of A; then pi ,  Q, R, S 
satisfy (i) and (ii) above, and P t U Q U R U S  is a proper subgraph of P U Q U R U S ,  
contrary to the choice of P, Q, R, S. 

Let Qt be the arc in Q closest to v2, with ends a,b where a lies in Q between b 
and v2. Let pt  be the subpath of Q between a and v2. Since pt C_ P U R  and has an 
end v2, it follows that  pt___ PM Q, and in particular a E V(P)  and b E V(R) by (1). 
Let S t be the arc in S closest to v4, with ends c,d where e lies between d and v4; 
and let R t be the subpath of S between e and v4. Similarly, R t __C_ R M S, c E V(R), 
and d E V(P).  Now d q~ V(P' )  since pt  c_ Q and d • V(Q); and b r V (R  t) similarly. 
Thus taking 

Xl  = V(P)  - V ( P  t) 

X2 = V(P '  U Cg) - {b} 

X3 = V(R)  - V(R')  

X 4 -~ V ( R  t (.J S t) - {d} 

satisfies the theorem. | 

In (2.1) we asked that  a specific four pairs of X1, . . . ,X4 should be adjacent. 
Eventually, we want all six to be adjacent; and the next step is a specific five. A 
trisection of G is a triple (A, B, C) of subsets of V(G) such that  A M B = A M C -- 
B M C and (G[ A) U (G [B) U (G I C) = G; its order is [AM B M C I. 

(2.2) Let vl , . . .  ,v4 E V(G) be distinct. Then the following are equivalent: 
(i) there exist disjoint fragments X1, . . . ,X4 of G with vi E Xi (1 < i < 4) 

such that X 1 X 2 , X 1 X 3 , X � 9 1  4 a re  adjacent 
(ii) all the following hold: 

(a) {Vl,V3}, {V2,V4} i s  feasible, 
(b) {vl,va}, {v2,v3} is feasible, and 
(c) for every trisection (A1,A2,B) of G of order 2 with A1 M A2 M B = 

{Xl,X2} such that vi E Ai - {xl,x2} (i = 1,2) and v3,v4 E B, there 
are disjoint fragments Y1,...,Y4 of G [ B with xl E Yl,x2 E Y2, v3 E 
Y3,v4 EY4 such that Y1Y3, Y1Y4, Y2 Y3, Y2 Y4 are ali adjacent. 

Proof. That  (i) implies (ii) is easy, and we omit it. Let us prove the converse. We 
assume that  (ii) holds. By (2.1) and (ii)(a), (ii)(b), there is a circuit C of G, and 
four distinct vertices Ul, u2, u3, u4 of C, such that  Ul, u3, u2, u4 occur in C in order, 
and there are four disjoint paths P1,-. . ,  P4 of G, such that  Pi has ends ui, vi and has 
no vertex in C except ui. Choose C and P1, . . . ,  P4 with P3 U P4 minimal. Let the 
path of C between Ul and u3 not containing u2, u4 be C13, and define C14, C23, C24 
similarly. 

(1) There is no path of G from V(P1 U P2 U C) to V(P3 U P4) with no vertex in 

For if there is such a path P we may assume it has one end u in V(PIUC13UC14) 
and the other end v in V(P3), and has no vertex in {U3,U4} , and has no vertex in 
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C U P1 u P2 U P3 u P4 except its ends. If u E V(P1 U 614 ) we may replace C13 by 
P, contrary to the minimality of P3 U P4; and if u E V(613) we replace the subpath 
of C13 between u and u3 by P, again contrary to the minimality of P3 U/94. This 
proves (1). 

From (1), there is a separation (A,B) of G with V(C U P1 u P2) C_ A and 
V(P 3 U P4) c_C_ B, with A M B = {u3,u4}. 

(2) We may assume that there is a separation (A1,A2) of GIA with A1 f3 A2 = 
{u3,u4}, vl e A1 - {u3,u4} and v2 e A2 - {u3,u4}. 

For if there is a path of GIA from vl to v2 avoiding u3 and u4, there is a 
minimal path P from V(Pz U C13 U C14) - {u3, u4} to V(P2 U 623 U C24) - {u3, u4 } 
in G](A-  {u3,u4}); but then taking 

X 1 ~-- V ( P  1 U 613 U 614 U P )  - {u3, u4,v} 

x2  = V(P2 u C23 u 624) - {u3, u4} 

x3  = v(P3)  

X4 = V(P4) 

satisfies (i) where v is the end of P in V(P2 UC23UC24)-{u3,u4}. This proves (2). 
From (ii)(c) applied to the trisection (A1,A2,B) of (2), there are disjoint 

fragments Y1,-.. ,Y4 of G]B such that  u3 E Y1, U4 E Y2, v3 E Y3, ~v4 E r4,  and 
Y1Y3, Y1Y4, Y2Y3, Y2Y4 are all adjacent. Let 

x1  = r l  u v(P1 u C13 u 614) - {u4} 

x2  = v2 u v(P2 u 624) 

x3  = Y3 

x4 =Y4; 

then (i) holds, as required. 

The main result of this section is the following. 

(2.3) 

| 

Let Z c V(G) with }Z 1 --4. Then the following are equivalent: 

(i) there is a cluster in G traversing Z 

(ii) for every ordering Z = {vz,... ,v4} both the following hold: 

(a) {vl,v2},{v3,v4} is feasible in G, and 

(b) for every trisection (A1,A2,B) of G of order 2 with A1 n A2 N B = 
{xl,x2} such that vi E Ai - {xl,x2} (i = 1,2) and v3,'o 4 C B, there 
are disjoint fragments Y1,...,Y4 o f G  [ 13 with xl E YI,x2 E Y2, v3 E 
Y3,v4 E Y4 such that Y1Y3, Y1Y4, Y2 Y3, Y2 Y4, Y3Y 4 arc aH adjacent. 

Proof. Again, that  (i) implies (ii) is easy, and we shall just prove the converse. We 
assume that  (ii) holds. It follows easily that  we may assume G is 2-connected (by 
induction on ]V(G)I , say). We assume for a contradiction that  (i) is false. 
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(1) There is no trisection (A1,A2,B) of order 2 such that A1 - (A2 U B) and 
A2 - (A1 U B) both contain exactly one member of Z. 

For suppose that (A1, A2, B) is such a trisection, and let A1 NA2 NB = {xl, x2 }. 
Let Z = {Vl,... ,v4} where vi E Ai - {Xl,X2} (i = 1,2) say. Since G is 2-connected, 
{vl,xz} is feasible in GI(Az - {x2}), and {v2,x2} is feasible in GI(A 2 - {xl}), and 
hence {vl ,xl},{v2,x2} is feasible in GI(A1 U A2). Also, since G is 2-connected, 
there is a path of GI(A1 uA2) between Vl and v2. Consequently, there are adjacent 
fragments Y~,Y~ of G[(A1 UA2) with Vl,X 1 E Y~ and v2,x2 �9 Y~. By (ii) there are 
fragments Y1,... ,Y4 of G[B as in (ii). Then {]I1 UY~,Y2 UY~,Y3,Y4} is a cluster in 
G traversing Z, a contradiction. This proves (1). I 

(2) There is no 2-separation (A, B) of G such that [ (A-  B) n Z[ = ] ( B -  A) n Z] = 2. 

For suppose that  (A,B) is such a 2-separation; let ( A -  B ) n  Z = {vl,v2}, 
( B -  A)N Z = { v 3 , v 4 }  , AN B = ( Z I , X 2 } .  By exchanging Vl,V2 if necessary, we 
may assume that {vl ,xl},{v2,x2} is feasible in G[A, since G is 2-connected, and 
similarly that {v3,xl}, {v4,x2} is feasible in G[B.  

By (2.3)(ii)(a), {Vl,V4}, {v2,v3} is feasible in G, and so either {Vl,X2}, {v2,xl} 
is feasible in G[A, or (v3,x2},{v4,xl} is feasible in G[B,  and from the symmetry 
we may assume the latter. If t t (A1 ,A2 ,B)  is a trisection of G [ B of order 2 with 
AI1NAI2NB ' {Xll,X12}say, a n d w i t h v 3 � 9  ' ' , _  ---- -- { X l , X 2 } ,  V4 �9 A 2 {XII,Xl2} and 
xl,x2 �9 B t, then (X1,X2,BtUA) is a trisection of G contrary to (1). Thus there is 

A t B q no such (A~, 2, ], and so by (2.2) applied to G[B,  there are disjoint fragments 
Yz,---,Y4 of G [ B  with xl � 9  v3 �9149  and with Y1Y3,YzY4,Y2Y3, 
Y2Y4,YaY4 all adjacent. Choose disjoint fragments Y~,Y~ of G IA with vl ,x l  �9 Y~ 
and v2,x2 �9 Y~ and with Y~Y~ adjacent (this is possible since G is 2-connected); 
then {Y1 U ]Ii/, ]12 U Y~, Y3, Y4} satisfies (i), a contradiction. This proves (2). 

(3) There donor �9 disjoint paths P1,P2 o[G with ends Vl,V3 �9 Z and v2,v 4 �9 Z 
respectively, and distinct vertices hi, bl, Cl o[ P1 in order (with al closest to vz) and 
distinct vertices a2,b2,c2 of P2 in order (with a2 closest to v2) and disjoint paths 
Q1,Q2,Q3 of G with ends alb2,a2bl, and ClC2 respectively, so that Q1,Q2,Q3 have 
no vertices in V(P1 U P2) except their ends. 

For suppose such P1,P2,Q1,Q2,Q3 exist. Since hi,b2 ~t Vl,V2,V3,V4, there is 
by (2) a path P of G from 

V(Az u Q1 u Bz u A2 u Q2 u Be) 

to V(Cz U D1 U C2 U D2 U Q3), with bl,b2 ~ V(P) ,  where A1,B1,C1,D1 are the 
subpaths of P1 with ends Vlal,albl,blcl,clv3 and A2,B2,C2,D2 c_ P2 are defined 
similarly. Take a minimal such subpath P,  with ends u �9 V(A1 U B1 U Q 1 ) -  {51, b2} 
and v �9 V(C1 U D1 U Q3) - {bl,c2} say (without loss of generality, by exchanging 
vl with v2 or v3 with v4). Let 

Xz = V(A1 U Bz U Qz) - {bz, b2} 

X2 = V(A2 U B2 U Q2) - {52} 

X3 = V(C1 u 91 u Q3 o P) - {51, e2, u} 

X4 -- V(C2 U D2); 
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then {X1, . . . ,X4} is a cluster traversing Z, a contradiction. This proves (3). 
Let Z = {vl , . . . ,  v4}. Since {Vl, v2 }, {v3, v4} is feasible and so are the other two 

similar partitions, it follows from (2.1) that there is a circuit C and four distinct 
vertices Ul,U2,U3,U4 of it, in order on C, and four disjoint paths P1, . . .  ,P4, where 
Pi has ends vi,ui and has no vertex in C except ui; and there are disjoint paths 
Q,R with ends Vl,V3 and v2,v4 respectively. Let P1 u ... U P4 U C = H.  Let C12 
be the path of C between ul  and u2 not containing u3,u4, and define C23,C34,C41 
similarly. By an arc we mean a subpath of Q u R with distinct ends both in V(H)  
and with no edge or internal vertex in H.  

(4) No arc has ends u �9 V(P1) - {It1} and v �9 V(C23 U C34 U P3) - {lt2,tt4}. 

For suppose that P is such an arc. By (3) (with Vl,V4 exchanged) v 
V(P3) - {u3}; by (3) v • V(C23) - {u2,u3}, and by (3) (with v2,v4 exchanged) 
v ~ V(C34) - {u3,u4}. Thus, v = u3. Let T1 = P U P1,T2 = C12 U C23 U P2, T3 = 
641 U 634 UP4; we see there is symmetry between T1,T2 and T3 exchanging Vl,V2 
and v4 and fixing ul .  By (1) there is a path S of G joining two of T1, T2, T3, P3 with 
no vertex in {ul,u3}. Choose a minimal such path S, with ends a,b say. From (3) 
with Vl, . . . ,v4 permuted, it follows that a,b ~ V(P3), and so we may assume from 
the symmetry that a �9 V(T1) and b �9 V(T2). Then setting 

X 1 -~ V ( S  U T1) - {Ul, u3, b} 

x 2  = V ( T 2 )  - {u1, 3} 
X3 = V ( P 3 )  

X 4  = V(T ) - {u3} 

defines a cluster traversing Z, a contradiction. This proves (4). 
Now choose P1, . . .  ,P4,C,Q,R,H with H U Q U R  minimal, and subject to that  

with E IE(Pi)I minimum. 

(5) N o  arc has end in v ( P 1 )  - {ul}. 
For suppose that  P is an arc with ends u,v where u e  V(P1) - {ul}. By (4), 

v e V(P1 U C12 U P2 U C41 U/~ -- {U}, 

and by the symmetry we may assume that  v E V ( P 1 U C 1 2 U P 2 ) - { u } .  If v c 
V(P1), then we may replace the subpath of P1 between u and v by P,  thereby 
reducing the union H U Q u R, a contradiction. If v E V(C12 U 1:'2) - {Ul}, we may 
replace by P either C12 (if v E V(P2)) or the path of C12 between Ul and v (if v E 

V(C12)), thereby reducing E IE(Pi)I while not increasing the union H U Q u R, a 

contradiction. This proves (5). 
From (5) it follows that  P1 C_ Q, and similarly/>2 C_ R, P3 c_ Q, P4 c_ R. Now 

Q ~ H since u2,u4 ~ V(Q) and so there is an arc in Q; let the first arc in Q be A 
(that is, closest to Vl in Q). Similarly, let the arc in R closest to v2 be B. Let A 
have ends al,a2, and B have ends bl,b2, where al  is between Vl and a2 in Q, and 
bl is between v2 and b2 in R. Since the subpath Q' of Q between Vl and al  is in 
H,  it follows that  al  E V(C12 U C14 ) - {u2,tt4}, and Q' is the path of H \ {u2,u4} 
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between Vl and al .  Suppose that  a2 E V(C12UC41). Let a2 E V(C12)-{u1,u2}  say. 
If al  E V(612) we may reduce the union H U Q U R by replacing the subpath of C12 
between al  and a2 by A; and if al  E V(641), we may similarly reduce the union by 
replacing by A either the subpath of C12 between ul and a2, or the subpath of 641 
between Ul and al ,  whichever is not included in Q u R. In either case, we have a 
contradiction, and so a2 ~ V(612 U C41). Hence, a2 E V(623 uC34). By exchanging 
v2 and v4 we may therefore assume that  a2 E V(623). Similarly, bl E V(612 U C23) 
and b2 E V(C34UC41). Let R'  be the subpath of R between v2 and bl. Then setting 

Z 1 ---- V ( Q ' U 6 1 2  ) - V ( R / )  

x 2  = y ( n ' )  

X3 -- V(623 U P3 U A) - (V(R')  U {al}) 

X4 -- V(634 U 641 U P4 U B) - (V(Q') u {bl, u3}) 

defines a cluster traversing Z, a contradiction. This completes the proof. I 

We need also the following, a slight variation on a result of [12] - -  see also 
[6, 13, 14, 15]. 

(2.4) Let v l , . . .  ,vk be distinct vertices of a graph G. Then either 

(i) there are disjoint paths of G with ends PiP2 and qlq2 respectively, so that 
Pl,ql,P2,q2 occur in the sequence Vl, . . . ,Vk in order, or 

(ii) there is a (<_ 3)-separation ( A, B) of G with Vl , . . . ,  vk E A and [B - A I >_ 2, 
or 

(iii) G can be drawn in a disc with Vl , . . . ,  vk on the boundary in order. 

Proof. We may assume that  every vertex of G not in {Vl,.. . ,  vk} has _> 3 neighbours. 
Hence there is no (< 2)-separation (A ,B)  of G with Vl,... ,Vk E A and ]B - A] = 1, 
and the statement follows from [12, theorems (2.3) and (2.4)]. ] 

We deduce 

(2.5) Let Sl , t l , s2 , t2  E V(G) be distinct. Then either 

(i) {s l , t l } , { s2 , t2}  is feasible in G, or 

(ii) {sl, t l  } is not feasible in G\{s2, t2}, or {s2, t2} is not feasible in G\{s l ,  t l  }, 
or 

(iii) there is a (<_ 3)-separation (A,B) of G with s l , t l , s2 , t2  E A and 
[B - AI > 2 and [B n {sx,tl ,s2,t2}] <_ 2, or 

(iv) G can be drawn in a disc with Sl ,S2,t l , t2 on the boundary in order. 

Proof. We proceed by induction on ]V(G)I + [E(G)[. We may therefore assume 
that  G is simple, and every vertex not in {Sl ,S2, t l , t2}  has valency > 3. By (2.4), 
since we may assume that  (i) and (iv) are false, there is a (~ 3)-separation (A, B) 
of G with s l , t l , s2 , t2  E A and [B - A I > 2. We: may therefore assume that  B 
contains three of Sl, t l ,  s2, t2, for otherwise (iii) holds; say Sl, t l ,  s2 E B. Assuming 
(ii) is false, there is a path P from s2 to t2 with s l , t l  ~ V (P)  and hence with 
V(P) M B -- {s2}. Since (i) is false, there is no path in G ] (B - {s2}) between Sl 
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and tl .  Consequently we may choose a separation (X, Y) of G I B with X N Y -- 
{s2},sl E X and tl  E Y. Since IB - A I -> 2, we may assume that  IX - A I >_ 1; let 
v E X - A .  Since v has valency _>3, it follows that  IXI _>4, and so t X - A I  _>2. But 
(Y U A, X) is a 2-separation of G with Sl, t l ,  s2, t2 E Y U A, and so (iii) holds. | 

From (2.3) and (2.5) we deduce: 

(2.6) Let Z C_ V(G) with IZI = 4. Then either 

(i) there is a cluster in G traversing Z, or 

(ii) there is a trisection (A1,A2,B) of order 2 such that IZ N (Ai -B) I -=  1 
(i  = 1, 2) ,  o r  

(iii) there is a (<_ 3)-separation (A,B) with Z C A and IB-AI>>_2 and 
IZ N B] < 2, or 

(iv) G can be drawn in a plane so that every vertex in Z is incident with the 
intinite region. 

Proof. We assume that (i) is false. By (2.3) we may order Z = {Vl,...,v4} so 
that  one of (2.3)(ii)(a), (2.3)(ii)(b) is false. If (2.3)(ii)(a) is false, then by (2.5), 
one of (ii), (iii), (iv) holds. (In particular, if (2.5)(ii) holds and Z = {vl, . . . ,v4} 
and {Vl,V2} is not feasible in G \ {va,v4}, then (ii) holds, taking B = {va,v4}.) If 
(2.3)(ii)(b) is false,- then (ii) holds. | 

We shall apply (2.6) several times in our approach to Hadwiger's conjecture; 
the first is the following, which for Hadwiger graphs was proved independently by 
J. Mayer (unpublished). A triangle of G is a circuit of G of length 3. 

(2.7) Let G be a simple 6-connected graph with no K6-minor, which is not apex. 
Then every edge of G is in <_ 3 triangles. 

Proof. Suppose that  there are triangles with vertex sets {xl ,x2,vi} (1 < i < 4), 
where xz, x2, el,  v2, v3, v4 are distinct. Let G ~ = G \ {xl, x2}, and let us apply (2.6) 
to G t, taking Z = {e l , . . . ,  v4}. If (2.6)(i) holds, and $ is a cluster in G ~ traversing Z, 
then $ U {{xl}, {x2}} is a 6-cluster in G, a contradiction. Since G' is 4-connected, 
(2.6)(ii) and (2.6)(iii) do not hold, and so (2.6)(iv) holds, and G' can be drawn in 
a plane so that  v l , . . . , va  are all incident with the infinite region. Since G ~ is 2- 
connected and loopless and IV(G~)] > 3 there is a circuit C bounding the infinite 
region. Let X -- V(G') - V(C). Since G' is 3-connected and IV(C)] _> 4, it follows 
that  X r 0, and that  X is a fragment of G ~. Let P1,P2,P3 be three disjoint paths 
in C with V(P1 UP2 UP3) = V(C) and with vi �9 Y(Pi) (1 < i ~ 3). Now Vl,V2,V3 
all have neighbours in X since G ~ is 3-connected, and yet 

{V(P1), V(P2), V(P3), X, {Xl}, {x2}} 

is not a 6-cluster in G. Consequently, one of Xl,X 2 has no neighbour in X, say x2. 
But then G \ xl  is planar, and so G is apex, a contradiction as required. | 

Let us also mention the following, the proof of which is clear. 

(2.8) Let G be a 5-connected graph with no K6-minor and with IV(G)I > 6. Then 
no subgraph of G is isomorphic to Kh. 
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3. T r i a d s  a n d  tripods 

A triad in G is a connected subgraph T of G with no circuits, with one vertex 
of valency 3 and all others of valency _< 2. Necessarily, it has precisely three vertices 
of valency 1, called its feet. It is lean (in G) if V(T  ~) = V(T) for every triad T t in 
G with V(T  ~) C_ V(T) and with the same feet as T. 

If H is a subgraph of G, an H-flap is the vertex set of a connected component 
of G \ V(H). 

(3.1) Let G be simple and let Vl,V2,V 3 e V(G) be distinct, such that there is no 
(< 3)-separation (A,B) with vl,v2,v3 E A, ]A] > 4 and IV(G) - A] > 1. Let To be a 
triad in G with feet Vl,V2,V3, and let W be a To-Bap. Then there is a lean triad T 
with feet Vl,V2,V 3 and with V(T) N W = O, such that there is only one T-flap. 

Proof. (Our thanks to the referee for the following, which is much bet ter  than our 
original proof.) We say (cq,...,c~n) is lexicographically larger than (~l,. . . ,f~m) if 
either 

(i) m < n  and a i=~i  for i = l , . . . , m ,  or 

(ii) there exists j with 1 < j <_ rain(re, n ) so  that  a j  > ~j and c~i =/~i for i - -  
1 , . . . , j -  1. 

Let T be a triad with feet vl,v2,v3, and with V(T) N W = 0. Since G ] W is 
connected, there is a T-flap B1 say, with W c B1; let the T-flaps be B1 , . . . ,Bn  say, 
ordered so that  ]B21 _> IB3] _>..-_> ]Bn]. Since there is such a triad T (namely To), 
we may choose T so that  ( IBlh . . . ,  ]Bn]) is lexicographically maximum. We shall 
show that  T satisfies the theorem. Clearly it is lean; we must show that  n = 1. 

Let us say that  v E V(G) is essential if v E V(T  t) for every triad T t with 
feet  Vl,V2,V 3 and with V(T  t) C_ V(T) U Bn. Every vertex v of V(T) U Bn with a 
neighbour in B1 U ... U Bn-1 is essential: for if not, there is a triad T ~ with feet 
Vl,V2,V3 and with V(T') C_ (V(T) UBn) - {v}, and replacing T by T t would give a 
lexicographic increase of (]Bll , . . . ,  I Sn I)" 

Let S be the set of all essential vertices; thus, S c V(T). Let K be the 
component of G \ S containing Bn; thus, V ( K )  C V(T) U Bn. Let S t be the set of 
all vertices in S with a neighbour in K.  

We claim that  IStl < 3. If S t c {Vl,V2,V3} the claim is true, and so we may 
assume that  St n (V(T) - {Vl,V2,V3} ) SO.  Consequently, for i = 1,2,3 there is a 
path of T from vi to a member of S t with only one vertex in {Vl,V2,V3}; and by 
choosing it minimal we may assume it has only one vertex in S ~. Consequently 
there is a path Pi from vi to V(K)  with 

Y(Pi) C_ V(T) U Y ( g )  C_ V(T) U Bn 

with only one vertex in {Vl,V2,V3}. Now PIUP2UP3UK is connected and Vl,V2,V 3 
each have valency 1 in this subgraph; for vi ~ V(K)  since vi E S (1 < i < 3). Hence 
there is a triad T t C P1 U P2 U P3 U K with feet vl,v2,v 3. Since each Pi contains 
only one member of S t and K contains none, it follows that  I S~ N V(Tt)I < 3. But 
V(T t) C_ V(T) U Bn, and so S t C S c V(Tt) ;  and therefore IS'I < 3. This proves our 
claim that  IStl < 3. 
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Let A =  V(G) - V (K) ,  B = V ( K )  US'. Then CA, B) is a (< 3)-separation of G 
with Vl,V2,V3 E A, and with 

IV(G) - AI = IV(K)I > 1. 

From the hypothesis, ]A[ _< 3, and so since Vl,V2,V3 E A it follows that  A = 
{Vl,V2,V3}. But for l _ < i < n ,  

Bi A B = B i n (V (K)  u S') c B i n (Bn u V(T))  = 0 

and Vl,V2,V3 ~ Si, and so Bi = 0 which is impossible; and therefore n -- 1 as 
required. | 

Let Vl,V2,v 3 be mutually adjacent vertices of a graph G. We say G is triangular 
with respect to vi,v2,v3 if G is simple, and either 

(i) for some i (1 ~ i ~ 3), G \ vi has maximum valency _< 2, and either G \ vi 
is a circuit or it has no circuit, or 

(ii) all vertices of G have valency < 3, there is at most one 3-valent vertex 
v ~ Vl, v2, v3, and G \ {Vl, v2, v3 } has no circuit, or 

(iii) all vertices of G have valency < 3, there is a triangle C with Vl,V2,V3 
V(C) ,  every 3-valent vertex of G is in {Vl,V2,v3}UV(C), and every circuit 
of C except these two triangles meets both {Vl,V2,V3} and V(C).  

The motivation for this is the following. 

(3.2) Let Vl,V2,V 3 �9 V(G) be distinct, mutually adjacent vertices of G, and let T 
be a lean triad in G with feet v l ,v2,v  3. Let v l ,v2,v  3 �9 Z C_ V(T); then G I Z is 
triangular with respect to vl , v2, v3. 

Proof. It suffices to show that  G I V(T)  is triangular. Let a be the 3-valent vertex 
of T, and for 1 < i < 3 let Pi be the path of T between a and vi. Let K = 
G[{vl,v2,v3}. If GIV(T ) = T U K  then (ii) holds as required, and so we may assume 
that  there exist u,v �9 V(T),  adjacent in G but not in T U K.  Suppose first that  
u,v ~ {Vl,V2,V3}. As in (2) in (3.1), it follows that  u,v are both adjacent in T to 
the 3-valent vertex a of T, and G I V(T)  has no other edge not in T U K.  But then 
(iii) holds if {u, v,a} C_ Z, and (ii) holds otherwise. We may therefore assume that  
u--v1 say. Since u,v are not adjacent in T U K  it follows that  v ~ {Vl,V2,V3} , and 
v �9 V(P2) say. Then IE(Pi)I = 1, and GIV(P2 U P3) is a circuit, and so (i) holds. | 

Let Vl,V2, v3 be distinct vertices of a graph G. By a tripod on vl, v2,v3 we 
mean a subgraph P1 U P2 U P3 U Q1 u Q2 u Q3 of G consisting of 

(i) two vertices a,b so that  a,b, vl,v2,v3 are all distinct 

(ii) three paths P1, P2, P3 of G between a and b, mutually disjoint except for 
a and b, and each with at least one internal vertex, and 

(iii) three paths Q1, Q2, Q3 of G, mutually disjoint, such that  for i = 1, 2, 3, Qi 
has ends ui and vi, where ui �9 V ( P i ) -  {a,b}, and no vertex of Qi except 
ui belongs to V(P1 u P2 U P3). (It is permitted that  ui = vi and hence 
E(Qi )  = 0.) 

We call Q1,Q2,Q3 the legs of the tripod. 
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(3.3) Let Z C_ V(G) such that there is no 3-separation (A,B) of O with Z c_ A and 
[B - A I > 2. Let Ho be a tripod in O with feet vl,v2,v3 E Z and with no other 
vertex in Z. Then there is a tripod H with feet vl,v2,v3 and with no other vertex 
in Z, such that every leg of H is a subpath of a leg of rio, and there is a path from 
V(H)  to Z disjoint from all the legs of H. 

Proof. Let H = P1 U P2 U P3 U Q1 u Q2 u Q3 (with the usual notation) be a tripod 
in G with feet Vl,V2,V3 and %vith no other vertex in Z, chosen with Q1 u Q2 u Q3 
minimal. Let the ends of P1,P2,P3 be a,b. From the hypothesis, there is a path P 
of G from V(P1 U P2 U PJ) to Z U V(Q1 U Q2U Q3) with no vertex in {ul,u2,u3},  
where Qi has ends Ui,vi (1 < i < 3). Choose a minimal such path P with ends x E 
V(P1 UP2 UP3) and y E Z u V ( Q 1  uQ2 uQ3) .  We may assume from the symmetry 
that  x and a belong to the same component of P1 UP2 UP3\  {Ul,U2,U3}. Suppose 
that y C V(Q1). Let P '  be the subpath of P1 between x and ul  if x ~ V(P1), or 
between a and ul if x ~ V(P1). Let H ~ be the tripod obtained from H U P by 
deleting the edges and internal vertices of P~; then H ~ contradicts the choice of H. 
Consequently, y ~ V(Q1) and y ~ V(Q2), V(Q3) similarly; and so y c Z-{Vl ,  v2, v3 }, 
as required. | 

A tripod is legless if all its legs have no edges. 

(3.4) Let vl,v2,v3 E V(G) be distinct, so that there is a tripod on vl,v2,v3. I f  there 
is no 3-separation (A ,B)  with Vl,V2,V 3 E A, IAI _> 4 and IB - A I >_ 2, then there is 
a legless tripod on Vl, v2, v3. 

Proof. Let H be a tr ipod on Vl,V2,V3 with legs Q1,Q2,Q3, chosen with QluQ2uQ3 
minimal. Suppose that  IE(Q1)] r ~, and let v~ be the neighbour of vl in Q1. Let 
Z r / v = {Vl,V2,V3,Vl}. Then H \ v l  is a tr ipod on Vl, 2,v3, and so by (3.3) we may 
assume there is a path P of G between V ( H  \ Vl) and Z, disjoint from the legs of 
H \ vl. Consequently, Vl is an end of P,  and as in (3.3) we may choose another 
tr ipod in H U P contradicting the zhoice of H.  The result follows. | 

The following follows from [12, theorem (2.4)], and we omit the proof, which 
is similar to that  of (2.4). 

(3.5) Let Vl,V2,V 3 E V(G)  be distinct, such that there is no (< 2)-separation (A ,B)  
of G with Vl,V2,V 3 E A and [B - A I >_ 2. Then either G contains a tripod on 
Vl,V2,V3, or G can be drawn in a disc with Vl,V2,y 3 on the boundary. 

From (3.1), (3.4), (3.5) we deduce: 

(3.6) Let Vl, v2, v3 be mutually adjacent vertices of a 4-connected simple non-planar 
graph G. Let Z C_ V(G) with Vl,V2,V 3 E Z such that GIZ is not triangular. Then 
there is a 5-cluster 

{{Yl}, {Y2), { Y 3 } , X 1 , 2 2 }  

in G such that Z o X 1 , Z N X 2 r  

Proof. Since G is non-planar, it cannot be drawn in a disc with yl,V2,V3 on the 
boundary, and since G is 3-connected it follows from (3.5) that  there is a tr ipod on 
Vl, v2, v3. By (3.4) such a tr ipod can be chosen legless. Consequently, there are two 
triads T1,T2 on Vl,V2,V3, vertex-disjoint except for {vl,v2,v3}. By (3.1) we may 
assume that for i = 1,2,Ti is lean and there is only one Ti-flap. Consequently, we 
may choose T1, . . . ,Tn with n _> 2 maximum, such that  
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(1) T1,...,Tn are lean triads on Vl,V2,V3, mutually vertex-disjoint 
vl,v2,v3, such that for each i there is only one Ti-fla p. 

We deduce: 

(2) 

(3) 

except for 

For 1 < i < n, Z V(Ti) .  

As GIZ is not triangular, this follows from (3.2). 

If Z n V(Ti) r {Vl, v2, v3} for some i then the theorem is true. 

For let Z N V ( T 1 ) r  {vl,v2,v3}, say. Let X1 = V(T1) -  {vl,v2,v3} and X2 = 
V(G) - V(T1). Since there is only one Tl-flap, X2 is a fragment, and Z • X2 r 
by (2). Thus {{vl},{v2},{va},X1,X2} satisfes the theorem. This proves (3). 

We may assume therefore that  ZC~ V(Ti) = {Vl,V2,V3} for 1 < i < n. Let H = 
G \ {Vl,V2,V3} and S i = Ti \ {vl,v2,v3} (1 < i < n). Then H is connected, and 
$1, . . . ,Sn are mutually disjoint non-null connected subgraphs of it. 

(4) If there exist distinct j , J  with 1 <_ j , f  < n, and two disjoint paths P. P' of H 
such that 

(i) P has one end in Z, the other end in V(Sj), and no internM vertex in Si 
for any i, and 

(ii) pl has one end in Z, the other end in V(Sj,), and no internal vertex in 
Si for any i 

then the theorem holds. 

For P U Sj and p l  U @, are disjoint connected subgraphs of H,  and so there 

exist disjoint fragments X 1 , X  2 of H with V(PU Sj) C_ X1 and V(P' U Sj,) C_ X2, 
with X1 U X2 maximal. Since H is connected it follows that  X1X2 are adjacent, 
and so {{vl }, {v2 }, {v3 }, X1, X2 } satisfies the theorem. This proves (4). 

We assume therefore that  there do not exist P,P' as in (4). By Monger's 
theorem applied to the graph obtained from H by contracting all the edges of each 
Si, there is a separation (X ,Y)  of H with V(SlU.. .USa) c__X and ZnV(H)  C Y. so 
that  either tX N YI <- 1 or X n Y = V(Sj) for some j .  The latter is impossible since 
H \ V(Sj)  is connected, n ___ 2 and Z n V(H) r 0; and so I X n YI --- 1. Since LZI _> 5 
(because a lZ is not triangular) and hence tZ n V ( H ) I _  2, we deduce that  Igl _> 2 
and IX l_  I v ( s l u . . . u s ~ ) l  > n > 2. But H is connected, and so IXNY[ = 1 , X N Y  = 
{u}, say; and HIX is connected. Let T~+I be a triad in G with feet vl,v2,v3 and 
with V(Tn+I) C_ (Y-{u})U{Vl,V2,V3}; this exists since a is 4-connected and IYi _> 
2. By (3.1) we may choose Tn+l lean and so that  there is only one Tn+l-flap in G. 
because NIX is connected. But then T1, . . . ,Tn+l  contradict the choice of n. The 
result follows. I 

(3.7) Let G be a 5-connected simple non-apex graph with no K6-minor, let w E 
V(G), and let Z be the set of M1 neighbours of w. Let vl,v2,v3 E Z be distinct and 
mutudly adjacent. Then G I Z is triangular with respect to Vl, v2, v3. In particular, 
if G is 6-connected then w belongs to <_ 2 K4-subgraphs of G. 

Proof. Suppose that  G I Z is not triangular. By (3.6) applied to the 4-connected 
non-planar graph G \ w, there is a 5-cluster 

{{~O1 }, {~02}, {V3}, Xl~ X2} 
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in G \ w  such that ZNX1 ,  Z ~ X 2  r  But then 

{{W}, {Vl} , {V2} ; {V3} , x l , 2 2 }  

is a 6-cluster in G. a contradiction. Thus G I Z is triangular with respect to Vl, v2, v3. 
Now suppose that G is 6-connected. By (2.7), no edge of G is in _> 4 triangles, and 
so G IZ has maximum valency _< 3. Hence (ii) or (iii) holds in the definition of 
"triangular". If G I Z has _> 3 triangles, then (ii) holds and G I Z is isomorphic to 
K 4. contrary to (2.8). Thus G I Z has < 2 triangles, as required. | 

The relevance of (3.7) to our problem about Hadwiger's conjecture derives 
from the following result of Mader [9]; it will often be used in the remainder of the 
paper without explicit reference. 

(3.8) Every Hadwiger graph is 6-connected. 

4. N e a r l y - d i s j o i n t  K4's  

Let us say that X q V(G) is a 4-clique if IX] = 4 and every two vertices 
of X are adjacent. A consequence of (3.7) and (3.8) is that  in every non-apex 
Hadwiger graph, every vertex is in at most two 4-cliques. In this section we prove 
a complementary result, that there do not exist three 4-cliques pairwise meeting in 
< 2 vertices. 

First we need the following lemma. 

(4.1) Let xl,yl,zl,x2,Y2,Z2,x3,Y3,Z3 be distinct vertices of a 6-connected simple 
graph G, such that {xl,Yl~Z2,Z3}, {x2,Y2,Z3,Zl}, {x3,Y3,Zl,Z2} are 4-cliques. Sup- 
pose, moreover, that there is a partition X, Y of V(G) - {Zl, z2, z3 } with xl,  x2, x3 e 
X and Yl,Y2,Y3 E Y, such that xlyl,x2y2,x3Y3 are the only edges of G with one 
end in X and the other in Y. Then G has a K6-minor. 

Proof. Let Z = {zl,z2,z3}. 

(1) X . Y  are fragments, and we may assume that ]X],[Y] >4 .  

For if G [ X (say) is not connected, let D be a component of G [ X with 
z3 ~ V(D). Then (V(D) U {yI,y2,zl,z2,z3}, V(G) - Y(D) ) is a 5-separation of G; 
contradicting that G is 6-connected. Thus X , Y  are fragments. If ]X[ < 3 say, then 
X = {Xl ,X2,X3}.  Since xl  has valency _> 6 it is adjacent to x2,x3 and to every 
member of Z. and similarly for x2,x3; but then Z U {Xl ,X2,X3} is a 6-clique, as 
required. 

Let f~,f2,f3 be the edges with ends z2z3,z3z 1 and ZlZ2 respectively. 

(2) G \  { f l , f 2 , f3}  is not planar. 

For IE(G)[ > 31V(G)[ since G is 6-connected, and so IE (G\{ f l , f 2 , f 3 } ) l  > 
31v(a)J- 3: and (2) follows. 

Let C be the circuit of G formed by the six vertices z~,x2,z3,xl,Z2,X3 in that  
order. Let 

H = G I (X U Z) \ ({fl ,  f2, f3} tJ E(C)). 
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From (2), we may assume by exchanging X and Y that  H cannot be drawn 
in a disc with V(C) on the boundary in order. There is no (<_ 3)-separation (A,B) 
of H with V(C) q A r V(H), and so from [12, theorem (2.4)] (or from (2.4)), we 
deduce 

(3) There are disjoint paths P, Q of H with ends Pl,P2 and ql,q2 respectively, so 
that Pl,ql,p2,q2 E V(C) and occur in C in that order, and no other vertices of P 
or Q Be in C. 

(The requirement that  "no other vertices of P or Q lie in C" is satisfied by 
choosing P and Q with P U Q minimal.) Next, we claim 

(4) If P, Q can be chosen with 

{ P l , P 2 } N { x l , x 2 , x 3 } 7  ~ and { q l , q 2 } N { x l , x 2 , x 3 } r  

then G has a K6-minor. 

For if so, we may assume that  Pl = xl  and ql = x2. Then P2 r z2,z3, and so 
P2 E {zl,x3}, and similarly q2 E {z2,x3}. Choose disjoint fragments A,B  of G IX 
with V(P) - Z C A and V(Q) - Z c_ B, with AUB maximal. Since X is a fragment 
by (1), it follows that  AB are adjacent, and so by (1) again, 

{{zl }, {z2}, {z3}, A, B, Y} 

i s  a: 6-cluster in G as required. 
F r o m  (4), we may therefore assume that  Pl = zl,P2 = z2, ql = x3, and q2 E 

{tCl, 2:,3;N2}. 

(5) There are :two disjoint paths of H \  {Zl,Z2} from {Xl,za,x2 } to V(P) U {x3}. 

For if not, there is a (< 3)-separation (A,B) of H with Z U  {Xl,X2} C A and 
V(P)U{x3}  C_ B. Then (AUYU{x3},B)  is a (_< 4)-separation of G, and B r V(G), 
and so AUYU{x3} = V(G) since G is 6-connected; that  is, V ( H ) =  AU{x3}. Since 
V(P) C_ B - { x 3 }  C_ ANB and Iv(P)l_ 3 > IAnBI it follows that  V(P) = ANB, and 
so V(Q) n A N B = ~. Yet Q has one end in A and the other in B, a contradiction. 
The claim follows. 

From(5)  and the existence of Q, we deduce that  there are two disjoint paths of 
H \ { Z l , Z 2 }  from {Xl,Z3,X2} to  V(P)U{x3}, both with no internal vertex in P,  and 
one ending at x3, which we may as well choose Q to be. In other words, we may 
assume that  there is a pa th  R of H from {Xl,Za,x2} to some r C V(P) - {zl,z2}, 
with no vertex in P except r, with only one vertex in {xl,z3,x2}, and with no 
vertex in Q. I f R  has xl  or x2 as one end then we may choose P ,Q  to satisfy 
(4). Thus we may assume that  R has ends z3,r; and Q has ends Xl,X3, from the 
symmetry  between Xl and x2. 

(6) We may assume that there is a path S of H from x2 to some s E V(Q)-{Xl ,X3}  
with no vertex in Q except s, and disjoint from P U R. 

For let D be the component of G \ V ( C )  containing r. Since G is 6-connected, 
every vertex of C has a neighbour in V(D), and so there is a pa th  of H from x2 
to r and hence to V(P U Q u R) - V(C) with no vertex in C except x2. Let S be 
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a minimal such path,  with ends x2, s say. Then s r V ( P  U Q u R)  - V(C) ,  and no 
vertex of S except s is in V ( P U Q U R ) .  If  s E V ( P U R )  then P and Q can be chosen 
as in (4). We may therefore assume that  s r V(Q).  This proves (6). 

Let B be the component  of H \ V ( C U Q U S )  which contains r. The only vertices 
of G not in B which have a neighbour in B are in V(C)  U V(Q U S), and there are 
> 6 such vertices since G is 6-connected. Since 

IV(C) - V(Q U S)l = 3 

at least three of them are in Q u S. We may therefore assume from the symmetry  
between Xl,X2 and x3, that  there are two vertices u,v in Q with a neighbour in B, 
and v lies in the component of Q \ s containing x3, and u lies in Q between v and 
Xl (possibly u =  xl) .  Let A be the component of Q \ v  containing u,s and xl .  Then 
by (1), 

{{Zl}, {Z2}, {Z3}, V(B) ,  V ( A  U S), (V(O) - V(A) )  U Y }  

is a 6-cluster in G, and so G has a K6-minor, as required. | 

Secondly, we need Mader 's  "H-Wege" theorem [8], the following�9 We say S C_ 
V(G) is stable if no edge has both ends in S. 

(4.2) Let G be a graph, let S c V(G) be stable, and let k > 0 be an integer. Then 
exactly one of the following holds: 

(i) there are k paths of G, each with distinct ends both in S, such that each 
v E V(G) - S is in at  most one of the paths 

(ii) there exist W C_ V(G)  - S and a partition Y1,. . . ,  Yn of V(G) - (S U W) ,  
and for 1 < i < n a subset X i  C_ Yi, such tha-t 

l < i < n  

(b) no vertex in Yi - Xi  has a neighbour in V(G) - ( W  U Yi) 

(c) every path of G \ W with distinct ends both in S has an edge with 
both ends in Yi for some i. 

Let L1 , . . . ,L t  be subsets of V(G),  where G is a graph. A path  P of G with 
ends u,v is good if there exist distinct i , j  with 1 < i , j  <_ t such that  u ELi  and v r 
Lj.  From (4.2) we deduce: 

(4.3) Let G bE a graph, let L1 , . . . ,L t  be subsets of V(G),  and let k > 0 be an 
�9 \ %  . 

integer. Then exactly one of the following holds: 

(i) there are k good paths of G, mutuMly vertex-disjoint 

(ii) there exists W C_ V(G)  and a partition Y1,. . . ,  Yn of V(G) - W ,  and for 
1 < i < n a subset X i  G Yi, such that 

l < i < n  

(b) for 1 < i < n, no vertex in Yi - X i has a neighbour in V ( G) - (WUIQ), 
and Yir~LjC_Xi  for l <_j <<_t 
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(c) every good path P in G with V(P)  A W = ~ has an edge with both 
ends in Yi for some f. 

Proof. For 1 < i < t let si be a new vertex, and add s l , . . . , s  t to G, making si 
adjacent to all vertices in Li (1 ~_ i _~ t). Let S = {s l , . . . , s t} ,  and let the graph we 
construct be G I. Then (4.3) follows by (4.2) applied to G', S. | 

We use (4.3) to prove the following. 

(4.4) Let G be a simple, 6-connected non-apex graph with no K6-minor. Then there 
do not exist three 4-cliques L1, L2, L3 of G such that ILl n Lit ~ 2 (1 < i < j ~ 3). 

Proof. Suppose that  such L1,L2,L3 exist, and choose them with ILl U L2 U L31 
minimum. By (2.7), ILi A Ljl _~ 1 for 1 < i < j _ 3, and by (3.7) L1 n L2 N L3 = ~. 
Define "good" as before. 

(1) There do not exist 6 mutually disjoint good paths in G. 

For suppose such paths exist, P1, . . . ,P6 say. For 1 < i < i / ~_ 6, V(Pi) meets 
2 of L1,L2,L3, and so does V(Pi,), and so there exists j with 1 _~j < 3 such that 

V(Pi) D Lj ~ ~ 7! V(Pi,)N Lj. Consequently, a vertex of Pi is adjacent to a vertex 
of Pi', since G IL  j is complete. Hence {V(P1), . . . ,V(P6)} is a 6-cluster in G, a 
contradiction. 

From (4.3) we deduce 

(2) There exists W C_ V(G) and a partition YI, . . . ,Yn of V(G) - W (we permit 
Yi --- 0), and for 1 < i < n a subset Xi C_ Yi, such that 

ilJ (a) Iwl+  lxil <5 
l < i < : n  

(b) for I < i < n, no vertex in ]~ - Xi has a neighbour in V(G) - (W [2 Y~), 
and Y/n (L1 [2 L2 LJ L3) C Xi 

(iii) every good path disjoint from W has an edge with both ends in Y/ for 
some i. 

Choose W and Y1, . . . ,Yn,X1, . . . ,Xn as in (2) with W maximal. We may 
assume that  ]~ ~ 0 for each i since otherwise 3~ may be omitted. 

Define M = (L1AL2)[2(L2AL3)[2(L3AL1). Then ]M] <_ 3, from the hypothesis. 
If v E M, then v forms a 1-vertex good path, and so v E W by (2)(c). Consequently, 

(3) M C_W. 

We claim: 

(4) n>_2. 

For L1 [A L2 U L3 C W [2 X1 [2... [A Xn and ILl [2 L2 [2 L3[ =- 12 - [M I >_ 9, and 
IW[ < 5 by (2)(a). Thus, n > 1. Suppose that  n = 1. Then 

,w 
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but 

by (3), and so 

IWl + IX~l 2 ILl U L2 U L31 = 12 - IMI 2 12 - IW[, 

10 _> 2(IWI + L ~ l x l t J ) >  21wl-[-Ix1 ] - 1 _> 11, 

a contradiction. Thus 

(5) For l < i < n ,  lXil 

For suppose that 
X [  = X 1 -- {V}, Y1 / 

n > 2 .  

is odd. 

IX1[ is even, say. I f X l r  v E X l ,  let W ~ = W u { v } ,  
= Y 1 - { v } ,  and X~ = Xi ,Y(  = !// for 2 < i < n; then 

W',  X[ , . . . ,  X/n, Yl/,..., Yn / satisfy (2), contrary to the maximality of W. Hence 2 1  = 
0, and so (Y1 U W, II2 �9 U Yn U W) is a separation of G. But n > 2 by (4), and 
Y1,I/2 r 0, and so Y l U W b s  V(G) and Y 2 U . - - U Y n U W  r V(G). Since G is 
6-connected it follows that IWI > 6, contrary to (2)(a). This proves (5). 

For 1 < i < 3, let Zi be the union of the vertex sets of all paths P with 
V(P)  n W = 0 such that P has no edge with both ends in Yj for 1 _< j _< n, and 
V(P)  n L i 7~ O. 

(6) For 1 < i < 3, Li - W C_ & C_ V(G) - W, and Z1, Z2, Z3 are mutually disjoint. 

The first claim is immediate, and the second follows from (2)(c). 

(7) For l < i < 3 ,  Z i C _ X I  U . . . U X n  . 

For suppose that v E Z i N ( Y j - X j )  for s o m e j  with l < j < n .  Let P be a 
path of G \ W from v to Li such that for 1 < j _< n, no edge of P has both ends in 
Yj. Since V(P)  7~ {v} (because v ~ Li), there is an edge e of P incident with v. By 
(2)(b), both ends of e are in Yj, contrary to the choice of P.  The claim follows. 

(8) For 1 < i,i ~ <_ 3 with i 7 ~ i ~, every path of G \ W from Z i t 6 ~  >_ 2 vertices 
in Xj  for some j. 

Let Q be a path of G \ W  from v E Z1 to w E Z2, say. Let P be a path of G \ W  
from uEL1 to v, and let R be a path of G \ W  from w to xEL2,  such that  P and 
R both have no edge with both ends in Yj for any j (1 _< j < n). Let S _C P U Q u R 
be a path from u to x. Then S is good, and so there exists e E E(S)  with both ends 
in Yj for some j .  By the choice of P and R, e ~ E(P)  U E(R),  and so e E E(Q). 
Hence Q has > 2 
and w E Z2 C X1 
Xj,  as required. 

(9) F o r l < i < 3 ,  

For suppose 

vertices in Yj. But Q has ends v,w, and v E Z1 C X1 U. . .  U Xn 
U... U Xn by (7). Thus by (2)(b), Q has at least two vertices in 

1 i 5-1Wl. 
that  ]Zll  _> 6 -- IW[, say. Now IL2 UL3] _> 7, and so 

I L 2 U L 3 - W I > 7 - 1 W I  > 6 - 1 w I  . 
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But G \ W  is (6- IWI)-connected ,  and so there are 6 - I W l  paths Pi (1 < i < 6 - J W I )  
of G \ W  from Z1 to L 2 U L 3 - W ,  mutually disjoint. By (8) each Pi has two vertices 
in some Xj,  and so 

l <_j~_n 

contrary to (2)(a). 

(10) IWl <_ a. 
For by (9) and (6), 

12 = ~[] lLil _ ~ (IZ~l § ILi n Wi) _< 3(5 - IWl) § 21Wl = 15 - IWl. 
1 < i < 3  1 < i < 3  

The claim follows. 
Let Zo = V(G) - (W U Z1 U Z2 U Z3). Then Zo, Z1, Z2, Z3, W is a parti t ion of 

v(a). 
(11) If u, v E Y(G) - W are adjacent, then either u,v E Zi for some i (0 < i < 3) or 
u, v E Yj for some j (1 <_ j <_ n). 

For suppose tha t  u E Z1NY1 and v E ]#2, say, and e E E(G) has ends u,v. Then 
e does not have both ends in Yj for 1 < j < n, and so v E Z1 (since u E Z1) by 
definition of Z1, as required. 

(12) For l < j < n ,  i f lWUXjI<_5 thenXj=Y# .  

For suppose that  Xj r Yj. Since (W U ]~, V(G) - (Yj - Xj)) is a separation of 
G and V(G) " (Yj - Xj )  r V(G) (siflce Xj r Yj) and W U Yj r V(G) (since n > 2 
by (4)) and G is 6-connected, it follows that  IW u X#I > 6, as required. 

( la)  IXjl >__3 rot l < j _ < n .  

Reorder the indices so that  IXjl _> 3 for 1 < j < m and IXj[ = ] for m < j <_ n. 
By (10) and (12), Xj = Yj for m < j < n. Let U = Xm+l U...  U Xn, and suppose 
that  0 < i < 3 and Zi N U r ~. Let N be the set of vertices in V(G) - (Zi N U) with 
a neighbour in Zi n U. If v E N - (W U Zi), le t  v be adjacent to u E Zi N U; by (11) 
there exists j with 1 < j  < n such that  u,v E Yj, and so ]Yj] >_ 2 and hence j < m, 
contradicting that  u E U. There is therefore no such v, and so N C_ W U Zi. Now 
for all i I with 1 < i ~ < 3, 

O • V(Li,) - W c_ Zi, 
by (6) and (10); and consequently WUZi 7 ~ V(G). Since G is 6-connected, it follows 
that  INI >_ 6, and so i = 0 by (9). In particular, N and Z1 U Z2 U Z3 are disjoint 
subsets of W U X1 U ... U Xm. Consequently 

IN[+ ~ [Zi] <_ ]WI + ~ [Xj]. 
1<i<:3 1 ~j<:_m 

But INI >_ 6, 

Z ]ZiI >_ ~ I L l - W ]  >12-2[W] ,  
1~i~_3 1 < i < 3  
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and by (2), 

and so 

llJ E [XJ I ~- 3 E ~IXJ ] <- 3(5 - IWl ) ;  
l<j<_m l<j<_m 

6 + ( 1 2 -  2lWl) < IWI + (15 - 31W]) , 
a contradiction. This proves (13). 

(14) IX1 U... UXn - (L1UL2 UL3 - W)I _< 3+  ]M] -  2]W], with strict inequality K 
]Xjl > 3 for some j. 

For let s = IX1 U...  U Xn - (L1 U L2 U L3 - W) I. Then 

IX1 U. . .  UXn[ _> s + 1 2 -  ]M[ - IW]. 

But lX j l<3[ l l x j ]J  for 1 < j_<n,  and so 

llJ 
3 E ~[XJ I >- E IXJ I > - s+12- IMI - IW[ '  

l<j<n l<j<n 

with strict inequality if IXjl >.3 for some j.  From (2)(a), we deduce that 

3 ( 5  - j w ] )  > s + 12 - IMI - J w I ,  

that is, s < 3 + ]M I - 2]WI; and again with strict inequality if [Xjl > 3 for some j,  
as required. 

(15) For l < j < n  and l < i < 3 , 1 Z i n X j l < l l x j l .  

For suppose that IZl ClXll _> [Xll. Since X1 # 0 by (5), there exists v ~ 

Z1 ClX1. Since IL2 UL3 - W I _> IL2 u L a l -  IwI _> 7 - I w I ,  and G \  W is (6 - IWI)-  
connected, there are 6 -  IWI paths of G \ W between Zl and L2 U L 3 -  W, disjoint 
except possibly for v. Choose them with no internal vertex in Zl. Each has two 
vertices in Xj for some j,  by (8); but at most 

of them have two vertices in Xj for some j~t l .  Thus at least 1+ [~IXll ] of them 

have two vertices in X1. But each has only one vertex in Zl, and so has a vertex in 
X1 which does not belong to Zl; and all these vertices are different. Consequently, 

IX1- ZII >- I-}- [~IX1]J 

and the result follows. 
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(16) IWI ~ 2. 
For suppose that  ]W[ _> 3. By (14), 3 + ]M I - 2]W[ _> 0 and by (3), ]W I >_ ]MI; 

and so W - - M ,  and IWl--3. By (13) and (14), [Xjl = 3  for all j ,  and 

X1 U. . .  U Xn = L1 U L 2 U L 3 - W. 

But I L 1 U L 2 U L 3 - W [ = 6  since I W I = 3  and W = M ,  and so n=2.  For i = 1, 2, 3, 
by (15) and (7), [ZiAXll  = 1  and IZiNX21=I,  and so [Zil =2 .  Since n i - w c _ z i  
and ILl U L2 U L 3 - W I = 6 it follows that  Zi = Li - W for 1 < i < 3. This contradicts 
(4.1) (using (11)). 

(17) For l < j < n ,  i f l X j l = 3  then Y j = X j .  

This follows from (12) since IWUXj] < 5  by (16). 

(18) For 1 < j -< n, i[tXjt = 3  then X j  nZ0 =0 .  

For suppose that  IXII= 3, say, and v E X1 N Z0. By (17), Y1 = X1, and so by 
(11), all neighbours of v belong to X1 U W U (Z0 N (X2 U. . .  U Xn)). But by (14), 
IZoN(X1 U.. .UXn)I <_ IX1 U...O X n -  ( L I U L 2 U L  3 -  W)I__53+IMI-21WI, and 
so v has at most 

3 + IMI - 21W l - IZ0 n X l l  
neighbours not in X1 U W; and hence it has <_ 5 + [M I - IWI - IZ0 n X1] neighbours 
altogether. But IZoNXl l  _> 0 and IMI _< 1WI, and so v has valency _< 5, a 
contradiction. This proves (18). 

(19) ]Xj I>5  [ o r l < j < n .  

For suppose IxlI--3 say. By (18), X1 n Z 0 = 0, and so by (15), I Zi n X I I =  1 
for 1 < i < 3. By (17), ]I1 = Z l .  Let X 1 --  {vl,v2,v3} where vi E Zi (1 5 i < 3). Let 
1 < i < 3. By (11) every neighbour of vi is in WUX1UZi;  and by (9) [Zil _< 5 - I W I  . 

Consequently, IW u Xl  u Zit g IWl + IZil + IX1 - Zil <_ 7. 

Since v i has valency >_ 6, it follows that  v i is adjacent to every vertex in WUX1UZi 
except vi. Suppose for a contradiction that  w E W, and let L0 = X1 U {w}; then L0 
is a 4-clique. Now Lo ?~ L1,L2,L3 since L o -  W ~= Z1,Z2,Z3, and so w belongs to 
at most two of Lo,L1,L2,L3, by (3.7). Consequently, w ~ M ,  and so M=O. From 
the minimality of Lz U L2 U L3, it follows that  L0 N L i --- 0 for ] < i < 3, and so 
X1 N Li = (~ for 1 < i < 3, and w ~ L1 U L2 U L3; indeed, W n (L1 U L2 U L3) = 0. Thus 

E [Xil >- [Xll + ILl UL2 UL3[ = 15, 

and so E ~ l I x / d  _>5; yet W ~ 0 ,  contrary to (2)(a). It follows that W : 0 .  Now 
L-- A 

for 1 < i < 3, vi is adjacent to every other vertex of Zi U X1, as we saw; and [Zil = 
5. Hence IZ1 U Z2 U Z31 = 15. But by (14), 

IXI U. . .  U Xnt <_ 3 + IL1U L2 U L3} =15 

and so we have equality throughout. In particular IX1 U ... U Xnl = 15, and 
each IXi] = 3 since we have equality in (14). Hence n = 5. Since L1 C_ Z1 and 
]LII=4,  we may assume that  Vl ~ L1, by the symmetry between X1,.. . ,Xb; but 
then G] (L1 U {Vl}) is isomorphic to Ks,  contrary to (2.8). This proves (19). 
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( 2 0 )  n = 2. 

F o r n > _ 2 b y ( 4 ) . B u t b y ( 2 ) ( a ) , E [ l l x i l J < 6 ,  andson<_2by(19) .  

(21) X 1 U X 2 = L 1 U L 2 U L 3 - W ,  a n d W = M ,  a n d [ W [ < I .  

For let s = IX1 U X2 - (L1 U L2 U L3 - W)[. As in (14), 

[Xl U )s >_ s + 12 - [M] - lW]. 

By (19), for j = 1,2, 

IX l<  IXjl , 

and so from (2)(a), 

( 5 - [ W [ ) _ > ~  ]Xll + 5  IX2] > [ X 1 U X 2 [ > _ s + 1 2 - I M ] - I W I ,  

that is, 

2s _< 1 - 2(IWl- ]M[) - [ W [ .  
Hence s=O, and [W[ = ]M[ _< 1, as required. 

(22) w = 0. 

For, if W # ~, then by (21), ]W[ = 1, [M[ = 1, and hence IX1 UX21 = 10 by (21) 
again. By (19), [Xl[ = IX2[ = 5. Let X i = {ai,bi,ci,di,ei} (i = 1,2), and W = {w}. 
Then by (15), we may assume that  L1 = {al,bl,a2,w}, L2 = {Cl,b2,c2,w}, L3 = 
{dl, el, d2, e2 }. Since G is 6-connected, G \ {w, a2, Cl, dl, el } is connected; and since 
Y1 UY2 U {w} = V(G), there exists Ul EY1 - {cl ,dl ,el}  and u2 EY2 - {a2} so that  
UlU2 are adjacent. By (2)(b), ul E X1 and u2 E X2; hence Ul E {al,bl}, and u2 E 
{/>2, c2, d2, e2}. But this contradicts (11). Hence W = 0, as required. 

By (21) and (22), IX1 U X2[ -- 12, and so we may assume that  
IXI[ = 5 and ]X2[ = 7. By (12) ]I1 = X1. Let X1 = {al ,bl ,cl ,dl ,el} ,  
X2 = {a2,b~,c2,d2,e2,f2,92}. By (15) we may assume that L1 = {al,bl,a2,b2}, 
L2 = {cl,dl,c2,d2}, L3 = {el,e2,f2,g2}. Now by (7), Z1 = {al,bl,a2,b2}, and so 
[Z1 U XI[= 7. Hence by (11), al,bl are both adjacent to every other vertex in X1, 
and similarly so are Cl,dl. But then G IX1 is isomorphic to Ks, contrary to (2.8). ] 

Let us say two 4-cliques L1,L2 in G are close if ILl QL2[ >3.  Then we have 

(4.5) Let G be 6-connected, simple, and non-apex, with no K6-minor. Then 
(i) closeness is an equivalence relation on 4-cliques 

(ii) each equivalence class has <_ 2 members 
(iii) there are <_ 2 equivalence classes 
(iv) there are <_ 10 vertices in 4-cliques. 

Proof. (i) follows from (2.7), and (ii) from (3.7), and (iii) from (4.4). To deduce 
(iv), we see that  from (ii), each equivalence class has < 2 members and the union 
of its members has cardinality _< 5; and so (iv) follows from (iii). I 
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5. Ve r t i c e s  o f  v a l e n c y  6 

So far, our results have been about non-apex 6-connected graphs with no K6- 
minor. However, now we need to use some further properties of Hadwiger graphs. 
We shall need the following throughout the paper. 

(5.1) Let G be a Hadwiger graph, and let X 1 , . . . , X  k be disjoint fragments of G. 
Let Z C_ X 1 U  ... U X k with Z r O such that Xi  - Z is stable for l < i < k. Then 
there is a 5-colouring r of G \ Z  such that for 1 < i < k,r  = r for all x ,y  E 
X i  - Z, and such that for 1 < i < j < k, i f  X i X j  are adjacent then r r r for 
x E X i - Z  a n d y E X j - Z .  

Proof. We may assume that  IXil > 2 for some i, since otherwise the result is clear. 
Let H be obtained from G by contracting all edges of G IXi  for 1 < i < k. Since H 
is a loopless minor of G and ]V(H)I < IV(G)I, there is a 5-colouring r of H.  For 
v E V(G)  - Z, let u be the corresponding vertex of H,  and define r = r  then 
r satisfies (5.1). I 

The first application of (5.1) is the following. 

(5.2) Let G be a Hadwiger graph, let v E V(G),  and let N be the set of neighbours 
of v. Then G I N  has no stable set of cardinality IN I - 3. 

Proof. Suppose that  A C N is stable and IAI = IN I - 3, and choose a E A. By (5.1) 
with X1 -- A U {v}, there is a 5-colouring r of G \ v such that  r = r for all 
u E A. Choose a E (1 , . . . ,5 )  With a r r162162162 where Y - A = {b,c,d}. 
Then setting r = a defines a 5-colouring of G, a contradiction. I 

Fig. 1. A diamond 

We call graphs isomorphic to the six-vertex graph shown in figure 1 diamonds. 
The next result was also proved by J. Mayer [10, 11]. 

(5.~) Let v be a 6-valent vertex of a non-apex Hadwiger graph G, and let N be the 
set of neighbours of v. Then G I N  has exactly two triangles, and either G I N  is a 
diamond, or the two triangles are disjoint. In particular v belongs to exactly two 
4-cliques, and every edge incident with v is in >_ 2 triangles of G. 

Proof. Let N = (vl , . . . ,v6}.  By (2.7) each edge of G is in < 3 triangles, and so 
G I N has maximum valency < 3. By (5.2), G [ N has no stable set of cardinality 
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3, and hence it has a triangle by Ramsey's theorem, with vertex set {Vl,V2,V3} 
say. Suppose first that  some two of v4,vh,v 6 are not adjacent, say V4Vh. Since 
G I N has no 4-clique by (2.8) and no stable set of cardinality 3, we may assume 
that  VlV4,V2V4 and v3v5 are adjacent. Since G I N  has maximum valency ___ 3, 
VlVh,VlV6,V2Vh~V2V6,V3V 4 and v3v 6 are non-adjacent. Hence v4v 6 and VhV6 are 
adjacent and G I N  is a diamond. We may assume therefore that  V4Vh,VhV 6 and 
v4v 6 are all adjacent. Since G I N has maximum valency _< 3 it has exactly two 
triangles and again the result is true. | 

(5.4) Let  G be a non-apex Hadwiger graph, and let u ,v  E V(G)  be adjacent, with 
the edge uv in >_ 3 triangles. I f  u has valency 6 then v has valency >_ 8. 

Proof. By (2.7), uv is in exactly three triangles; let the neighbours of u be 
Xl,X2,X3,V,Ul,U 2 where Xl ,X2,x  3 are adjacent to v. Since G has no Kh-subgraph 
by (2.8), we may assume that  XlX2 are non-adjacent. 

By (5.2), {Xl ,X2,X3} is not stable, and so x3 is adjacent to Xl or to x2; and so 
we may assume x2x  3 are adjacent. Since ux3 is in < 3 triangles by (2.7), not both 
ul  and u2 are adjacent to x3, and so we may assume that  u lx  3 are non-adjacent. 
We suppose that  v has valency < 7. Let N be the set of two or three neighbours of 
v different from U, Xl,X2,X 3. 

(1) INI = 3  and each y e N  is adjacent to one of  Xl,X2. 

For otherwise we may choose A C_ {Xl,X2} U N ,  stable, with Xl,X2 E A and 
with IN - A I _< 2. By (5.1) with X1 = A U {v}, X2 = {u l ,u ,  x3} and Z = {u,v}, 
there is a 5-colouring r of G \  {u ,v}  such that  r = r and r -- r for 
all y E A. Choose a l  E {1,. . . ,5} with a l r  r162  and r for all y �9 N - A; 
and choose a2 �9 {1,. . . ,  5} with a2 r a l ,  r r r Setting r = a 2 and 
r = a l  defines a 5-colouring of G, a contradiction. This proves (1). 

Let N = {v l ,v2 ,v3} .  Since x2x  3 are adjacent, and vx2 is in < 3 triangles, 
it follows that  at most one of Vl,V2,V 3 is adjacent to x2; and since VXl is in < 3 
triangles, at most two of Vl,V2,V 3 are adjacent to Xl. By (1) we may therefore 
assume that  VlXl,V2Xl,V3X 2 are adjacent, and hence v lx2 ,v2x2 ,v3x  1 are non- 
adjacent. Since VXl is in < 3 triangles, x l x 3  are non-adjacent. By (1) with x2 
and x3 exchanged, v3x 3 are adjacent, and VlX3,v2x 3 are therefore non-adjacent 
since vx3 is in < 3  triangles. 

Since {u ,v , x2 ,x3}  and {v ,x2 ,x3 ,v3}  are 4-cliques, it follows that  { v , x l , v l , v 2 }  
is not a 4-clique, because v is in -< 2 4-cliques by (3.7). Hence vlv2 are not adjacent, 
and so {v l , v2 ,x2}  is stable. By (5.1) with X1 = {Vl,V2,X2,V} and X2 = {Xl,X3,U}, 
there is a 5-colouring r of G \ {u ,v}  such that  r = r = r and r = 
r Choose (~1 �9 {1,. . . ,5} with a l  r r162162162 and choose a2 �9 
{1,. . . ,5} with a2 r C~l,r162162 then setting r -- a l  and r -- a2 
defines a 5-colouring of G, a contradiction. | 

(5.5) Let  G be a non-apex Hadwiger graph; then every 4-clique of  G contains at 
most  one 6-yalent vertex. 

Proof. Let {U,V,Xl ,X2} be a 4-clique, and suppose that  u,v  are both 6-valent. By 
(5.4) uv is in exactly 2 triangles. Let the neighbours of u be V,Xl,X2,Ul,U2,U3, and 
let the neighbours of v be u, x l , x2 ,v l ,V2 ,V  3 where Ul,U2,U 3 ~s Vl,V2,V 3. By (5.2), 
{Ul,U2, v} is not stable, and so UlU2 are adjacent, and similarly UlU 3 and u2u 3 are 
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adjacent. Hence (U,Ul,U2,U3} is a 4-clique, and similarly so is (V,Vl,V2,V3}, and 
so is (u,v, xl ,x2},  contrary to (4.4). | 

We deduce 

(5.6) Let G be a non-apex Hadwiger graph. Then at most two vertices of G have 
valency 6, and a11 others have valency > 7. 

Proof. By (5.3) every 6-valent vertex belongs to two 4-cliques, and by (5.5) every 
4-clique contains at most one 6-vaient vertex. From (4.5) there are at most four 
4-cliques, and the result follows. | 

This concludes step 1 of the proof sketched in the introduction. 

6. S e p a r a t i o n s  o f  o r d e r  6 

The second step in the main proof is to show that  every non-apex Hadwiger 
graph is 7-r except for its (< 2) 6-valent vertices. In this section, we begin 
to investigate possible 6-separations. First, we need a trivial strengthening of a 
result of Mader [7]. 

(6.1) I f  G is a simple graph with ]V(G)I >_ 4 and with no g6-minor, then IE(G)I <_ 
41V(G)I-  10. Moreover, i f  equality holds and ]V(G)I >_ 5 then every edge of G is in 
:> 3 triangles. 

Proof. The inequality was proved by Mader [7]. Suppose that  equality holds and 
IV(G)[ > 5, and let e e E(G) be in T triangles. Form H from G by contracting e 
and deleting the T parallel edges that  result; then 

IE(H)I = IE(G)] - T -  1 = (4IV(G)] - 10) - T -  1. 

From Mader's inequality applied to H,  

IE(H)I <_ 4 1 Y ( g ) l -  10 = 41V(G)I -  14, 

and so T > 3, as required. | 

The following result is mainly for reassurance. 

(6.2) Every non-apex Hadwiger graph has > 18 vertices. 

Proof. Let G be a non-apex Hadwiger graph with n vertices. By (5.6), 21E(G)I > 
7n - 2; but by (6.1), IE(G)I < 4n - 10. Hence 2(4n - 10) > 7n - 2, and so n > 18. | 

(6.$) Let (A,B)  be a 6-separation of a non-apex Hadwiger graph G, with 
I A - B  1>_2 and ] B - A  I_>1. T h e n l A - B  1>5. 

Proof. Suppose first that  IA-BI  = 2 , A - B  = {al,a2} say. Since a l ,a2  have valency 
> 6 there are > 4 vertices in A A B adjacent to both al  and a2. By (2.7), ala2 are 
non-adjacent; and so al  and a2 are 6-valent and both are adjacent to every vertex 
in A N B .  By (5.3), G I A n B  has a triangle, with vertex set {vl,v2,v3} say. Let C 
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be a component of G ] (B - A). Since G is 6-connected, every vertex in A ;3 B has 
a neighbour in C. Let v4,v5 E A (3 B - { V l , V 2 , V 3 }  be distinct. Then 

{{Vl}, {v2}, {v3}, {el, v4}, {a2, Vh}, V(C)} 

is a 6-cluster in G, a contradiction. 
Consequently, IA - B I > 3, and so by (5.6) there is a vertex al  �9 A - B with 

valency > 7. It therefore has a neighbour a2 in A - B. Since A - {al,a2} contains 
every neighbour of al  except a2, and every neighbour of a2 except al ,  it follows 
that  the edge ala2 is in at least ~(al) + 6(a2) - IAI triangles, where 6(ai) denotes 
the valency of ai. By (2.7), 3 + IAI _> 6(al) + ~i(a2), and if equality holds, then by 
(5.4), ~ ( a l ) +  6(a2) > 14. Since in any case, 6(a l )+  6(a2) > 13, we deduce that  
3 + IAI > 14, that  is, IA - B I > 5, as required. | 

If (A, B) is a separation of G, we define ~(A, B) to be the maximum h such that  
there exist IA N B I disjoint fragments X i (1 < i < IA e BI) of G I B, each containing 
one vertex of A ;3 B, and there are h pairs i , j  with 1 < i < j < IA ;3 B I and X i X j  
adjacent. 

(6.4) Let (A, B) be a separation of a simple graph G of order k > 4, let v �9 B - A, 
and let there be k paths of G ] B between v and A ;3 B, mutually disjoint except 
for v. Suppose that  there is no separation (C,D) of G I B with C e D  = {v} and 
IC ;3 A I, ID N A I -> 2. Then ~( A, B ) > 2k - 3; and i f  there is a circuit in G I A N B of 
length < k, then 7/(A, B) > 2k - 2. 

Proof. Let $~ be a set of k paths of G I B from v to ANB, mutually disjoint except for 
v. Since k > 4, we may partition ~ into two sets ~1 ,~2  both of cardinality > 2; and 
from the non-existence of (C, D) as in the theorem, there is a path of G I (B - {v}) 
from some member of 3D1 to some member of ~2- Consequently, there exists P1 �9 3~ 
such that  there is a path of G I (B - {v}) from V(P1) to 

U ( Y ( P )  : P �9 ~ - {P1}) - {v}. 

Define X1 = V(P1)-{v} .  We define X2,. . . ,  Xk-1  and P2,.. . ,  Pk-1 �9 Sa inductively, 
as follows. Suppose that  2 < j  < k - 1 ,  and we have defined fragments X1 , . . . ,X j -1  
and paths P1, . . - ,P j -1  �9 ~ ,  in such a way that  X1 , . . . ,X j_ I  C B - {v} and are 
mutually disjoint, and V(Pi)  - {v} C Xi  for 1 < i < j - 1, and for 2 < i < j - 1 some 
vertex of Xi  is adjacent to a vertex in X1 U...  UXi-1.  We shall define X j , P j  using 
(1). 

(1) There is a path Q o fG  I (B - {v}) from 

U ( V ( P )  : P �9 ~ - {P1, . . . ,  Pj-1}) - {v} 

to X1 U ... [J X j - 1 .  

For if not, then j > 3 (from our choice of P1), and there is a separation (C,D) 
of G ] B with C N D = {v}, X1 U. . .  U X j - 1  C_ C, and V(P)  C D for all P �9 
: P -  {P1, . . . ,Pj-1}.  Since j > 3 it follows that  ]CeA] > j  - 1 > 2; and since j < k it 
follows that  

] D e A  I -> I ~ - { P 1 , . . . , P j _ I } I  = k -  ( j -  1) _>2. 
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But then (C,D) contradicts the hypothesis. This proves (1). 
To complete the definition of X j  and Pj, choose Q as in (1) with Q minimal, 

with ends a,b, where a �9 V (P j )  for some Pj �9 ~ - { P1 , . . . ,P j_ I }  and b �9 X l  [A 
�9 .. [2 X j - 1 .  Define X j  = V(P j  [A Q ) -  {b,v}. This completes the definition of X j  
and Pj. We see that  X j  is disjoint from X 1 , . . . , X  j - l ,  that  X j  is a fragment, 
that  V ( P j ) -  {v} C_ Xj ,  and that  some vertex in X j  is adjacent to a vertex in 
xl u...uxj_l. 

Let { P k } - - ~ - { P 1 , . . . , P k - 1 } ,  and let Z k - - Y ( P k ) .  Since v �9 Z k it follows 
that  X i X k  are adjacent for 1 < i < k - 1; and for 2 < j _< k -  1 there exists i with 1 _< 
i < j such tha t  X i X j  are adjacent. Consequently, there are >_ 2k - 3 adjacent pairs 
altogether, and so ~(A, B) >_ 2k - 3. This proves the first claim of the theorem. 

For the second, suppose tha t  vl , . . . ,Vh �9 A N B are the vertices of a circuit in 
order, where h < k. Choose ~ as before, and for 1 < i < h let Pi �9 ~ have ends v, vi. 
Then setting Xi  = V(Pi)  - {v} for 1 < i < h satisfies the conditions of the inductive 
definition, and so we may choose X h + l , . . . , X k  as before. Then, as before, there are 
> 2k - 3 pairs i , j  with 1 < i < j _< k such that  X i X j  are adjacent, counting only 
one pair i , j  for each value of j < k. But for j -- h, there are two pairs i , j  namely 
1,j  and j - 1,j;  and so in total  there are > 2k - 2 pairs. | 

(6.5) Let (A, B)  be a k-separation with k > 6 of a non-apex Hadwiger graph G, and 
let Z C_ A ~ B with IZ[ = z >_ 2. ,Define 6 = 0 i f  some vertex in A - B has valency 6, 
and 6 = 1 otherwise. Define ~ -= 0 i f  every vertex in Z has < 2 neighbours in A - B 
and there are <<_ z vertices in A - B with a neighbour in Z, and s = 1 otherwise. 
Then either 

(i) some vertex in Z has at most one neighbour in A - B,  or 

(ii) ~(A, B) + z + 6 + c < 4k - 12, or 

(iii) there are two 6-valent vertices in A -  B both with no neighbour in A - B ,  
o r  

(iv) let H be the subgraph of G with V ( H )  = ( A -  B ) U  Z and with E ( H )  --- 
E ( G  [ V ( H ) ) - E ( G  I Z); then H cannot be drawn in a plane so that every 
vertex in Z is incident with the infinite region. 

Proof. We assume that  (i), (iii) and (iv) are false. Let [ A -  B[ = n. Let there be a 
edges of G with both ends in A - B, fl edges with one end in A - B and the other 
in Z, and 7 with one end in A -  B and the other in AN B -  Z. Define r  0 if some 
edge of G with both ends in A - B is in _< 2 triangles, and e / =  1 otherwise. 

(1) 2 a + f l + V > _ 7 n + 6 + r  

For suppose the inequality is false. Then, if 6(v) denotes the valency of a vertex 
v, we have 

Z ( 6 ( v )  v S A - B ) - - 2 a + ~ + 7 < _ 7 n + 6 + e ' - 3 .  

Hence some vertex in A - B has valency 6, and so 6 -- 0. Therefore, from the same 
inequality, at least two vertices a l , a2  in A -  B have valency 6, and by (5.6) all 
other vertices in A -  B are 7-valent. Since (iii) is false, we may assume that  a l  has 
a neighbour a3 �9 A - B. Then a3 is 6- or 7-valent, and so by (5.4), ala3 is in < 2 
triangles; and hence e ' =  0, and the inequality of (1) holds. 
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(2) a - ~ ( A , B )  > 3 n - 4 k + 5 + 9 .  

For let X1, . . . ,Xk be disjoint fragments of G IB each containing one vertex of 
A N B, such that  X i X j  are adjacent for ~?(A,B) pairs i , j  with 1 < i < j _< k. Let 
J be obtained from G by deleting all vertices in B - X1 U. . .  U Xk, contracting all 
edges with both ends in Xi for 1 < i < k, and deleting any parallel edges. Then J is 
simple, and has n + k  vertices and a + / 3 + 7 + ~ ( A , B  ) edges. Since k > 6, it follows 
from (6.1) that  

a +/3 + 7 + ~/(A, B) _< 4(n + k) - 10 

with equality only if every edge of J is in _> 3 triangles. In particular if c' = 0 then 
equality does not hold, and so 

a + / 3 + 7 + q ( A , B )  <_ 4 ( n +  k) - 11 + e ' .  

Then (2) follows from (1) by subtracting. 

(3) a < _ 3 n - z - 3 - e .  

For let H be as in (iv); since (!) and (iv) are false, H can be drawn in the plane 
so that  every vertex in Z is incident with the infinite region, and every vertex in Z 
has valency > 2 in H.  Let there be z + z'  vertices incident with the infinite region 
in the drawing of H.  Since Z is stable in H,  we may add 2z - 3 new edges to H 
joining pairs of vertices in Z so that  the result, H '  say, is still simple and planar. 
Consequently, 

IE(H)I + 2 z -  3 = IE(H')I < 3 ( n +  z) - 6, 

and so IE(H)[ _< 3n + z - 3. Also, since every vertex in Z has _> 2 neighbours in 
A - B, it follows that  /3 _> 2z. Suppose that  we have equality in both; that is, 
IE(H) I= 3n + z -  3 and/3 = 2z. It follows that  H I is a planar triangulation, and so 
z I _< z; but also, every vertex in A - B with a neighbour in Z is incident with the 
infinite region since every vertex in Z is 2-valent (because/3--2z) ,  and so there are 
< z' < z such vertices. Hence if we have equality in both inequalities then e -- 0; 
and so, 

( 3 n + z - 3 - 1 E ( H ) l ) + ( ~ - 2 z ) > r  

Since IE(H) I = a + ~ this proves (3). 
By combining (2) and (3), we deduce that  (ii) holds. | 

(6.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a 6-separation with 
IA - B I >_ 2 and IB - A I >_ 2. Let A A B = {Vl,..., v6}, and let H be the subgraph of 
G with V(H) = A -  {v5,v6} and E(H) = E ( G I V ( H ) )  - E ( G l { v l , . . . , v 4 }  ). Then 
there is a duster in H traversing {Vl,V2,V3,V4}. 
Proof. We proceed by induction on IAI. 

(1) We may assume that Vl,...,v4 all have valency >_ 2 in H. 

For suppose that  for some v E A - B , V l  has no neighbour in A-(BU{v}) .  Then 
(A-{vl} ,  BU{v})is a 6-separation of G, and ](A-{vl})-(BU{v})l  >_ 2 since I A-BI  > 
3 by (6.3). From the inductive hypothesis there is a 4-cluster {X1,X2,X3,X4} of 
H \ v l  with v 6 X1 and vi 6 Xi (i -- 2, 3, 4). But then {X1 t3 {vz }, X2, X3, X4 } satisfies 
the theorem. This proves (1). 
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(2) We may assume that there is no trisection (C1,C2,D) of H of order 2 with 

I ( q  - D) n  4}1 -- I(C2 - D) n {Vl, . .  , , v 4 } [  = 1. 

For suppose that  C1,C2,D is such a trisection, with vl E C 1 - D,v2 E C2 - D, 
and v3, v4 e D say. Let C1 n C2 N D --- {al, a2 }: Since (C1, C2 U D) is a 2-separation 
of H, it follows that  (C1 U {vh, v6}, C2 U DUB) is a 5-separation of G. Consequently, 
C2 U D U B = V(G), and similarly C1 U D U B = V(G). Hence D = (A - B) U {v3, v4 }. 
Since Vl E C1 - D and vl has two neighbours in A - B which therefore belong to 
C1, it follows that hi,a2 E A -  B, and al,a2 are both adjacent to vl; and similarly 
they are both adjacent to v2. Now (B U { a l , a 2 } , A -  {Vl,V2}) is a 6-separation of 
G, and 

] ( A -  {vl,v2}) - (B U {al,a2})I >_ 2 
since ]A - B I > 4 by (6.3). From the inductive hypothesis, there is a 4-cluster 
{X1,X2,X3,X4} of H \ {vl,v2} with al  E Xl ,a2 E X2, v3 �9 X3,v4 �9 X4; but then 

u x2  u {v2}, x3 ,  z 4 }  

satisfies the theorem. This proves (2). 

(3) There is no (_< 3)-separation (C,D) of H with vl , . . . ,v4 �9 C, ]D - C I _> 2, and 
]{Vl,...,v4} n D] < 2. 

For if (C, D) is such a separation, then (CUB, DU{vh, v6}) is a (~ 5)-separation 
of G, and yet B U C ~ V(G) since ID - C I > 1, a contradiction. This proves (3). 

(4) 71(A,B ) >_ 9. 

Let us apply (6.4), taking k = 6. Choose v �9 B - A arbitrarily; then by the 6- 
connectivity of G, the k paths of (6.4) exist. We claim there is no separation (C, D) 
of G IB with C A D  = {v} and ]CAA], [D n A[ > 2. For suppose that  (C,D) is such 
a separation. Then (C U A,D) is a separation of G, of order 

IC n DI + lAND[ = l e N D  I + 6 - I A N C I  <_ 5 

and so C u A  = V(G); and similarly D U A  = V(G). Hence B - A  = {v}, a 
contradiction. Thus there is no such (C,D), and the claim follows from (6.4). 

(5) H cannot be drawn in a disc with Vl,V2,V3,V4 on the boundary in some order. 

For let us apply (6.5), taking k = 6 and Z = {Vl, v2, v3, v4}. Certainly (6.5)(i) is 
false, by (1), and (6.5)(ii) is false, by (4). Also, (6.5)(iii) is false, for otherwise there 
would be a 6-separation (C,D) of G with IC - D I = 2 and ID - C] > 2, contrary to 
(6.3). Thus (6.5)(iv) holds, as required. 

From (2.6) (applied to H), (2), (3), and (5), we deduce the theorem. I 

(6.7) Let (A,B) be a 6-separation of a non-apex Hadwiger graph G, with IA - BI, 
!B - AI >_ 2. Then G I A N B has no circuit of length 4. 

Proof. Suppose that  AN B = {vl,. . . ,v6}, where VlV2,v2v3,v3v4,v4vl are adjacent. 
By (6.6), there is a cluster {X1,X3,Xh,X6} of G I (A - {v2,v4}) with vi �9 Xi (i = 



HADWIGER'S CONJECTURE FOR K6-FREE GRAPHS 309 

1,3,5,6); and there is a cluster {Y2,Y4,Yh,Y6} of G I(B - {Vl,V3} ) with vi E Yi (i = 
2, 4, 5, 6). But then 

{xl,y2,x3,Y4,X~ U Yh,Z6 uY6} 
is a 6-cluster in G, a contradiction. I 

(6.8) Let G be a non-apex Hadwiger graph, and let W C_ V(G) with ]W I = 6. Then 
G \ W has <_ 2 components. 

Proof. Let the vertex sets of the components of G \ W be C1,. . . ,Ck,  and suppose 
that k > 3. Now ]Ci] = 1 for at most one value of i, since if [Cll = IC2] = 1 say then 
the separation 

(CI UC2UW, C3U...UCkUW ) 
fails to satisfy (6.3). In particular we may assume that  [C1] > 1. By (6.6) there is 
a 4-cluster {X1,X2,X3,X4}  in G [ ( W U C 1 )  with vi E Xi (1 < i < 4), where W = 
{Vl,...,v6}. Then 

(Xl ,  X2, X3, X4, C2, C3 U {v5} } 
is a 6-cluster, a contradiction. | 

Let G be a graph, let Z c_ V(G) with ]Z[ = 6, and let vl,v2,v3 E Z be distinct. 
An octopus on Z in G with base Vl,V2,V 3 is a set of eight disjoint fragments of G, 
that  can be numbered {X1, . . . ,Xs} so that  

(i) v i E X  i ( 1 < i < 3 )  and [ZNXi[=I (4<i_<6)  

(ii) for 1 < i < 3,XiX7 and XiXs  are both adjacent 

(iii) for 4 < i < 6, one of XiXT, X iXs  is adjacent 

(iv) XTXs are adjacent. 

(See figure 2, where each Xi has been contracted to a single vertex. This shows 
one of the two basic types of octopus; in the other type, X4,Xh,X6 are all adjacent 
to X7 and not to )(8, or vice versa.) vleXl~ X5 x4 

Fig. 2. An octopus 
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(6.9) Let (A ,B)  be a 6-separation of a non-apex Hadwiger graph G, with I A - B  I >_ 
2 and I B - A  I -> 2. Let A A B  = {vl,. . . ,v6}. Then there is an octopus in G IA on 
A n B  with base Vl,V2,V3. 

Proof. We proceed by induction on tAI. 

(1) We may assume that there is no 6-separation ( X , B  ~) of G with A I C A and 
B C_ B'  such that I d '  - B '  I > 2 and IA'I < IAI . 

For if ( X , B  ~) is such a separation, by Menger's theorem, there are six disjoint 
i B t paths P1,. . . ,P6 of G I (An  BI), where Pi has ends vi and v i E A~N say, for 1 _< 

i < 6. From the inductive hypothesis, there is an octopus {X~,.. . ,X~} in G I A' 
i ~ ~ ~ I ( 1 < i < 6 ) .  L e t X i =  on A I A B ~ with base Vl,V2,V3, where v i e X i X i U V(Pi)  

(1 < i < 6) and Xi = X~ (i = 7,8); then {X1,.. . ,X8} satisfies the theorem. 
From (1) and (6.3) it follows that  

(2) V l ,V2 ,V  3 all have >_ 2 neighbours in A - B .  

Moreover, 

(3) There is no (<_ 3)-separation (C,D) of G I (A - { v 4 , v h , v 6 }  ) w i t h  Vl,'U2,v3 e C 
and I D -  C]_> 2 and D • A -  {v4,v5,v6}. 

For if (C, D) is such a separation, (C U B, D U {v4, Vh, v6}) is a separation of G 
of order < 6. By (1), D U {v4,vh,v6} = A, a contradiction. 

(4) There are .>4 vertices in A - B with a neighbour in { V l , V 2 , V 3 } .  

For let the set of such vertices be N. Then (A - {v l , v2 ,va} ,B  U N)  is a 
separation of G, of order IN I + 3. Suppose that  1 N] < 3. Then this separation has 
order _< 6, and yet 

[ ( A -  {Vl,V2,V3} ) -- (B U g) l  _> 2 

since [ A -  B I > 5 by (6.3). This contradicts (1). 

(5) G I ( A -  {v4, Vh, V6 } ) cannot be drawn in a disc with Vl,  V2, V 3 on the boundary. 

For let us apply (6.5), taking k = 6 and Z = {vl,v2,v3},  and e = 1 (by (4)). 
(6.5)(i) does not hold, by (2); (6.5)(ii) does not hold, since ~?(A,B) -> 9 by (6.4); 
and (6.5)(iii) does not hold, by (6.8). Thus (6.5)(iv) holds, and (5) follows. 

From (5), (3), (3.4), (3.5) and the 6-connectivity of G, there is a legless tripod 
in G I (A-{v4, vh, v6}) with feet Vl, v2, v3. Consequently, there are disjoint fragments 
X, Y C.C. A - B of G such that  X and Y both contain neighbours of Vl, v2 and v3. 
Choose X and Y with X U Y maximal; then every vertex in V(G)  - X  U Y with a 
neighbour in X U Y belongs to A N B, from the maximality of X U Y, and hence 
v4,vh,v 6 all have a neighbour in X U Y. Moreover, by (6.8), X Y  are adjacent. 
Consequently, 

{{Vl}, {V2}, {V3}, {V4}, {Vh}, {V6}, X,  Y} 

is the desired octopus. I 
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7. R e d u c t i o n s  for  6 - s e p a r a t i o n s  

Now we use the results of the last section to eliminate most possibilities for 
6-separations. We begin with the following lemma. 

(7.1) Let  G be a graph, let Z C_ V(G) with I Z] - 5, and suppose that X l , X  2 is 
feasible in G for all disjoint X l , X  2 C Z with IXl l  = [X2] --- 2. Then there is at most 
one X C_ Z with IX[ = 2 such that X, Z - X is infeasible in G. 

Proof. Let Z = {Zl , . . . , z  h} and suppose that  {Zl, z2}, {z3, z4,zh} is infeasible. 

(1) X , Z  - X is feasible for all X c_ {z3,zd,z5} with IX[ = 2. 

For let X -- {z3,zd} say. Since {Zl,Z2},{za,zd} is feasible, there are dis- 
joint connected subgraphs H1,H2 with Zl,Z2 E V(H1) and z3,z4 E V(H2). Since 
{zl,z2},{Zd,Z5} is feasible, there is a path from z5 to Zd. Hence there is a minimal 
path Q from z5 to V(H1UH2). If the end of Q is in V(H1) then {zl, z2, Zh}, {z3, Z4} 
is feasible as required; and if the end of Q is in V(H2) then {Zl,Z2},{z3,zd,Zh} is 
feasible, a contradiction. This proves (1). 

In view of (1), we may suppose for a contradiction that  {Zl,Z3}, {z2,zd,Zh} is 
infeasible. Hence there is symmetry between z2 and z3. 

(2) There is a path P between z 2 and z3, and a path Q between z 4 and Zh, with 
V(P  M Q) = 0, and a path R from zl to an internal vertex of P, with [V(R M P)]-- 1 
and V(R N Q) = 0. 

For since {Zl,Z2},{Zd,Zh} is feasible, there are disjoint paths S,Q with ends 
Zl, z2 and Zd, z5 respectively. Since (z3, z4 }, {Zl, z2 } is feasible, there is a path from 
z3 to V(Q) in G\{zl,z2}.  Hence there is a path from z3 to V(QUS) in G\{zi,z2}. 
Take a minimal such path T, and let its ends be z3,r. Now r ~ V(Q) since {zl,z2}, 
{z3,zd,Zh} is infeasible. Consequently, r E V(S). Let P be th e path in S U T 
between z2 and z3, and let R be the subpath of S from zl to r; then (2) holds. 

Choose P,Q,R as in (2) with ]E(R)] minimum. Let R have ends zl,r.  Now 
since {z2,zd}, {za,zh} is feasible, there are two disjoint paths from V(P) to V(Q), 
and hence there is one, S say, with r ~ V(S). Choose such a path S, minimal, with 
ends p E V(P) and q E V(Q). Since r ~ V(S), we may assume from the symmetry 
that  p lies in the component of P \ r  containing z2. Then S has no vertex in P 
except p, and none in Q except q, by the minimality of S. 

Now S M R is null; for otherwise, let s be the vertex of S N R closest to p in S, 
and let p i  be the union of the subpath of P from z2 to p, the subpath of S from 
p to s, the subpath of R from s to r, and the subpath of P from r to z3; and let 
R I be the subpath of R from Zl to s. Then P~,Q,R t satisfy (2), contrary to the 
minimality of IE(R)]. This proves that  R and S are disjoint. 

Let H1 be the union of R and the subpath of P from r to z3, and let H2 be 
the union of Q,S and the subpath of P from z2 to p. Then H1,H2 are disjoint 
and connected, and so {Zl, z3 }, {z2, z4, z5 } is feasible, a contradiction. The result 
follows. I 

(7.1) is best possible in the sense that  there may be one X as in (7.1) with 
X, Z - X  infeasible. For example, let G I be a graph which can be drawn in the plane, 
and let Zl, z2, z3, z4, z5, z6 be vertices incident with the infinite region, in order. Let 
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z6 be 4-valent, with neighbours a,b,c,d in order. Let G be obtained from G' by 
deleting z6 and adding edges ac and bd. Then if C is sufficiently connected, it 
satisfies the hypotheses of (7.1) with Z = {zl,.. . ,Zb}, and yet {z l , z3 ,zb} ,{z2 ,z4}  
is infeasible. The existence of this construction will give us a lot of trouble. 

Throughout the remainder of this section, G is a non-apex Hadwiger graph, 
and (A, B) is a 6-separation of G with I A - B  I, I B - A  I >_ 2. Let A ~ B = {Vl,..., V6 }. 
From (6.6), we have 

(7.2) For all disjoint X I , X 2  C_ AM B with ]Xll = IX21 = 2, X1,X2  is feasible in 
G] ((A - B) U Xl  U X2) and in a ]  ((B - A) U X1 U X2). 

Consequently, from (7.1) we have 

(7.8) For all Z C A M B with ]Z[ = 5, there is at most one X C Z with I X] = 2 such 
that X , Z -  X is infeasible in C I ( ( B - A ) U Z ) ,  and at most one such that X , Z -  X 
is infeasible in G] ((A - B) U Z). 

On the other hand, we have 

(7.4) Let Z1 , . . . ,Zk  be a partition of A M B into stable sets, such that ZiZj  are 
adjacent for 1 <_ i < j <_ k. Then Z 1  . . . .  , Z k is infeasible in one of G I A, G I B. 

Proof. Suppose that Z1, . . . ,Zk is feasible in G IA, via X1, . . . ,Xk.  By (5.1) there is 
a 5-colouring r of G IB such that for 1 < i < k,r = r for all u,v  E Zi, and 
for 1 < i < j < k, r r r for u E Zi and v �9 Zj.  Hence we may assume that 
r = i for u �9 Zi (1 < i _ k). Similarly if Z1, . . . ,Zk is feasible in G I B, there is 
an analogous 5-colouring r of G [A. Let r = el(V) if v �9 A, and r = r if 
v �9 B; then r is a 5-colouring of G, a contradiction. I 

(7.5) A n B is not the union of a clique and a stable set. 

Proof. Suppose that  A Q B = X U Y, where X M Y -- 0, G [ X is complete, and 
Y is stable. Choose Y maximal; then each v �9 X has a neighbour in Y. But the 
partition of A M B into Y and the sets {v}(v E X) is feasible in both G [ A and 
G [ B ,  contrary to (7.4). I 

The following is a generalization of (7.4). 

(7.6) Let Z1,. . . ,  Zk be a partition of A N B into stable sets, where k > 3 and ZiZ" 
- -  3 

are adjacent for all i, j with 1 <_ i < j <_ k except possibly for ( i , j )  = (1,2), (1,3). 
Then either 

(i) there do not ex/st disjoint fragments X1, . . . ,Xk of G ] A with Z i C_ Xi  
(1 < i <_ k) such that X I  X2 are adjacent, or 

(ii) there do not exist disjoint fragments Y1, . . . ,Yk of G [ B with Zi C_ Yi 
(1 < i < k) such that Y1Y3 are adjacent. 

Proof. Suppose X 1 , . . . , X k  exist as in (i). By (5.1) there is a 5-colouring r of 
G ] B such that for 1 < i < k,r -- r for all u,v  �9 Zi; and moreover, if r 
denotes the common value of r for u �9 Zi, then r r r  for all i , j  with 
1 __. i < j <_ k except possibly ( i , j )  = (1,3). Now suppose also that  Y1,. . . ,Yk exist 
as in (ii); then similarly there is a 5-colouring r of G IA  and values r (1 < 
i < k) such that for 1 < i < k, Cl (u) - -  e l (Z/ )  for all u �9 Zi and for 1 < i < j  < k, 
r r162  except possibly for ( i , j ) =  (1,2). 
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If r r r and r r r we may assume that  r -- 
r -- i for 1 < i < k; but then setting r -- e l(v)  (v E A) and r = 
r (v �9 B) defines a 5-colouring of G, a contradiction. We may therefore assume 
that r = r and hence Z1 U Z2 is stable. Now Z1 U Z2,Z3,.. . ,Zk is 
feasible in G I A  , via X1 U X2,X3 , . . . ,X  k, since X1X2 are adjacent. By (5.1) 
there is a 5-colouring r of G IB  and values r U Z2),r162 such 
that  r  ---- r U Z2) for all u E Z1 U Z2, and r = r for all u E 
Zi (3 < i < k). Since Z1 U Z2,Z3,. . . ,Z k are mutually adjacent, it follows that  
r UZ2),r162 are all distinct. Hence we may assume that  el(U) = 
r for all u E AMB. But then setting r = e l (u)  (u �9 A), r -- r (u E B) 
defines a 5-colouring of G, a contradiction. I 

If Z1,.. . ,  Zk C_ V(G) are disjoint, we say that  Z1,. . . ,  Zk is strongly feasible (via 
X1, . . . ,Xk) if there axe disjoint fragments X1, . . . ,Xk with Z i C_ Xi (1 < i _ k) such 
that  for 1 < i < k, if 1Zil = 3 then G IXi contains a triad with set of feet Zi. 

(7.7) Under the hypothesis of (7.6), if (7.6)(i) holds, then 
(i) if Z1Z 2 are adjacent, then Z1,Z2,. . . ,Z k is infeasible in G IA 

(ii) i f  iZ1 ] -- I Z2I = 1, then Z1 u Z2, Z3,..., Zk is infeasible in G ] A 
(iii) if ]Z1 U Z2I = 3, then Z1 U Z2, Z3,. . . ,  Zk is not strongly feasible in G I A. 

In each case the proof is clear. 

(7.8) I f  v!v2,VlV3,VlV 4 are a/ /adjacent  then VhV6 axe adjacent. 

Proof. Suppose not. Since G IA M B has no circuit of length 4 by (6.7), each of v5 
and v6 is adjacent to at most one of v2,v3,v 4. We may therefore assume that  v4v5 
and v4v 6 are not adjacent. Hence by (7.5), v2v 3 are not adjacent. 

(1) {vl},{v2,v3}, {V4,Vh,V6} is infeasible in G IA and in G tB. 

For suppose that  {vl},(v2,v3}, (v4,vh,v6} is feasible in G IA, say. Let Z1 = 
{v2},Z2 -- {v3}, Z3 = {va,vh,v6}, Z4 -- {vl}. By (7.5), Z2Z3 are adjacent. By 
(7.7)(ii) there exist disjoint fragments X1, . . . ,X4 of G ]A with Zi C_ Xi (1 < i _< 4) 
such that  X1X2 are adjacent. Moreover, there exist disjoint fragments ]I1,...,Y4 of 
G I B with Zi C_ Yi (1 _< i _< 4) such that  YIY3 are adjacent, by the 6-connectivity of 
G. This contradicts (7.6). 

(2) For i =2,3 ,  vi is not adjacent to both v5 and v6. 

Suppose that  v2v5 and v2v 6 are both adjacent, say. Then {v3,vh,v6} is stable 
and so by (7.5), v2v4 are not adjacent. By (1) and (7.3), {Vl},{v2,v4}, {v3,vh,v6} 
is feasible in both G IA and G IB, contrary to (7.4). This proves (2). 

Now by (6.7), not both v2v4 and v3v4 are adjacent, and so we may assume 
that  v3v4 are not adjacent. By (2), we may also assume (exchanging v5 and v6 if 
necessary) that  v2v6 and v3v5 are not adjacent. By (1) and (7.3), {vi},{v2,v6}, 
{v3,v4,vh} is feasible in both G IA and G IB , and by (7.5) {v2,v6}, {v3,v4,vh} are 
adjacent, contrary to (7.5). I 

(7.9) G t A M B has max/mum valency < 3. 

Proof. Suppose that  VlV2,VlV3,VlV4,VlV 5 are all adjacent. By (7.8), VhV6 and v4v6 
are adjacent, contrary to (6.7). I 
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(7.10) I[ (Vl,V2,V3} iS a 3-clique then so is (v4,vh,v6}. 

Proof. Suppose that  VlV2,V2V3,VlV 3 are all adjacent and v4v5 are not. By (7.5) 
we may assume that  VhV6 are adjacent. Since G I A M B has no circuits of length 
4 and has maximum valency ~ 3, we may assume that there are no edges between 
{vl, v2, v3 } and {v4, Vh, v6 } except possibly Vl v4, v2v5 and v3v6. 

(1) We may assume that {Vl},(v2,v6}, {v3,v4,vh} and (v2},(Vl,V6},{v3,va,vh} 
are infeasible in G I A. 

For suppose that  at least one of them is feasible in G ]A, and also at least one 
is feasible in G I B. By (7.4) neither of these partitions is feasible in both G ] A and 
G IB, and so we may assume that  {Vl},{V2,V6} , {V3,V4,V5} is feasible in G IA and 
{v2 }, {Vl, v6 }, {v3, v4, v5 } is feasible in G ] B: Let Zl = {v6 }, Z2 = {v2 }, Z3 = {vl }, 
Z4 = {v3,v4,v5}; then by (7.7)(ii), (7.6) is contradicted. This proves (1). 

By (6.9), there is an octopus (X1, . . . ,X8)  in G [ A  with base va,v4,v5 with 
vi E Xi (1 < i < 6). By exchanging X7 and Xs, we may assume that  X6Xs are 
adjacent. By (1), XIX8 are not adjacent, and so XIX7  are adjacent; and similarly 
X2X7 are adjacent. By (6.6) there is a 4-cluster {Y1,Y2,Y4,Y6} of G i (B-{v3 ,v5})  
with vi E ~  ( i=  1,2,4,6). But then 

{x l  u Y1,X2 u Y2,X3 u x s , x a  u Y4,X5 u xT,x  uY6} 

is a 6-cluster in G, a contradiction. I 

(7.11) G ] A M B has no triangle. 

Proof. Suppose that  {vl,v2,v3} is a 3-clique. Then by (7.10), {v4,vh,v6} is a 3- 
clique. By (7.9) and (6.7), we may assume that  there is no edge between {Vl,V2,V3} 
and {v4,vh,v6} except possibly VlV4. Now by (7.2), {vl},{v4}, {v2,vh},{v3,v6} is 
feasible in both G IA and G[ B, and so by (7.4), vlv4 are not adjacent. Hence 
G I A M B is the disjoint union of two triangles. 

We claim that  in G [ A there are three disjoint paths from (Vl,V2,V3} to 
(v4,vh,v6}. For if not, then there is a (_< 2)-separation (X ,Y)  of G I A with 
vl, v2, v3 E X and v4, Vh, v6 E Y. Then (X, B U Y) is a separation of G of order 

Ix  n Yl + lX n (B - Y)l < IX M YI + I(A n B) - YI <5  

and so B U Y  = V(G); and similarly B U X  = V(G). Since [XMY I <_ 2, it follows that  
[A - B] _ 2, contrary to (6.3). This proves that  there are three disjoint paths of C 
from {vl,v2,v3} to {v4,vh,v6}; and therefore from the symmetry we may assume 
that  {Vl,V4},{v2,vh},{v3,v6} is feasible in G IA. But {Vl},{v4},{v2,v5},{v3,v6} is 
feasible in G IB by (7.2), contrary to (7.6) and (7.7)(i),(ii), taking Z1 = {vl},Z2 = 
{V4} , Z 3 = {v2, vs} , Z 4 = {v3, v6}. This completes the proof. I 

(7.12) G I A M B has no circuit. 

Proof. From (7.11), G IAM B has no triangle, and from (6.7), it has no circuit of 
length 4. Suppose that  {Vl,V2,va,v4,v5} C_ A M B is the vertex set of a circuit of 
length 5, numbered in order. By (6.7) and (7.11), v6 has valency _~ 1 in G ] A M B 
and G l{vl , . . . ,vs}  has no more edges. Suppose first that  v5v6 are adjacent. From 
(7.4), {v5},{v2,v4}, {Vl,V3,V6} is infeasible in one of G IA, G IB, say G IA. 
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By (6.9) there is an octopus {X1, . . . ,Xs} in G]A on A n B  with base Vl,V3,V4 
with vi E Xi (1 < i < 6). Prom the symmetry we may assume that  X2X7 are 
adjacent. Then XaXs are not adjacent since {vh}, {v2,v4}, {Vl,V3,V6} is infeasible 
in G IA , and so X6X7 are adjacent. By (6.6) there is a 4-cluster {Y2,Y3,Y4,Yh} in 
G I(B - {Vl,V6}) with v i EYi (i = 2,3,4,5). Then 

{Xl U X8,X2 U Y2,X3 LJ Y3,X4 U Y4,X5 LJ Yh,X6 UXT} 

is a 6-cluster in G, a contradiction. 
This proves that VhV6 are not adjacent, and so V6 has valency 0 in G I A n B. 

By a crux we mean a partit ion Z1,Z2,Z3 of {vl , . . . ,v6} such that  ]Zll = 1, IZ2] = 
2, I Z31= 3, and Z1, Z2,Z3 are all stable. Necessarily, v6 E Z3. There are ten cruces 
in total. For 1 < i < 5, there are two cruces Z1,Z2,Z3 with Z1 = {vi}, and one of 
them is feasible in G [A, by (7.3). Thus at least five cruces are feasible in G [A, 
and at least five in G I B. On the other hand, no crux is feasible in both G I A and 
G IB  by (7.4), and so for each i (1 < i < 5) there is exactly one crux Z1,Z2,Z 3 
with IZ1]= {vi} feasible in G]A. Moreover, every crux is feasible in exactly one of 
GIA, G]B. 

If Zl,  Z2,23 is a crux its mate is the unique crux Z~, Z~, Z~, with Z~ = Z3 and 
Z{ # Z1. This provides an involution among the set of cruces, and since an odd 
number of cruces are feasible in G I A, there is one feasible in G [ A such that  its 
mate is infeasible in G IA. We may therefore assume that  {Vl}, {v2, v4}, {v3, Vh, v6} 
is feasible in G IA  , and its mate {v2},{Vl,V4},{v3,vh,v6} is infeasible in G IA. 
Consequently, the latter is feasible in G] B, contrary to (7.6) and (7.7)(ii), taking 
Z1 ---: {V4}, Z2 ---- {v2},Z3 = {Vl}, Z4 -- {v3,vh,V6}. 

This proves that  G ] A N B has no circuit of length 5. To complete the proof, 
we suppose that  G I A N B  has a circuit of length 6; and then, by (7.11) and (6.7), 
it has no more edges. Let A N B  = {Vl,.. . ,v6} numbered in order on the circuit. By 
(7.4), {Vl,V3,Vh}, {v2,v4,v6} is infeasible in one of G IA, G]B , say G IA. By (6.9) 
there is an octopus {X1, . . . ,X8} in G IA on A N B  with base v2,v4,v6, with vi E Xi 
(1_<i__6). 

Now not all X1,X3,X5 are adjacent to X7 since {Vl,V3,Vh},{v2,v4,v6} is not 
feasible in G IA , and similarly they are not all adjacent to )(8. Thus we may assume 
that  XIXT ,X3Xs ,XhXs  are adjacent. By (6.6) there is a 4-cluster {Y1,Y2,Y3,Yh} 
in G[(B - {v4,v6}) with vi E Y/ (i = 1,2,3,5). But then 

{Xl C/YI,X2 UY2,X3 U Y3,X4 LJX7, X5 UYh,X6 tJX8} 

is a 6-cluster in G, a contradiction. | 

(7.13) G ] A N B has maximum valency <_ 2. 

Proof. By (7.9), G[A N B has maximum valency _< 3. Suppose that  vl is adjacent 
to v2,v3,v4. Then by (7.8), v5v6 are adjacent. By (7.3), one of 

{Vl}, {V2, Vh}, {V3, V4, V6} 

{Vl}, {V3, V5}, {V2, V4, V6} 

{Vl}, {V4, Vh}, {V2, V3, V6} 
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is feasible in both G IA and G IB, and so by (7.4) one of these sets is not stable. 
From the symmetry and (7.12) we may assume that  v2v5 are adjacent; and then 
by (7.12) G ] A n B  has no more edges. By (7.3), one of 

{Vl},{V4,V5},{V2,V3, V6} 

'{Vl},{V2,V6},{V3,V4, V5} 

is feasible in both G IA and G IB, contrary to (7.4). | 

(7.14) G I A n B has >_ 3 edges. 

Proof. By (7.5) no vertex of G [ A fq B meets all its edges, and so we may assume 
that vlv2 are adjacent and v3v4 are adjacent, and G I A fq B has no more edges. 

(1)  {Vl,va},{v2,v4,v5,v6} is infeasible in G IA and in G [ B. 

For let Z1 = {Vl}, Z2 = {v3}, Z3 = {v2,v4,va,v6}; the claim follows from (7.6), 
(7.7)(i) and (7.7)(ii). ((7.6}(ii) does not hold since Z1Z3 are adjacent.) 

Now by (7.3), one of 

{V6},{Vl,V3},{V2,V4, V5} 
{V6},{V2,V3},{Vl,V4, V5} 
{V6},{Vl,V4},{V2,V3,V5} 

is feasible in both G IA and G t B. (This does not contradict (7.4).) From the 
symmetry we may assume the first. Consequently, there are disjoint fragments 
X1,X2 of G I A with vl,v3 E X1 and v2~v4,v5 E X2. Choose X1,X2 maximal. Then 
v6 E X1 U X2, and by (1) v6 ~ X2. Thus v6 E X1. We have therefore proved that  
{vl,va,v6},{v2,v4,vs} is feasible in G I A. But by symmetry it is also feasible in 
a I B, contrary to (7.4). | 

(7.15) G ] A N B has >_ 4 edges. 

Proof, Suppose it has only three. Suppose that it has > 2 vertices of valency 0: 
then we may assume its edges are Vl'O2,v2v3,v3v4. Then {Vl,V4,Vs,v6} is stable 
and v2v 3 are adjacent, contrary to (7.5). 

Thus G I A N B has at most one vertex of valency 0. Suppose it has one. Then 
we may assume its edges are VlV2,v3v4,v4v5. By (7.3) one of 

{V4},{U2,V3},{Vl,V5,V6} 

is feasible in both G IA and G IB, contrary to (7.4). 
Hence G IAfnB has minimum valency >_ 1; and hence we may assume its edges 

are VlV2,V3V4, and v5v6. 
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(1) If {vl,v3,vb}, {V2,V4,Y6} iS strongly feasible in G]A, then {Vb}, {Vl,V3}, 
{V2,Y4,U6} is infeasible in G [ B. 

For take Z1 -- {Vb},Z2 = {vl,v3}, Z3 = {v2,v4,v6}; the claim follows from (7.6) 
and (7.7)(iii). 

By (6.9) there is an octopus {X1, . . . ,Xs} in G]A on ANB with base vl,v3,vb, 
and an octopus {Y1,...,Ys} in G [ B on A N B with base vl,v3,vb. From the 
symmetry we may assume that X2X7  and Y2Y7 are adjacent .  

(2) Not both X4X7 and X6X7 are adjacent. 

For suppose they are. Then {Vl, v3, vb}, {v2,v4, v6} is strongly feasible in G IA. 
If ]/4]/7 are adjacent, then {v6}, {v2,v4}, {Vl,V3,Vb} is feasible in G IB contrary to 
(1). Thus Y4Y8 and similarly Y6Y8 are adjacent. But then {v2}, {v4,v6}, {vl,v3~vb} 
is feasible in G IB, contrary to (1). 

We may therefore assume that X6X7 are not adjacent, and hence X6Xs are 
adjacent. Hence there is symmetry between X7 and Xs (exchanging vl,v 2 with 
Vb,V6 and exchanging Yz,Ys if necessary), and so we may assume that  X4X7 are 
adjacent. Now {Vl,V3,V6}, {v2,v4,vb} is strongly feasible in G IA , and so Y4Y7 are 
not adjacent, since {v6},{vl,v3}, {v2,v4,vb} is infeasible in G]B by (1); and Y6Ys 
are not adjacent, since {v4}, {v2, Vb}, {vl, v3, v6} is infeasible in G] B by (1). Hence 
Y4Ys and Y6Y7 are adjacent. But then {v2},{v4,vb},{Vl,V3,V6} is feasible in G]B 
contrary to (1). 1 

(7.16) G I A N B is a 5-edge path. 

Proof. If not, then from (7.15), (7.12) and (7.13), G I A n B  is the disjoint union of 
two paths. There are three cases depending on the lengths of these paths. 

First. we assume that vi is adjacent to vi+l for i = 1,2, 3, 4, and v6 has valency 0. 

(1) {Vl,V3,Vb,V6} , {v2,v4} is infeasible in G IA and in G IB. 

For let Z1--{v2} ,Z2--{v4} ,  Z3 = {Vl,V3,Vb,V6}; the claim follows from (7.6) 
and (7.7) (ii). 

By (7.4), {v3},{v2,vb},{vl,v4,v6} is infeasible in one of G]A and G[B,  say 
in G IB. Hence by (7.3), {v3},{vl,v4},{v2,vb,v6} is feasible in G IB and hence 
not in G IA, by (7.4). 

There is still symmetry between A and B (exchanging vl and Vb). By (7.4), 
{Vl,V3,Vb} , {v2,v4,v6} is infeasible in one of G[A and G IB , say in G IA. By (6.9) 
there is an octopus {X1, . . . ,X8} in G IA on A • B  with base Vl,V3,Vb, with v i E 
X i (1 < i < 6), and there is an octopus {Y1,-..,Y8} in G IB on A A B  with base 
Vl,V3,Vb, with vi E Yi (1 < i < 6). We may assume that  X2X7 are adjacent. Now 
either X 6 X  7 or X6X 8 are adjacent, and yet both 

{Vl, V3, Vb}, {V2, V4, V6} 

{Vl, V3, Vb, V6}, {V2, V4} 

are infeasible in G IA , and so X4X7 are not adjacent. Hence X4Xs are adjacent. 
Since {v3},{vl,v4},{v2,v5,v6} is infeasible in G IA , it follows that  X6X7 are not 
adjacent, and so X6Xs are adjacent. 
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We may assume that  ]12117 are adjacent. If YaY8 are adjacent, then either Y4Y7 
are adjacent or Y4Ys are adjacent, and yet 

{Vl, V3, 1)5, V6}, {V2, V4} 

{V3}, {V2, Vb}, {Vl, V4, V6} 

are both infeasible in G IB, which is impossible. Thus Y6Y8 are not adjacent, and 
SO Y6Y7 are adjacent. But then 

{x1 u YI u Ys,x2 uY2 u XT, X3u Y3 ux4 u Y4,x5 u Yb,x~ u Y6 u YT, xs} 

is a 6-cluster in G (recall that X7X8 are adjacent), a contradiction. This concludes 
the first case. 

Now we assume that vivi+l are adjacent for i = i, 2, 3, 5. By (7.4), we 
may assume that {v3}, {v2,vb},{Vl,V4,V6} is infeasible in G I A. By (7.3), 
{V3},{V2,V6} , {Vl,V4,Vb} is feasible in G IA, and hence not in G IB, by (7.4). 
By (7.3), {v3},{v2,vb}, {Vl,V4,V6} is feasible in G IB. Suppose that  {v2},{v3,vb}, 
{vi,v4,v6} is feasible in G IA. Take Z1 = {Vb}, Z2 = {v3}, Z3 = {v2}, Z4 = 
{Vl,V4,V6}; then (7.6) is contradicted. This proves that  {v2},{v3,vb}, {vl,v4,v6} 
is infeasible in G IA, and, by the symmetry,  {v2},{va,v6}, {Vl,V4,Vb} is infeasible 
in GIB. 

Let {X1, . . . ,X8} be an octopus on A N B in G IA with base Vl,Va,V6, with 
vi C Xi (1 <_ i < 6). We may assume that  X4X7 are adjacent. Since {v2},{v3,vb}, 
{vl,v4,v6} is infeasible in G IA , it follows that  XbX8 are not adjacent, and hence 
XbX7 are adjacent. 

Suppose that  X2X7 are adjacent. By (6.6) there is a 4-cluster {C1,C2,C4,C6} 
in GI (B-{v3,vb}) with vieCi ( i =  1,2,4,6). But then 

{X 1 t.J C1, X 2 [.J C2, X3 [J X8, X4 tJ C4, X 5 k] X7, X 6 tJ C6} 

is a 6-cluster in G, a contradiction. Thus X2X8 are adjacent. 
Now, there is a symmetry  exchanging A with B, v5 with v6,v 1 with v 4 and v2 

with v3. Consequently, there is an octopus {Y1,...,]I8} in G IB with base v2,v4,vb, 
with vi C Yi (1 < i < 6), and with Y1YT,Y6YT,Y3Y8 adjacent. But then 

{X1 U Y1 U X7,X2 U Y2, X3 tJ Y3, X4 UY4 UYT, X5 tJY5 tJ Ys, X6 UY6 UX8} 

is a 6-cluster, a contradiction. This concludes the second case. 
In the third case, we assume that  vivi+ 1 are adjacent for i = 1,2,4, 5. By (7.4), 

{Vb},{v2,v4}, {Vl,V3,V6} is infeasible in one of C lA, a lB, say a lA. By (7.3), 
{Vb},{v2,v6}, {Vl,V3,V4} is feasible in G IA, and hence not in a l a .  

Let {X1, . . . ,Xs}  be an octopus in G IA on A n B  with base Vl,Va,v4 with vi E 
Xi (1 <_ i <_ 6). We may assume that  X2X7 are adjacent. Since 

{Vb}, {V2, V4}, {Vl,V3, V6} 

is infeasible in G [  A it follows that  XaXs are not adjacent, and so X6X7 are 
adjacent. Suppose that  XbXs are adjacent; let {C2,C3,C4,C5} be a 4-cluster in 
a l  ( B -  {vl,v6}) with viECi ( i=2 ,3 ,4 ,5 ) ,  and then 

{X 1 [J XS, X 2 [_J C2, X 3 U C3, X 4 t.J C4, X 5 [.j C5, X 6 [J X7} 
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is a 6-cluster, a contradict ion.  Hence XhX8 are not adjacent ,  and so X5X7  are 
adjacent .  

Let  {Y1,. . . ,Ys} be an oc topus  in G [ B  on A N B  with base vl,v2,v6, with vi E 
(1 < i < 6). We m a y  assume tha t  Y3Y7 are adjacent .  Then  Y4Y7 are not adjacent ,  

since {Vh},{v2,v6}, {vl ,v3,v4} is infeasible in G ] B .  Hence, Y4Ys are adjacent .  But  
then  

{ X l  U Yl,X2 u Y2,X3 u Y3 u x s , x 4  u r4 u ys,x~ u rs u xT, x6 u y6 u yT} 

is a 6-cluster in G, a contradict ion.  

The  remaining  case, when G ]  A N B is a 5-edge path ,  unfor tuna te ly  resists 
a t t ack  by these methods ,  and we need another  technique,  which we develop in the 
next  two sections. 

8. T h e  i n f e a s i b l e  p a r t i t i o n s  

Now we use the me thods  of the  last section to learn wha t  we can abou t  the 
case left open by (7.16). We need the  following lemma.  

(8.1) Let X ,  Y, Z be finite sets of integers, with [X f, ]Y], [Z[ > 3. Then either 

(i) for one of X ,  Y ,Z ,  say X ,  there are two members Xl,X 2 E X and y C Y 
and z E Z with x l  < y < x2 and Xl < z < x 2 ,  or 

(ii) for some integer n, let I ,  J be the sets of integers < n and > n respectively; 
then both I and J include one of X ,  Y ,  Z, and X ,  Y ,  Z are all subsets 
of one of I,  J. 

Proof .  Let  Xl be the smallest m e m b e r  of X ,  and x2 the  largest; and define 
Yl ,y2 ,z l , z2  similarly. We m a y  assume t h a t  x2 - Xl ~ Y2 -- yl ,z2 - zl .  Let A = 
{ n : x l  < n < x 2 } .  I f A N Y ~ O  and A A Z r  then  (i) holds, and so we m a y  assume 
tha t  A n Y = ~. I f  Yl < x2 and  Y2 > Xl then  it follows tha t  Yl -< x l  (since Yl ~ A) 
and similarly Y2 ~ x2; and since x 2 -  Xl ~ Y 2 -  Yl, we deduce t ha t  Y = {Yl,Y2}, a 
contradic t ion  since ]Y] > 3. Thus,  ei ther  x2 _< Yl or Y2 -< Xl, and f rom the s y m m e t r y  
we may  assume tha t  x2 < Yl. If  x2 ~ zl ,  then  (ii) holds, and so we may  assume 
tha t  Zl < x2, and similarly Yl < z2. But  then  (i) holds (with z l , x2 ,y l , z2) .  | 

We use (8.1) to prove the  following. 

(8.2) Let  G be a graph and let v l , . . . , v5  E V(G)  be distinct. Suppose that 

(i) there is a circuit of G containing Vl,V2,V3, disjoint from a path of G with 
ends v4, v5, 

(ii) {Vl,V2,V3} is stable, 

(iii) there is no 5-separation (A ,B )  of G with {v l , . . . , vb}  C_ A, [A] > 5 and 
] B - A [  >_2, and 

(iv) there is no (<_ 4)-separation (A ,B )  of G with {vl , . . , ,Vb} c_ A and 
]B - A[ >_ 1. 
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Then {vl,v2,v3}, {v4,vh} is strongly feasible in G. 

Proof. Let C be a circuit of G with Vl,V2,V3 E V(C),  and let P be a path of G with 
ends v4,vh, with P N C null. Let the path of C between vl and v2 not containing 
V3 be C12, and define C13,623 similarly. Since {Vl,V2,V3} is stable, it follows that  
[E(C12)1 >_ 2, and so there is a unique component H12 of G \ (V ( P ) u {Vl, V2, V3 } ) 
containing C12 \ {Vl,V2}. Define Hla,H23 similarly, and choose P and C so that 
H12 U H13 U/-/23 is maximM. 

(1) We may assume that V 3 has no neighbour in V(H12), and similarly for 
v2, V(H13) and for vl, V(H23); and in particular H12, H13, H23 are all distinct. 

For if V(H12) contains a neighbour of v3, then V(H12) U {vl,v2,v3} contains 
a triad with feet Vl,V2,V3, and so the theorem is true. 

Let X3 be the set of vertices in V(P)  with a neighbour in V(H12), and define 
X2, X1, similarly for V(H13), V(H23). 

(2) IX l,lX21,1x31 >_3. 
For if IX3[ <: 2 say, let g = V(H12)U{Vl,V2}UX 3 and A = V(G)-V(H12);  then 

A N B  = {vl ,v2}UX3 and so (A,B) is a (<_ 4)-separation of G; but {vl,-..,Vh} C A, 
and 

B - A = V(H12) ~ O 

contrary to hypothesis (iv). 

(3) Let v E V(P) ,  and let P1,P2 be the subpaths of P between v and v4,v5 
respectively. Then it is not true that X1,X2 C V(P1) and X3 c_ V(P2). 

For suppose this is true. We may assume that  v E X3. Let 

A = V(H12) U {vl, v2, v3, v4} U V(P2), 

13 ~- V(H13 U//23 ) U {Vl, v2, v3} U V(P1). 

Since {vl,... ,Vh} C A, IAI > 5, ]B - A I > 2 and A N B = {v,vl,v2,v3,v4}, it follows 
from hypothesis (iii) that  there is a path Q of G from A to B with V(Q) n A n B = O; 
choose Q minimal, with ends a ~ A - B and b E B - A say. By the minimality of Q, 
V(Q) N (A U B) = {a, b}. If a E V(H12) then 

V(Q) n (V(P)  U {Vl, V2, V3}) ~ V(Q) N (A U B - {a}) = {b}, 

and hence Q \ b c H12; but then b E B - A has a neighbour in V(H12), and hence 
b E X3 C A, a contradiction. Thus a ~ V(H-12), and similarly b ~ V(H13 U//23). 
Since a, b ~ A N B, it follows that  a E V(P2) - {v}, and similarly b �9 V(P1) - {v, v4}. 
Let pr be obtained from P U Q by deleting the edges and vertices of P strictly 
between a and b; then pI N C is null, and V(H12),V(H13),V(H23) are all disjoint 
from V(P 'U  C), and v ~ V(P 'U  C) and has a neighbour in V(H12) (since v E X3). 
This contradicts the choice of P, C. This proves (3). 

From (2), (3) and (8.1), we may assume that  there exist a, b E X3, such that  
if R denotes the subpath of P between a and b, then for i -- 1,2 there exists xi E 
Xi G V(R)  - {a,b}. Let pt  be a path of G between v4 and v5 obtained from P by 
replacing R by a path from a to b with vertex set in {a, b} U V(H12). Let T be the 
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union of C13, a minimal path in {x2} U V(H13) between V(C13) - {Vl,V3} and x2, 
the subpath of P between x2 and Xl, a minimal path in {Xl} UV(H23) between Xl 
and some u E V(C23) - {v2,v3}, and the subpath of 623 between u and v2; then T 
is a triad with feet Vl,V2,V3, disjoint from P'.  Hence the result is true. | 

(8.3) Let G be a graph, let Vl , . . ., v5 be distinct, and let C be a circuit of G \  {v4, vb } 
with vl,v2 E V(C) .  Let R3 be a path of C \  {vl ,v2,v4,vb} from v3 to h3 E V(C) ,  
with no vertex in C except h3. Let C12 be the path of C between v] and v2 not 
containing h3, and for i = 1,2, let Ci3 be the path of C between vi and h3 not 
containing v3-i .  Let H i be the component of G \ V ( C  U R3) containing vi for i = 
4,5, and suppose that for i = 4,5 both V(C13) - {vl,h3} and V(Cs3) - {v2,h3} 
contain a vertex with a neighbour in V(Hi) .  Suppose also that 

(i) {vl ,v2,v3} is stable, 

(ii) there is no 5-separation (A ,B )  of G with {Vl,...,Vb} C_ A, IA I > 5 and 
IB - AI >_ 2, and 

(iii) there is no (<_ 4)-separation (A ,B)  of G with {v],...,Vb} c_ A and 
IB - A] >_ 1. 

Then { Vl , V2, V3 } , { V4, Vb } iS strongly feasible. 

Proof. For i = 4, 5, choose hi 6 V(Hi)  such that  there are three paths Pi ,Qi ,R i  of 
G, mutually disjoint except for hi, where 

(i) Pi is from hi to V(C13) -  {vl,h3}, and has no vertex in CUR3 except its 
end Pi E V(C13) - {vl ,h3}  

(ii) Qi is from hi to V(C23) - {v2, h3}, and has no vertex in C LJ R3 except 
its end qi E V(C23) - {v2,h3} 

(iii) R4 is from hi to vi, and is disjoint from C U R3. 
Moreover, choose C, h4,h5 etc., so that  IE(R3)I + IE(R4)I + IE(Rb)I is minimum. 

(1) We may assume that (P4 tJ Q4 u R4) A (P5 tJ Q5 tj Rb) c C. 

For otherwise there is a path from v4 to v5 disjoint from C U R3; and hence if 
E(R3) ~ @ this path is disjoint from a triad with feet Vl,V2,V 3 as required, and if 
E(R3) = @ the result follows from (8.2). 

Let 
A = V(C12 U R3 LJ R4 tJ Rb) 

B = V(C13 [.J C23 (-J P4 U Q4 tJ P5 u Qb). 

Then A A B = {vl, v2, h3, h4, hb} and IB - A I _> 2 (since C13, C23 both have internal 
vertices) and IAI > 6 (since IV(C12)1 _> 3), and so from the hypothesis there is 
a path Q of G from A to B with V(Q) N A N B  ={~. Choose Q minimal, with 
ends a E A - B  and b 6 B - A ,  and hence with V(Q) N ( A U B ) = { a , b } .  From 
the symmetry we may assume that  a 6 V(C12 U R3 U R 4 ) -  {Vl,V2, h3, h4} and b E 
V(C13 tJ P4 tJ Pb) - {Vl, h3, h4, hb}. 

Suppose first that  a 6 V(C12). Then 

Q u c12 u (g4 \ h4) u (P5 \ hb) u C13 u R3 

contains a triad with feet Vl,V2,V3, disjoint from the path between v4 and v5 in 
R4 U Q4 u (C23 \ {v2, h3}) U Q5 u R5, and so the result is true. Now suppose that  
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a E V(R4) - {h4}. Then since b E V(C13 lJ P4 [-J P5), this contradicts the minimality 
of IE(R3)I + IE(R4)[ + [E(Rh)/, as we see by replacing an appropriate subpath of 
P4 by Q. Finally, suppose that a E V(Ra) - {h3}. Then we can replace C13 by a 
path between Vl and a in 

((C13 U R3) \ ha) u 0 U (P4 \ h4) U ( &  \ h5), 

replace ha by a, and change 623 and R3 accordingly, again contrary to the mini- 
mality of [K(R3)[ + [E(R4)I + IE(R5)I. The result follows. | 

(8.4) Let G be a graph, and let v l , . . . , v5  E V(G) be distinct, such that 

{Vl}, {V2, V3}, {V4, V5} 

{V2}, {Vl, V3}, {V4, VS} 

{V3}, {Vl, V2}, {V4, V5} 

{Vl, V2, V3}, {V4, ~d5} 
are all feasible in G. Suppose Mso that 

(i) {Vl,V2,V3} is stable 
(ii) there is no 5-separation (A ,B)  of G with v l , . . . , v5  E A, IAI > 5 and 

I B -  A I > 2, and 
(iii) there is no (<_ 4)-separation ( A, B) of a with vl , . . ., v5 ~ A and ] B - A I >_ 1. 

Then {vl, v2, v3 }, {v4, v5 } is strongly feasible. 

Proof. Let 2 be the partit ion {vl,v2,v3}, {v4,vh}. Since 5 D is feasible, we may 
assume that there is a path H of G with ends vl,v2 and with v3 E V(H) ,  and a 
path J of G with ends v4, Vh, such that H n  J is null. Since {v3 }, {vl, v2}, {v4, v5 } is 
feasible, there is a path P of G\v3 with ends vl,v2 and a path Q of G\v3 with ends 
v4, v5, such that P n • is null. Choose H, J, P, Q so that H U J tO P l_J Q is minimal. 

By an arc we mean a subpath of P U Q with distinct ends both in V ( H  U Y) 
and with no edge or internal vertex in H U J. 

(1) We may assume that every arc has one end in V(H)  and the other in V(J ) .  

For let R be an arc with ends a,b say. If a,b E V(J) ,  let J '  be obtained 
from J U R by deleting the edges and vertices of J strictly between a and b; then 
H, JJ, P, Q contradicts the minimality of H U J @ P U Q. Thus not both a, b E V(J) .  
Similarly not both a,b belong to the subpath of H between Vl and v3, or to the 
subpath between v2 and v3. Consequently, if a,b E V(H)  then we may assume that  
vl and a belong to one component of H \ v3, and v2 and b to the other. If Vl = a 
and v2 = b then ~ is strongly feasible by (8.2); and otherwise ~ is strongly feasible 
since R U H  includes a triad with feet vl,v2,v3. This proves (1). 

(2) Both P and Q include arcs. 

For since P has ends Vl,V2 and v3 ~ V(P) ,  it follows that  P g H U J and so P 
includes an arc. Suppose that  Q includes no arc; then Q = J,  and so the arc in P 
has both ends in V(H) ,  contrary to (1). 

Let P1 and P2 be the arcs in P closest in P to vl and to v2 respectively; these 
exist by (2). Let Pi have ends v~ and ui, where v~ lies in P between ui and vi (i = 
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! 
1,2). Let Ri be the subpath of P between vi and v i. Then R/C_HUJ,  and so R / c  
H since v i E V(R/M H). By (1), Ul,U 2 E V(J ) .  

Let Q4 and Q5 be the arcs in Q closest to v4 and to v5 respectively; for i = 
! ! 

4,5 let Qi have ends v i and ui, where v i lies in Q between ui and vi. Let R4 be the 
! 

subpath of Q between vi and v i. Then R/C_ J (i =4,5) ,  and by (1), u4,u5 E V(H) .  

(3) u 4 and u5 belong to the same component of H \ v3. 

For suppose that  u4 and Vl belong to one component, H1 say, and u5 and v2 
f! to the other,/-/2 say. For i =  1,2,4,5, let v i be the vertex of H U  J which 

(i) belongs to the same component of H U J as vi 

(ii) belongs to Y ( P  U Q) 

(iii) does not belong to V(R/) 
(iv) subject to (i)-(iii), is closest in H U J to vi. 

Since u4 e V(H1) and u4 ~ V(R1) ,  it follows that  v~' lies in H strictly between 
v~ and v3, and similarly v~' lies in g strictly between v3 and v~. If V~l ' �9 V(P) ,  let 
P '  be obtained from P by replacing the subpath of P between v~ and v~' by the 
subpath of H between these vertices; then P'MQ is null, contrary to the minimality 

H P h " " " " " " of U J U U Q. T us v 1 �9 V(Q)  and similarly v 2 �9 V(Q),  V 4 �9 V ( P ) , v  5 �9 V(P) .  
Let p i  be the union of the subpath of H between Vl and v~/, the subpath of Q 
between v~ ~ and v~ ~, and the subpath of H between v~ and v2. Let Q' be the union 
of the subpath of J between v4 and v~, the subpath of P between v~ and vl5 p, and 
the subpath of J between v~ and Vb. Then P~MQ ~ is null, contrary to the minimality 
of H U J U P U Q. This proves (3). 

From (3) we may assume that  u4,ub,Vl all belong to the same component of 
/ / \  v3. 

(4) We may  assume that v~ = v2. 

For let S be the union of R4,Q4, the subpath of H between u4 and us, Qb, 
and Rb. If v~ r v2 then there is a triad with feet Vl,V2,V3 disjoint from S in the 
union of the subpath of H between v2 and v3,P2, the subpath of J between ul and 
u2, P1 and R1, and so 3 ~ is strongly feasible as required. This proves (4). 

From (3) and (4) we deduce that  the hypotheses of (8.3) hold (with Vl,V3 
exchanged), taking C to be the union of the subpath of H between v~ and v~ = v2, 
P2, the subpath of J between Ul and u2, and P1. The result follows from (8.3). I 

It is convenient to prove a slight strengthening of (8.4). Let v l , . . . ,  v5 �9 V(G) be 
distinct. A bat in G on {Vl,...,Vb} with feet v4,v5 is a set of six disjoint fragments 
of G, which can be numbered X1, . . . ,X6 so that  X4X5 are adjacent, and for 1 
i < 5,vi �9 X i  and X i X 6  are adjacent. 

(8.5) Under the hypothesis of (8.4), there is a bat in G on {Vl, . . . ,Vb} with feet 
V4, Vb. 

Proof. By (8.4), {Vl,V2,V3},{V4,V5} is strongly feasible, and so there is a path 
P between v4 and v5 and a fragment X6 of G such that  X6,V(P) ,{Vl ,V2,V3}  are 
mutually disjoint and Vl,V2,V 3 all have neighbours in X6. Choose X6 maximal, 
and let N be the set of all v �9 V ( G ) - X 6  with a neighbour in X6. Then 
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(V(G) - X 6 , N U X 6  ) is a separation of G. Since Vl,...,v5 E V(G) - X 6  r V(G), 
it follows that  this separation has order > 5 (by(8.4)(iii)), and so INI > 5. But 
N - V ( P )  C_ {Vl,V2,V3} by the maximality of X6, and so ]NnV(P)] > 2. Choose an 
edge e of P so that  N meets both components of P \ e; and let these components 
have vertex sets X4,X5 where vi E Xi (i = 4,5). Let Xi = {vi} (i = 1,2,3); then 
{ X I , . . . , X 6 }  is the desired bat. 

Let Vl,...,v6 E V(G) be distinct. 
partitions: 

We 

| 

denote by ,~1, ,  . . , ,~12 the following 

~1:  {Vl}, {V3,Vh}, {V2, V4,V6} 
~D2 : {V2}, {V3, Vh}, {Vl, V4, V6} 
~3:  (V3}, {~2, ~} ,  {Vl, ~4, V~} 
~4:  {V4}, {V2, ~5}, {Vl, V3, ~6} 
25:  {Vh}, {V2, V4}, {~1, V3, ~6} 
2~:  {V6}, {V2, ~4}, {Vl, V3, V~} 
~7:  {vl, v3}, {v2, vh}, {v4, v6} 
~D8 : {Vl, v4}, {v2,v5}, {v3,v6} 
~'9: {vl, v4}, {v2, v6}, {v3, vh} 

�9 ~10 : {Vl, Vh}, {v2,v4}, {v3, v6} 
~11: {vl, ~6}, {v2, ~4}, {~3, vh} 
~12: {Vl, va, ~5}, {~2, ~4, ~6}. 

(8.6) Let G be a non-apex Hadwiger graph, and let (A, B) be a 6-separation of G 
with [A - BI, ]B - A[ > 2, chosen with A minimal. Let G I A A 13 be a path with 
vertices Vl,...,v6 in order. Then ~1, . . . ,~12 are infeasible in G I A. 

Proof. We show first that  

(1) There is an octopus {Y1,,..,Ys} in G [ B on {Vl,...,v6} with base Vl,V4,V6 such 
that Y2 YT , Y3YT , Yh Ys are adjacent. 

For by (6.9) there is an octopus {II1,...,118} in G ] B  on {Vl,...,v6} with 
base Vl,V4,V6. We may assume by exchanging II7 and Ys that  ]12117 are adjacent. 
If Y3Ys and YhY7 are adjacent, let {C1,C3,C4,C5} be (by (6.6)) a 4-cluster in 
G I(A - {v2,v6}) with vi E Q (i = 1,3,4,5); then 

(Y1U C1, Y2 U YT, Y3 U C3, Y4 U C4, Ya U Ch, Y6 U Ys} 
is a 6-cluster, a contradiction. If Y3Ys and YhY8 are adjacent, let {61,62,C5,C6} 
be a 4-cluster in G] (A - (v3,v4}) with vi E Q (i = 1,2,5,6); then 

{Y1U C1,Y2 U C2,Y3 U Ys, Y4 U YT, Ys U Cs,Y6 U C6} 
is a 6-cluster, a contradiction. Thus Y3Ys are not adjacent, and so Y3Y7 are adjacent. 
If ]I5117 are adjacent, let {C1,63,65,C6} be a 4-cluster in G I (A - {v2,v4} ) with 
vi E Ci (i = 1,3,5,6); then 

{ YI U C1, Y2 U YT , Y3 U C3, Y4 U Ys, Ys O Cs, Y6 U C6 } 
is a 6-cluster, a contradiction. Thus II5118 are adjacent. This proves (1). 
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(2) "~1,---, '~6 are infeasible in G [ A. 

For let Y1,...,Ys be as in (1). Now {v2,vd,v6} is stable. Moreover, if (A',B') 
is a separation of G I ( A - { V l } )  with {v2,...,v6} C_ A' and B ' - A '  r @, then 
(A' U B ,B '  U {vl}) is a separation of G of order ]A' D B' I + 1, and so IA' D B' I > 5, 
and by the minimality of A, either B 'U  {v l} - - A  (that is, IA'[ = 5) or [ B ' - A ' [  = 
1. Hence the hypotheses of (8.5) applied to G] (A - {vl}) are satisfied. Suppose 
that  f i l  is feasible. By (6.6) and (8.5) applied to G I ( A -  {Vl}), there is a bat 
{X2,X3,Xd,Xh,X6,X7} in G I ( A -  {vl}) on {v2,...,v6} with vi �9 Xi (2 < i < 6) 
and with feet v3,vh. Then 

{ Y~ u Y2 u x2  u Y~, x 3 u Y3, x4  u Y4, X 5 u Y~, X 6 u Y6 u Y~ , X T } 

is a 6-cluster, a contradiction. Thus :~1 is infeasible, and so is ~6, by symmetry. 
Suppose that ~2 is feasible. By (6.6) and (8.5) there is a bat {X1, )(3, Xd, 

Xh, X6, XT} in G I ( A -  {v2}) on {Vl,V3,Vd,Vh,V6} with vi � 9  ( i=  1,3,4,5,6) and 
with feet v3,vh. Then 

{ x~ u Y~ u Y2 u Ys, x 3 u Y3,X4 u Y4,X s u Y s , x  6 u Y~ u YT,X T } 

is a 6-cluster, a contradiction. Hence ~2 is infeasible, and by symmetry so is :~5. 
Finally, suppose that  ~3  is feasible. By (6.6) and (8.5) there is a bat 

{XI ,X2,Xd,Xh,X6,XT}  in G [ (A - {v3}) on {vl,v2,v4,vh,v6} with vi E Xi (i = 
1,2,4,5,6) and with feet v2,vh. Then 

{ X1U Yl U Ys, X 2 U Y2, Y3 U Xd U Yd, Xh U Yh, X 6 U Y6 U YT , X 7 } 

is a 6-cluster, a contradiction. Hence ~3 and similarly ~)4 are infeasible. This 
proves (2). 

(3) :P7 is infeasible in G [ A. 

For suppose that  P1,P2,P3 are three disjoint paths of G I A, where P1 has 
ends VlV3,P2 has ends v4v6, and P3 has ends v2v5. We claim that  there are 
two disjoint paths of G I (A - {vl,v3,vd,v6}) from (V(P1) - {Vl,V3}) U {v2} 
to (V(P2) - {Vd,V6}) U {Vh}. For if not, there is a (< 1)-separation (X,Y) of 
G ] (A - {vl,v3,vd,v6}) with V(P1) - {Vl,V3} C_ X, v2 �9 X, V(P2) - {Vd,V6} C Y 
and vs �9 Y. Then (X U B , Y  U {Vl,V3,Vd,V6}) has order _< 6, and so from the min- 
imality of A, either X u B = B or IV(G) - (X U B)] _< 1. The first is impossible 
since V(P1) C_ X and P1 has an internal vertex (for vlv3 are not adjacent). Thus 
the second holds, and so [ Y - ( X U B ) I  _< 1. Similarly ] X - ( Y U B ) ]  < 1; but 
also IX D Y - B I < 1, and so IV(G) - B I < 3, contrary to (6.3). This proves our 
claim that  there exist two disjoint paths Q1,Q2 of G I (A - {vl,v3,v4,v6}) from 
(V(P1) - {vl,v3}) U {v2} to (V(P2) - {Vd,V6}) U {vh}; and because of the existence 
of P3, we may choose Q1,Q2 so that  v2 is an end of one of them, and so is Vh, and 
Q1,Q2 have no vertex in V(P1) except for Pl, say, and no vertex in V(P2) except 
for P2, say. Now if one of Q1,Q2 has ends v2v5 and the other has ends PIP2, then 
~ 4  is feasible in G I A, contrary to (2); while if one of Q1, Q2 has ends v2p2 and the 
other has ends PlY5 then ~1 is feasible contrary to (2). This proves (3). 
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(4) ,~8,~9,.~10 are infeasible in G ] A. 

Now ~8 is infeasible by (7.6) and (6.6), taking Z1 -- {v2},Z2 = {Vb}, Z3 = 
(v l , v4} ,Z4  -- {v3,v6}. ~9 is infeasible by (7.6) and (6.6), taking Z1 -- {v3},Z2 = 
{Vb}, Z3 -- {Vl,V4}, Z4 -- {v2,v6}. ~10 is infeasible by symmetry. 

(5) :~11 is infeasible in G] A. 

For suppose that  there are disjoint paths P,Q and R of G [ A with ends 
VlV6,V2V 4 and v3v5 respectively. Let S be a minimal path of G ] (A - {v2,v5}) 
between V ( P )  and V(Q u R); let S have ends p e V ( P )  and q �9 V(Q)  say. (This 
exists since there is a path of G[ A between Vl and v3 with no vertex in {v2,v5}, 
because any component of G \ B contains neighbours of all of Vl,...,v6.) Since q r 
v2 it follows that  ~2 is feasible, a contradiction. This proves (5). 

(6) ~12 is infeasible in G ] A. 

For suppose it is feasible. Since '~:~1 and ~ 6  are infeasible, it follows that  there 
are four paths P13,P15,P26,P46 of G I A, mutually disjoint except for their ends, 
where each Pij has ends viv. But by (1), {v3},{vl ,vb},  {v2,v4,v6} is feasible in 

�9 J .  - . . . . .  

G ]'B. This contradicts (7.6) with Z1 = {v3}, Z2 ~- {vl,vb}, Z3 = {v2,v4,v6}. 
The result follows. | 

In addition to (8.6) we need to prove that  one further structure does not 
appear in G[ A. Let Vl,...,v5 be distinct vertices of a graph G. A turkey in G on 
(Vl,...,Vb) (note that here Vl,...,v5 are ordered, unlike the octopus and bat) is a 
set {Xo,X1,X2,X3,Xb} of disjoint fragments of G, such that  

(i) vz,v4 �9 X1, and vi �9 Xi  for i = 2,3,5, and 

(ii) X o X 1 , X o X 2 , X o X 3 , X 2 X 5  and X3X5 are adjacent. 
If (Vl,...,v6) is a 6-term sequence, and 1 < k < 6, the 5-term sequence obtained by 
omitting the kth term vk of (Vl,...,v6) is denoted by (Vl,...,~)k,...,v6). 

(8.7) Let G~ A , B , v l ,~ . , v6  be as in (8.6) Let 1 < k < 6; then there is no turkey in 
G ] A  on (Vl , . . . ,vk , . . . ,v6) .  

Proof. Suppose that  for some k there exists such a turkey. Let (vl , . . . ,vk, . . . ,v6)  = 
(al , . . . ,a5) .  Then there are five paths Ri of G]  A with ends ai,bi (1 < i < 5), 
mutually disjoint except that  bl = b4; and two paths Qi of G] A between bi and 
b5 (i = 2,3); a vertex c �9 A - V(R1 U ... U R5 U Q1 t3 Q2), and three paths Pi from 
c to bi (i = 1,2,3), so that  all these paths are disjoint except for their ends. (Note 
that  it is possible that  ai -- bi for some values of i.) See figure 3. 

Let H = R 1 U . . . [ 3 R b U Q I U Q 2 U P 1 U P 2  [3P3; we call H a skeleton. 
Now since G is 6-connected, there are six paths L1, . . . ,L6 of G[ A between c 

and Vl,...,  v6 respectively, mutually disjoint except for c. Choose k, H and L1,. . . ,  L6 
so that  

(1) H [3 L1 L3 ... U L6 i8 minimal  

Let R be the minimal subpath of Lk between vk and V(H ) ,  and let R have 
ends Vk, h. Thus, if vk �9 V ( H )  then h = v k. 
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Q2 I IPI i Q3 

a 1 

R1 

b5 

a 4 

~ R5 

.) a 5 
Fig. 3. A turkey skeleton on (a l , . . . , a s )  

(2) For 1 < i < 5, i f  ai and v k are consecutive in the sequence (Vl,...,v6) , then h 

For suppose that  a,,! and v k are consecutive in (vl, . . . ,v6) and h e V(R/). We 
obtain a new ske le ton / t  ~ by replacing the subpath R I of R/ between ai and h by 
R. But 

H ~ UL1 U . . .  UL  6 C_ H U L l  U . . .  UL6, 

and so by (1) equality holds; and hence R ~ c_ L1 U...  UL6, which is impossible since 
R c_ Lk, R~C_ L i , R N R  ~ is non-null (since h E V(RAR~)), and L1, . . . ,L6 are disjoint 
except for e. This proves (2). 

( l)  For l < i < 5 ,  h ~ V ( R i ) .  

Suppose that  h E V(R/). By (2), ai and vk are not consecutive in (Vl,...,v6). 
There are several cases. 

Suppose that  k = 1, and hence i > 2 and ai = Vi+l. Then i r 2 (for otherwise Y~4 
is feasible, contrary to (8.6); in the remaining cases we abbreviate this to "(5a4)"), 
and i r 3 (~3). Now h r 54 since h ~ V(R1), and so i r 4 (~10), and i # 5 (.~4)- 
Hence k ~ 1. 

Suppose that  k = 2, and hence i ~ 1,2. Then i r 3 (~6), i r 4 (~3) since h 
b4, and i ~ 5 (~12). Thus, k r 2. 

Suppose that  k = 3. Then i r 1 or 4 (~6), and i ~ 5 (~10). Hence k r 3. 
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Suppose that k -- 4. Then i r 1 (2s) since h r bl, and i r 2 (26)  and i 
5 (212). Thus, k r 4. 

Suppose that k = 5 .  T h e n i ~ l ( 2 1 0 )  since h C b l ,  a n d i r  a n d i r  
3 (29). Hence, k r 5. 

Suppose that k = 6. Then i r 1 or 4 (23), i r 2 (29) and i r 3 (2s). Hence, 
k r  

In each case we therefore obtain a contradiction, and (3) follows. 

(4) h ~ V(Q2 u Q3). 
For suppose first that h �9 V(Q2). Since h ~ V(R2 U Rs) by (3), h r b2 and h r 

55. Then k r 1 (24), k ~ 2 (212), k r 3 (210), k r 4 (26), k ~ 5 (28), and k r 6 (29) , 
a contradiction. Hence h ~ V(Q2). Suppose now that h �9 V(Q3). By (3), h r b3, b5. 
Hence k r 1 (23),k r 2 (26), k r 3 (210) ,k  ?~ 4 (212), k ~ 5 (29), and k r 6 (2s). 
This proves (4). 

From (3) and (4), we deduce that h �9 V(P1 U P2 U P3). By (3), h r bl,b2,b3. 
Hence k ~s 1 (P3), k r 2 (210), k r 3 (212), k r 4 (210), k • 5 (2s), and k r 6 (23). 
This is a contradiction, and so there is no such turkey, as required. | 

9. Chasing a t u r k e y  

Let al , . . . ,a5 be distinct vertices of a graph G, fixed throughout this section. 
2 denotes the partition {al,a3,a5},{a2,a4}, and we assume the following three 
hypotheses: 

(9.1) (Hypothesis) 2 is infeasible in G. 

(9.2) (Hypothesis) There is no turkey in G on (al,. . . ,a5) or on (as, . . . ,al) .  

(9.3) (Hypothesis) G is simple, and there is no separation (X, Y) of G of order <_ 3 
with al, . . . ,a5 E X and IV(G) - X I >_ 2, and none of order < 2 with al, . . . ,as E X 
V(G). 

A frame on (al,. . . ,a5) (see figure 4) is a subgraph H of G with al , . . . ,a5 E 
V(H), consisting of the union of: 

(i) five paths Pi with ends uiai (1 < i < 5), mutually vertex-disjoint, where 
Ul ~ al and u5 ~ a5 

(ii) two disjoint paths R17,R56, with ends UlU7 and usu6 respectively, meet- 
ing V(P1 U... U P5) in {ul} and {u5} respectively 

(iii) six paths Q12, Q26, Q36, Q37, Q47, Q45, mutually disjoint except for their 
ends, where each Qij has ends uiuj, and each Qij is disjoint from 
P1,.-.,P5 and R17,R56 except for its ends. 

This definition implies that the paths P1, Ps, Q12, Q26, Q36, Q37, Q47, Q45 each 
have at least one edge, but the paths P2,Pa,P4, R17,R56 may have no edges. 
In particular, we permit u5 = u6 and ul = u7. We call P1,P2,P3,P4,P5, 
Q12, Q26, Q36, Q37, Q47, Q45 the sides of the frame, and denote their union by I(H).  
We define the cost of H to be IE(R17)I + IE(R56)I. A frame in G on (al,. . . ,a5) is 
minimal if its cost is minimum over all frames in G on (al,...,a5). 
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Ul RI7 R~ u5 

a~ a 2 a 3 a 4 a 5 

Fig. 4. A frame 

The objective of this section is to analyze the structure of G implied by (9.1)- 
(9.3), assuming there is a frame. Roughly, we shall show that  G can be drawn in a 
disc with az, . . . ,a5 on the boundary in order, except for one part of G (associated 
with R17 U R56) which is separated from the remainder of G by a (< 4)-separation. 

If H is a subgraph of G, let us say an H-path in G is a path of G with distinct 
ends both in V(H), and with no other vertex or edge in H. We begin with the 
following. 

(9.4) Assuming (9.1)-(9.3), let H be a minimal frame on (a l , . . . ,a5)  with nota- 
tion as above. There is no path in G \ {Ul,U5,U6,U7} between V(R17 U R56) - 
{Ul,U5,U6,U7} a n d  V(I(H))  - ( U l , U 5 , U 6 , U T } .  

Proof. Suppose there is such a path; then there is an H-path P in G with ends x E 
V(R17 U R56) and y e V(I(H)) ,  with x, y @ {Ul,U5, u6, u7}. From the symmetry we 
may assume that  x E V(R17). 

(1) y r y (P,  u Q12 u P2 u Q26). 

For if y E V(P2 uQ26) we replace Q,2 by P to obtain a new frame with smaller 
cost, a contradiction. If y E V(P1) or y e V(Q,2) we replace the subpath of P1 
or Q12 respectively between y and ul by P, again obtaining a frame with smaller 
cost. This proves (1). 

(2) yr V(Q36 tJ P3 u Q37) and y ~ V(Q47 u P4 u Q45). 

For if y E V(Q36 u P3 LJ Q37) we replace Q37 (or a part of it) by P,  obtaining 
a frame with smaller cost. If y E V(Q47 u P4 u Q45), we similarly replace Q47 (or a 
part of it) by P. 

From (1) and (2) we deduce that  y E V(P5) - {u5}. But then ~ is feasible, 
contrary to (9.1). I 
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Given a frame H and Pi's and Qij's as before~ we define 

R~ = P~ u Q~2 u/ '2  

Re = Q12 u Q26 

R3 = P2 u Q2~ u Q3~ u P3 

R4 - - - -  Q36 u Q37 

R5 = P3 U Q37 u Q47 u P4 

R~ = Q47 u Q45 

R7 = P4 U Q45 u Ph- 

Then R1, . . . ,R7  are all paths of I(H). 

(9.5) Assuming (9.1)-(9.3), let H be a minimal l rame on (a l , . . - , ah) .  Let P be an 
H-path of G with ends x,y �9 V(H). Then either x,y �9 V(Ri) for some i (1 < i < 
7), or z , y  ~ V(R17 u R56). 

Proof. First, suppose that  x �9 V(P1) - {ul}. We must show that  y �9 V(R1). 
Now since ~ is not feasible, az,a3,a5 do not belong to the same component  of 
G \ V(P2 (J Q12 u R17 u Q47 u P4), and so 

y r V(Q26 u Q36 u / )3  u Q37 u R56 U Q45 u Ph) - {u2, u4, uT}. 

that  y �9 V(P4 U Q47) u V(R1). Now if y �9 V(P4 U Q47) - {u7}, We deduce by (9.4) 
then taking 

x l  = v(P~ u P u P4 u Q47) - {ul ,  uT} 

x~  = v (P2)  

x 3  = v (P3)  

x~ = v(P5 u R56 u Q26 u Q3~) - {u2,u3} 
x o  = V(QI~ u Ri7 u Q37) - {u2, u3} 

defines a turkey on (a l , . . . , ah )  contrary to (9.2). If y = u7 r ul ,  then replacing 
the subpath  of P1 between x and ul  by P yields a frame with smaller cost, a 
contradiction. I t  follows tha t  if y �9 V(P4 U Q47) then y = u7 = ul  and so y �9 V(R1). 
Hence the result holds if x �9 V(P1) - {Ul}. We may therefore assume by symmetry  
tha t  

(1) x,y ~ Y(Pl )  - {Ul} and x,y ~ V(Ph) - {Uh}. 

Next, we claim we may assume tha t  

(2) x, yCul,Uh. 

For if not then by symmet ry  we may assume tha t  x = Ul. If  

y �9 V(Q36 U P3 lJ Q37 u Q47 u P4 u Q45) - {us, u6, UT} 

then from the minimality of H ,  it follows (by replacing all or a par t  of one of 
QaT,Q47) that  Ul = u7, and hence x,y �9 V(R4) for i : 4,5 or 6 and the result is 
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true. By (1), y ~ V(P5) - {u5}. Thus either y = u5 or u7 (in ,which case x,y E 
V(R17UR56)) or y ~ V(R1)UV(R2) ,  and then x,y E V(Ri)  f o r - / =  1 or 2. This 
proves (2). 

Next, we claim we may assume that  

(3) x,y ~ V(Q12) - {u2} and X,y ~ V(Q45) - {u4}. 

For otherwise, by (2) we may assume that  x E V(Q12) - {ul,u2}. Now by 
(9.1), y ~ V(P4 u Q47uQ45) -  {us, u7}, since otherwise hi, an, a5 belong to the same 
component of 

G \ (V(P2 U Q12 U P U P4 U Q4r u Q45) - {ul ,  us, u7}). 

By the minimality of H, y r u7 (for if y = u7 then u7 r ul  by (2), and so replacing 
part of Q12 by P produces a frame with smaller cost). If y E V(Q36 U P3 U Q37) - 
{U6,U7} , then taking 

X 1 = 

x 2 =  

x 3 =  

X5 = 

V(P1 U R,7 U Q47 u P4) 

V(P2 U Q26) - {u6} 

V(Q36 U P3 U Q37) - {u6, u7} 

v ( P s  u R56) 

x o  = V(Q12 u P)  - {~1, ~z, v} 
defines a turkey on (a l , . . . , a s )  contrary to (9.2). By (1) and (2), y ~ V(Ph); and so 
y E V(R1) U V(R2) as required. This proves (3). 

Next, we claim we may assume that 

(4) x,y ~ V(P2 U Q26) - {u6} and x,y r V(P4 U Q47) : {u7}. 

For suppose that  x E V(P2 U Q26) - {u6} say. By (1)-(3), 

y ~ V(P4 u Q4r u Qar u Ra). 
Now y ~ V(P4 U Q47) - {UT} since 5 D is not feasible. Also, y r for if y = u7 then 
u7 r Ul by (2), and replacing Q12 by P contradicts the minimality of H. If y E 
V(Q37) - {u3,u7}, then taking 

X 1 : V ( P  1 U R17 U Q47 U P4) 

x~ = v (P2  u Q26 u P) - { ~ ,  v} 

x3  = V(Qae u P3) - {u6} 

x5  = V(P5 u n56) 

x o  = V(Qar) - {ua, ur}  

defines a turkey on (h i , . . . , a s ) ,  a contradiction. Hence y E V(R3) as required. This 
proves (4). 

From (1)-(4), x , y ~  V(P3UQa6UQa7), and so x, yE V(Ri)  for i = .3, 4 or 5, 
as required. | 

If C C_ V(G), we denote by N(C)  the set of all v E V(G) - C with a neighbour 
in C. We recall that  if H is a subgraph of G, an H-flap is the vertex set of a 
component of G \ V(H).  
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(9.6) Assuming (9.1)-(9.3), let H be a minimal frame on (al , . . . ,ah) .  / f  C is an 
H-flap and N(C)  meets each o f V ( q l 2 ) -  {u2}, V ( P 2 ) -  {u2}, Y ( q 2 6 ) -  {u2}, then 
N(C)  C_ V(Q12 u P2 u Q26)- An analogous result holds for Q36,P3,Q37. 

Proof. Since N ( C ) n  ( V ( P 2 ) -  {u2}) • O, it follows from (9.5) that N(C) C 
V(R1 U R3). Similarly N(C) C_C_ V(R1 U R2), and N(C) C V(R2 U R3). Hence 

N(C) C V(R! U R3) n V(.R,1 U R2) r] V(R2 u R3) = V(Q12 o/>2 u Q26). 

The proof is analogous for Q36, P3, Q37. 

(9.7) Assuming (9.1)-(9.3), let H be a minimal frame on (al , . . . ,ah) .  There is no 
triad in a with feet in V(Q12) -  {u2}, V ( P 2 ) -  {u2} and V(Q26) -  {u2} respectively 
and with no other vertex in V(H).  

Proof. Suppose that T is such a triad with feet Xl,X2,x3 say, where x] r V(Q12) - 
{u2}, x2 �9 V(P2)-{u2}  and x3 r V(Q26)-{u2} respectively. Then TuP2uQ12uQ26 
is a tripod with feet ul,a2,u 6 and with no other vertex in 

z = V ( H )  - ( V ( P 2  u Q12 o Q26) - {ul ,  a2, u6}). 

By (3.3) and (9.3), we may assume (by the symmetry between the two triads in 
the tripod) that there is.a path of G from V ( T ) -  {xl ,x2,x3} to Z disjoint from 
P2 U Q12 U Q26, contrary to (9.6). | 

A virtually identical proof yields: 

(9.8) Assuming (9.1) (9.3), let H be a minimal frame on (al , . . . ,ah) .  There is no 
triad in C with feet in V(Q3 6 ) -  {u3}, V ( P 3 ) -  {u3) and V(Q37)-  {u3} respectively 
and with no other vertex in V(H).  

(9.9) Assuming (9.1)-(9.3), let H be a minimal frame on (al , . . . ,a5) .  For any H- 
flap C, either N(C)  C V(R17 U R56) or N(C)  C_ V(Ri)  for some i (1 < i < 7). 

Proof. We may assume that there exists x �9 N ( C ) -  V(R17 U R56). By (9.4), 
N(C) C V ( I ( g ) ) .  If x can be chosen with x �9 V(P1) - {ul} then by (9.5), N(C) C_ 
V(R1) as required, and we may therefore assume that N(C) N V(P1) C {ul} and 
N(C)r-W(Ph) c_ {us} similarly. If N(C)  C V(Q36uP3uQ37), then by (9.8), N(C) C_ 
V(Ri)  for i = 3,4 or 5, as required. From the symmetry, we may therefore assume 
that 

N(C) N V(Q12 V P2 U Q26) ~ {u6}. 
From (9.5), 

N(C) C_ V(Q12 U P2 U Q26 �9 Q36 u P3). 

We may assume that N(C) ~ V(R3), and so N(C) n V(Q12) ~: {u2}. By (9.5), 
N(C) q V(Q12 U P2 U Q26)- Then the result follows from (9.7). | 

(9.10) Assuming (9.1)-(9.3), let H be a minima/frame on (ax,.. . ,ah). There do 
not exist disjoint H-paths  P, Q with ends PiP2 and q]q2 respectively, such that 
p l ,q l  E V(P1) - {ul}, p2,q2 e V(Q12) - {Ul}~ and al,pl,ql,p2,q2,a2 are in order 
on R1. 



HADWIGER'S CONJECTURE FOR K6-FREE GRAPHS 333 

Proof. Suppose that  such P and Q exist. Let P~ be the subpath of P1 between u 1 
and Pl. Now P1 U Q12 u P u  Q is a t r ipod with feet a l , u l , u2  and with no other 
vertex in 

Z = V ( H )  -- (Y(P1 U Q12) - { a l , u l , u 2 } ) .  

By (3.3) we may therefore assume tha t  there is a pa th  R from a E V ( P  I U Q) - 
{u l ,p l ,q2}  to b E Z with no vertex in H U P U Q  except a and b, and with al,Ul,U2 
a, b. (We use here that  every leg of the tr ipod "output" by (3.3) is a subpath of the 
corresponding leg of the :'input" tripod, so that  the leg incident with Ul remains 
null, and we use the symmetry  between ql and P2.) By (9.5), b E V(R1), and so 

b �9 V(R1) N Z - {al ,Ul ,U2} = V(P2) - {u2}. 

But then ~ is feasible, a contradiction. I 

(9.11) Assuming (9.1)-(9.3), let H be a m i n i m a / f r a m e  on (a l , . . . , a5) .  There do 
not exist disjoint H-paths  P,  Q with ends PiP2 and qlq2 respectively, such that 
Pl ,ql  E V(Q26) - {U6}, P2,q2 �9 V(Q36) - {u6}, and a2,pi,ql ,p2,q2,a3 are in order 
in R3. 

Proof. Suppose such P, Q exist. Let P~ be the subpath of Q26 between Pl and u6. 
As in (9.10), we may assume by (3.3) that  there is a pa th  R with ends a E V(P lUQ)  
and b E V ( H )  - V(Q26 U Q36), with no other vertex in V ( H  U P U Q) and with no 
vertex in {pl,q2,u6}. By (9.5), b �9 V(R2 U R3), and so either b E V ( P 2 ) -  {u2}, or 
b �9 V(P3) - {u3}, or b E V(QI2) - {u2}. 

Suppose first that  b E V(P2) - {u2}. Let H / be obtained from H by deleting 
the edges and internal vertices of the subpath  of P2 between b and u2, and adding 
R (if a E V(Q26)) or adding R and the subpath of Q between a and ql (if a E 
V(Q)) .  Then H / is a minimal frame on (a l , . . . , a5 ) ,  and yet it does not satisfy 
(9.5), because of the HI -pa th  P,  a contradiction. Thus b ~ V ( P 2 ) ,  {u2}. 

Now suppose that  bE V(P3) - {u3}. Then taking 

Xx = V(Px u R17 U Q47 u P4) " 

X2 = V(P2 U Q26) - (V(P ' )  - {pl}) 

X 3 = V ( P 3 )  - {u3}  

X5 = V(P5 U R56 U pi  U Q u R) - {pl ,b,  q2) 

Xo = V ( P  U Q36 u Q37) - {pl, u6, u7} 

defines a turkey on (a l , . . . , a5)  contrary to (9.2). Thus b ~ V ( P 3 ) -  {u3}. 
Consequently, b E V(Q12) - {u2}. Let Q / b e  the subpath of Q36 between u6 

and P2. Then taking 

X1 = V(P1 U R17 U Q47 u P4 u Q12) - {u2} 

X2 = V(P2) U (V(Q26) - V(P ' ) )  U ( V ( P )  - {P2}) 

)(3 = V(P3) U (V(Q36) - V(Q') )  

X5 -- (P5 U R56 U Q')  

Xo = V ( R  U P'  U Q) - {b, pl ,  u6, q2} 
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defines a turkey on (a l , . . . , a5 )  contrary to (9.2). (The reader may see what seems 
to be a simpler way to dispose of this case, but there is a difficulty with it if b = 
U 1 = U7. ) The result follows. I 

We recall that  P1, .-- ,P5 and the Qij 's  are called the sides of H.  

(9.12) Assuming (9.1) (9.3), let H be a min ima / f rame  on (a l , . . . , a5 ) .  Let P,  Q be 
disjoint H-paths  of  G, with ends PiP2 and qlq2 respectively, and let k with 1 < k < 7 
be such that pl ,  ql~ P2, q2 all lie in Rk, in order. Then one of  {Pl,P2}, {ql,q2} is a 
subset of  the vertex set of  some side of  H.  

Proof. Suppose first that  k = 1; then we may assume that  al,Pl ,ql ,P2,q2,a2 are 
in order in R1. If q2 r V(P2) - {u2}, then the result holds by (9.10), and so we 
assume that  q2 E V(P2) - {u2}. Suppose that  Pl ~ V(P1) - {ul}. Then either the 
result holds, or Pl,ql  E V(Q12) - (u2} and P2,q2 E V(P2) - {u2}; but in the latter 
case by replacing the subpath of P2 between q2 and u2 by Q, we obtain a minimal 
frame in which (9.7) is not satisfied, a contradiction. Hence we may assume Pl E 
V ( P I ' ) -  {ul}. Consequently, if the result does not hold, there are disjoint paths 
in R1 \ {Pl, q2 } with ends ql, Ul and p2,u2 respectively, and hence $ ) is feasible, a 
contradiction. Thus if k = 1 the result holds. 

If k = 2 the result holds, for otherwise there is a minimal frame violating (9.7), 
and similarly (using (9.8)) the result holds if k = 4. By the symmet ry  we may 
therefore assume that  k = 3 and a2,pl,ql ,p2,q2,a3 are in order in R3. By (9.7), 
the result holds if q2 E V(P2 U Q26), and by (9.8) it holds if Pl E V(Q36 U/ '3).  We 
assume therefore that  Pl E V(P2 U Q26) - {u6}, and q2 E V(Q36 U P3) - {u6}. If 
p2 E V(P2 uQ26), then Pl E V(P2) - {u2} and P2 E V(Q26) - (u2} (unless the result 
holds), and by replacing the subpath of Q26 between u2 and P2 by P we obtain a 
minimal frame violating (9.5). Thus we may assume that  P2 E V(Q36 U P3) - {u6}. 
Similarly if ql E V(Q36 U P3), we may assume that  q2 E V(P3) - {u3} and ql E 
V(Q36) - (u3}, and then by replacing the subpath of Q36 between ql and u3 by 
Q, we obtain a minimal frame violating (9.5). We therefore assume that  ql E 
V(P2 UQ26) - {u6}. If pl  E V(P2) - {u2} and q2 E V(P3) - {u3} then ~ is feasible, 
a contradiction. Thus if Pl E V(P2) - {u2}, then q2 E V(Q36); but then there is a 
turkey on (a l , . . . ,a5) ,  taking 

X1 = V(P1 U R17 U Q47 u P4) 

x2  = v ( P ' )  

xa  = v(Pa u Q') 

X5 = V ( P5 U R56 U Q36 u P)  - ( V ( Q') u {pl}) 

Xo = V(Q12 u P~ u Q26 u Q) - (V (P ' )  u (Ul, u6, q2}) 

where P '  is the subpath of P2 between a2 and Pl, and Q'  is the subpath of Q36 
between q2 and u3. Consequently, Pl E V(Q26) - {u6}. 
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By (9.11), q2 
there is a turkey on 

X1 = 

x 2 =  
x ~ =  

X5 = 

x 0 =  

V(Q36 ) (since q2 r ~6), and so q2 e V(P3)  - {u3}. 
( a l , . . . ,  a5), taking 

V(P1 U R17 U 047 U P4), 

v(p2  u P') 

V(Q') 

v(P5 u R56 u #28 u Q) - (v (P' )  u {q2}) 

v(P3 u Q36 u #37 u P) - (V(Q') u {pl, ~6, ~7}) 

But then 

where P '  is the subpath of Q26 between u2 and Pl~ and Q'  is the subpath of P3 
between a3 and q2. This completes the proof. | 

(9.13) Assuming (9.1)-(9.3), let H be a minimal frame on (al , . . . ,a5),  and let S 
be a side of H. There do not exist disjoint H-paths P, Q with ends plp2 and qlq2 
respectively, such that 

(i) Pl,ql,P2 lie in V(S)  in order on S, and q2 E V(Rk)  - V(S)  for some k 
with S C R k (1 < k < 7), and 

(ii) there is a path R in G from V(P)  - {Pl,P2} to V ( R  k U Q) - V(S)  with 
no internal vertex in V ( H U P U Q ). 

Proof. First we prove that  

(1) There do not exist such P, Q, R with Q n R null. 

For suppose such P , Q , R  exist with Q n R null. Let R have ends a E 
V(P)  - {Pl,P2} and b E V(Rk)  - V(S) .  Let us examine the order of occurrence of 
Pl,P2,ql,q2,b in R k. We may assume that  Pl,ql,P2,q2 occur in R k in order, and 
since b ~ V(S)  and Pl,P2 E V(S) ,  it follows tha t  the order of the five vertices is one 
of 

Pl, ql,P2, q2, b 

Pl, ql ,P2, b, q2 

b, p l  , ql , P2, q2. 

In the first and third cases let j -- 2, and in the second case let j = i. Then the 
vertices ql, q2,Pj, b occur in the orders 

ql , Pj, q2, b 

pj ,ql ,b ,  q2 

b, ql,pj,q2 

in the three cases. But there are disjoint H-pa ths  with ends qlq2 and pjb respec- 
tively, and so from (9.12), there is a side S I containing > 3 of ql,q2,Pj,b. Now S ' r  

S since b, q2 ~ V(S); and so ql ~ V ( S  I) since S is the only side containing ql. Con- 
sequently, {q2,Pj,b} ~ V(S ' ) ,  and so V ( S N S ' )  = {pj}. Thus j = 2 since Pl,ql,P2,q2 
are in order in Rk, and so Pl,ql,P2,q2,b are in order in Rk. Let H ~ be the minimal 
frame obtained from H by deleting the edges and internal vertices of the subpath 
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of S between Pl and P2, and adding P; then R is an Ht-path and so is the union 
of Q and the subpath of S between Pl and ql, and they are disjoint, contrary to 
(9.12) applied to H p. This proves (1). 

From (1) it follows that  if P, Q, R, S exist then P m Q u R U S is a tripod with 
feet Sl,S2,q2 and with no other vertex in Z = V(H) - (V(S) - {Sl,S2}), where S 
has ends Sl,S2. Consequently, by (3.3) we may choose P,Q,R,S and H so that 
there is a path R t from V ( P ) -  V(S) to V ( H ) -  V(S) disjoint from V(Q uS). But 
by (9.9), R f has both ends in V(Rk), contrary to (1). | 

A frame H on (al , . . - ,a5)  in G is secure if, with the usual notation, 

(a) it is minimal 

(b) each side is induced (that is, every edge of G with both ends in the side 
is an edge of the side), and 

(c) for each H-flap C, there is no side S of H with N(C) C_ V(S). 

(9.14) Assuming (9.1)-(9.3), if there is a frame on (a l , . . . ,  a5) then there is a secure 
frame on (a l , . . . , a s ) .  

Proof. Let H be a minimal frame on (a l , . . . , a s ) .  An H-flap C is good (with respect 
to H) if N(C) ~ V(S) for each side S of H; and bad otherwise. Let C1, . . . ,Cr  be 
the good H-flaps, ordered with 

IV(C )l _> Iv(c2)l >_... >_ IV(Cr)l, 

and let D1, . . . ,Ds  be the bad H-flaps, ordered with 

1V(D1)t _> IV(D2)I _>... > IV(Ds)]. 

The sequence 

(IV(Cx)l , . . . ,  Iv (c r ) I ,  I r (D1) l , . - . ,  IV(Ds)I 
is called the signature of H. Among all minimal frames, choose H so that its 
signature is maximum, using the lexicographic order of signatures; that  is, if H has 
signature ( a l , . . . ,  an),  then no frame has signature (~1,. . . ,~m) where for some j _ 
min(n, m - 1), 

(i) ai = fli for 1 _< i < j ,  and 

(ii) either n = j  or aj+l < ~ j + l .  

We shall show that H is secure. 
Let S be a side of H,  and suppose that  a, bE V(S) are adjacent in G but  not 

in S. Let H ~ be obtained from H by replacing the subpath of S between a and b by 
the edge ab; then H ~ is a minimal frame. Each H-flap is a subset of an H'-flap, and 
each good H-flap is a subset of a good H'-flap. Consequently, the signature of H ~ 
is greater than that of H,  a contradiction. This proves that  each side is induced. 

Suppose that  there is a bad H-flap, and choose a bad H-flap C with Iv(c)l 
minimum. Thus Iv(c)l is the last term of the signature of H.  Choose a side S 
with N(C)C_ V(S). Let a,b C V(S)Cl N(C) be the first and last members of N(C) 
in S. From (9.3), there is an H-flap C' r C such that  some member of N(C ~) lies 
in S strictly between a and b. Let H ~ be obtained from H by replacing the subpath 
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of S between a and b by a pa th  between a and b with all its internal vertices in 
C. Then H '  is minimal. Moreover, every H-flap except C is a subset of an H ' -  
flap, and every good H-flap is a subset of a good HLfiap. Since C ~ is a proper 
subset of an HLflap,  it follows that  the signature of H ~ is greater than that  of H ,  
a contradiction. Thus there is no bad H-f lap ,  and so H is secure. | 

Assuming (9.1)-(9.3), let H be a secure frame on (a l , . . . , a5) .  It  follows 
from (9.9) and the definition of "secure" that  for every H-flap C, either N(C) C_ 
V(R17 UR56), or there is a unique i (1 < i _< 7) such that  N(C) C_ V(Ri). We define 
Go to be the subgraph of G induced on 

V(R17 U R56) U U ( C :  C is an H-flap with N(C) C_ V(R17 U R56)) 

and for 1 < i < 7 we define Gi to be the subgraph of G induced on 

V(R4) U U ( c :  c is an H-flap with N(C) C_ V(Ri) and N(C) ~= V(R17 U R56)). 

Then every edge of G not in H belongs to exactly one of Go,G1, . . . ,G7 ,  and 

G = Go U G1 U . . .  U GT. 

(9.15) Assuming (9.1)-(9.3), let H be a secure frame on (a l , . . . , a5 ) ,  and let 
1 < i < 7. Then Gi (de~ned as above) can be drawn in a disc with Ri drawn on the 
boundary. 

Proof. There is no (_< 3)-separation (X,Y)  of Gi with V(Ri)C_ X and I Y - X [  _> 2, 
for otherwise (X~,Y) would violate (9.3), where 

X' = X U U(V(Gj)  : 0 < j < 7,j r i). 

Consequently, by (2.4) it suffices to show that  there do not exist disjoint Ri-paths  
P,Q in Gi with ends PiP2 and qlq2 respectively, so that  Pl,ql,P2,q2 occur in Ri 
in order. Suppose then that  there exist such P,Q. By (9.12) there is a side S 
containing ~ 3 of Pl,ql,P2,q2, and S is a subpath of Ri. We may assume tha t  
Pl,ql,P2 lie in S in order. 

(1) q2 e V(S). 

For suppose not; then q2 E V(Ri) - V(S). Since P C_ Gi and H is secure and 
V(P) ~ {Pl,P2} (because S is induced) there is a pa th  R of G from V(P) - {Pl,P2} 
to V(Ri U Q) - V(S), with no internal vertex in V(H U P U Q), contrary to (9.13). 
This proves (1). 

By (1) we may assume tha t  Pl,  ql,P2, q2 are in V(S) in order. Since P, Q belong 
to Gi and H is secure there is a minimal pa th  R from V(P U Q ) -  {pl,p2,ql,q2} 
to V(Ri) - V(S) with no internal vertex in V(H). We may assume that  R has one 
end a E V ( Q ) - { q l , q 2 }  and the other b E V ( R i ) - V ( S ) .  Let Q' be the pa th  in 
QUR from ql to b; then p, Qi violate (1), a contradiction. The result follows. | 

Let Zl , . . . ,z9 be distinct vertices of a graph J which can be drawn in a disc 
with z l , . . . , z9  on the boundary  in order. Let J1 be obtained from J by identifying 
z6 with zs; let J2 be obtained from J by identifying z7 with z9; and let Ja be 
obtained from J by identifying z6 with z8 and z7 with z9. If K E {J, J1,J2,J3}, 
we call (K, zl,.. . ,z5) a twisted graph with twist the set of at most four vertices 
corresponding to z6,z7,zs,z9. Finally, we deduce the main result of this section, 
the following. 
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(9.16) Assuming (9.1) (9.3), if  there is a frame on (a l , . . . , ah )  then there is 
a (< 4)-separation ( X , Y )  of G with al,. . . ,a5 ~ X,  such that ( ( G I X )  \ 
E(G I X n Y), al, . . . ,  ah) is a twisted graph with twist X A Y.  

Proof. Let H be a secure frame; this exists by (9.14). Let X = U ( v ( G i )  : 1 < i < 7) 

and Y = V(Go). By (9.4), (X ,Y )  is a (< 4)-separation of G and the result follows 
from (9.15). | 

10. 7 - c o n n e c t i v i t y  o f  H a d w i g e r  g r a p h s  

In this section we combine the results of sections 8 and 9 to close the gap left 
by (7.16). We need the following lemma. (21 , . . . , 212  were defined in section 8.) 

(10.1) Let G be a graph, let Vl,...,v6 E V(G) be distinct, so that 2 1 , . . . , 2 1 2  are 
infeasible in G, and for 1 < k < 6 there is no turkey in G on (vl , . . . ,~)k, . . . ,v6).  
For 1 < i < 5 let vivi+l be adjacent. Let H be obtained from G by adding five 
new vertices al,. . . ,ah, where a i has neighbours vi and Vi+ 1 (1 < i < 5). Then 
{al,a3,ah}, {a2,a4} is infeasible in'H and there is no turkey on ( a l , . . . , ah )  in H. 

Proof. We denote the parti t ion {al,a3,ah}, {a2,a4} by 2 .  Suppose first tha t  2 is 
strongly feasible in H.  Thus, there is a tr iad T on H with feet al,a3,a5 and a pa th  
S with ends a2,a4 such that  S M T is null. Choose S ,T  with V ( S U  T) minimal. 
For 1 < i < 5 , a i  has valency 1 in S U T ;  let its neighbour in S t J T  be bi. Then 
bi E {vi,vi+l}, and bl , . . . ,b5 are all distinct. Either b3 = v3 or b3 --v4, so from the 
symmetry  we may assume that  b3 =v3, and hence bl = v l  and b2 =v2 .  

Suppose first that  b4 -- v4. Then Vh~ V(S)  by the minimali ty of V ( S  U T), 
and v6 ~t V(S)  since 212 is not feasible in G. Hence v5 �9 V(T)  since 25  is not 
feasible, and v6 �9 V(T)  since 26  is not feasible. By the minimality of V(SU T), v5 
and v 6 both belong to the pa th  of T between vl and v3, and hence one of 210,211 
is feasible, a contradiction. Thus b4 ~ v4, and so b4 = v5 and b5 = v6. Then v4 
V(S)  by the minimality of V(SUT) ,  and v4 �9 V(T)  since 24  is not feasible. By the 
minimality of V(S  U T), v3 and v4 both  belong to the pa th  of T between Vl and 
v6, and hence one of 2 7 , 2 8  is feasible, a contradiction. This proves tha t  2 is not 
strongly feasible in H.  

Now suppose that  2 is feasible in H .  Since it is not strongly feasible, we may 
write {al,a3,ah} = {Cl,C2,d} in such a way tha t  there are three paths P1,P2,Q of 
H,  disjoint except for their ends, where Q has ends a2a4, and Pi has ends cid (i = 
1,2). Suppose first tha t  d = al;  then we may assume that  Cl = a3 and c2 = ah. 
Consequently, vl,v2 �9 V(P1 UP2), and so v3 �9 V(Q), v4 �9 V(P1), v5 E V(Q) and 
v6 E V(P2). But  then 29  is feasible in G if vl E V(P1) and 211 is feasible in G 
if v2 E V(P1), in either case a contradiction. Thus d ~ a l ,  and by symmet ry  d 
as; hence d = a3, and we may assume that  Cl = al  and c2 = as. Hence v3,v4 �9 
V(P1UP2), and so v2,v5 �9 V(Q), Vl E V(P1) and v6 e V(P2). Then 2 7  is feasible in 
G if v3 �9 V(P1) and 28  is feasible in G if v4 E V(P1), in either case a contradiction. 
This proves tha t  2 is not feasible in H.  

Now suppose that  {X1,X2,X3,Xh,Xo}  is a turkey in H on (a l , . . . , ah ) ,  with 
al,a4 E X1, a2 E X2,a3 E X3,a5 E Xh. 
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(1) [Xi[-> 2 fori--1,2,3,5.  

This is trivial for i = 1 since al,a4 E X1. Suppose first that  IX21 = 1, and hence 
X2 = {a2}. Since X2Xo and X2X5 are adjacent, it follows that  one of v2,v3 is in Xo 
and the other is in Xh. Consequently Vl E X1. Since v3 ~ X3 and XoX3,XaX5 are 
both adjacent, it follows that  v4 E Xo UX3 OXh, and hence v5 E X1 and v6 E Xh. If 
v2 E Xo, then v3 E X$ and v4 E XoDX3, and so ~10 is feasible, via X1,XoUX3,Xh.  
On the other hand, if v2 ~ Xo, then v2 E Xh,v3 E Xo,v4 E X3 UX5 and ~12 is 
feasible, via Xo UX1,X3 UXh. This shows that  IX21 _> 2. Now suppose that  IX31 = 
1; then vl,v5 E Xl,V2 E X2, V 6 E Xh, and one of v3,v4 is in Xo, and the other is in 
Xh. If v3 E Xo then ,~12 is feasible, via XIUXo,X2UXh; and if v3 E X5 then ~10 is 
feasible, via X1,X2UXo,Xh .  Thus [X31_>2. Finally, suppose that  [X51=1. Then 
vl,v4 E Xl ,v2 E X2, v3 E X3, and one of Vh,V6 is in X2 and the other is in X3. If 
v5 E X2 then ~ s  is feasible, via X1,X2,X3; and if v5 E X3 then ~9 is feasible via 
X1,X2,X3.  This proves (1). 

From (1), it follows that  there exist 1 _< il  < i2 < i3 < i4 < i5 _< 6 such that  
vi~ E Xj  for j = 1,2,3,5 and Vi4 E X1. Let Yj = Xj  - {al , . . . ,ah} (j = 1,2,3,5,0). 
We claim that  {Y1,Y2,Y3,Yh,YO} is a turkey in G on (vil,vi2,vi3,vi4,vih). 

Let {i,j} be one of {0,1},{0,2},{0,3},{2,5},{3,5}; we claim that  ]~Yj are 
adjacent in G. For X i X  j are adjacent in H, and so we may assume that  there exist 
u E Xi ,v  �9 Xj  which are adjacent in H with {u,v} ~= V(G). By exchanging i and 
j if necessary we may assume that  u ~ V(G), and so u = a h for some h with 1 < 
h < 5 .  But u � 9  and s o h = i i f i r  and h � 9  N o w a  h has only 
two neighbours in H,  namely Vh and Vh+l, and so one of these is v, and the other, 
w say, is in Xi by (1). Hence, v,w are adjacent, since VhVh+ 1 are adjacent, and so 
Y/Yj are adjacent as required. 

To complete the proof that  {Y1,Y2,Y3,Yh,Yo} is a turkey, we must show that  
each Y/is a fragment of G. Let i �9 {1,2,3,5,0} and let C be a component of GIY/; 
and suppose that  C ~ G I 1~- Let G I (Yi - V(C))  = D. Since Xi is a fragment of 
H,  there exists h with 1 < h < 5 such that  ah �9 Xi and ah has neighbours in both 
V(C) and V(D).  But the two neighbours of ah are adjacent, contradicting that  C 
is a component of G[]~. Thus each 1~ is a fragment of G, and so {Y1,Y2,Y3,Yh,Yo} 
is a turkey in G on (vil, vi:, vi3, vi4, vi~ ), contrary to the hypothesis. | 

Now let us apply (10.1) and the results of sections 8 and 9 to our problem. 

(10.2) Let G be a non-apex Hadwiger graph. Then there is no (< 6)-separation 
(A,B)  of a with I A - B [ , I B - A I  >_2. 

Proof. Suppose that  there is a (< 6)-separation (A,B) with I A -  B], I B -  A I -> 2. 
Choose it with IAI minimum. By (7.16), G I A A B is a 5-edge path, with vertices 
Vl,...,v6, say, in order. 

Let G* be obtained from G IA by adding five new vertices a l , . . . , ah ,  where ai 
is adjacent to vi and to vi+l (1 _< i ~ 5). By (10.1), (8.6) and (8.7), we deduce 

(1) {al,a3,ah},{a2,a4} is infeasible in G*, and there is no turkey in G* on 
(a l , . . . ,ah)  or on (ah, . . . ,a l ) .  

Moreover, 
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(2) G* is simple, and there is no (< 3)-separation ( X , Y )  of G* with a l , . . . , a5  C 
X C V(G*). 

For suppose that  ( X , Y )  is such a separation, and choose it with X maximal. 
Suppose that  1 < i < 6 and vi ~ X.  From the symmetry, we may assume that  i < 6 
and that  vi+ 1 E X ,  since one of Vl,...,v6 belongs to X. Now a i E X ,  and since vi E 
Y - X  it follows that  a ie  X N Y .  Let Xr= XU{vi},  Y~= Y - { a i } .  Then (X ' ,Y ' )  is 
a separation of G*, since vi,vi+l E X I, and (XI,Y I) has the same order as (X,Y). 
From the maximality of X, it follows that  X '  = V(G*), and so X = V(G*) - {vi}. 
But vi has > 2 neighbours in A - B (from (6.3) and the minimality of A) and >_ 2 
neighbours in (AM B)U {al . . . .  , as} (actually, _> 4 neighbours unless i = 1 or 6), and 
hence v i has valency > 4 in G*, a contradiction since (X,Y) has order < 3. This 
proves that  vi E X for 1 < i < 6. But then (Y M A, (X MA)U B) is a (< 3)-separation 
of G, a contradiction. This proves (2). 

(3) There is a frame in G* on (a l , . . . ,ah) .  

Define Ul = Vl ,U2  = a 2 , u 6  = v 3 , u 3  = a 3 ,  u 7  = v 4 , u 4  = a 4 , u 5  ~- v6. Let 
R17,R56 be disjoint paths of G I (A - {v2,v5}), where R17 has ends vlv4 and R56 
has ends v3v6; these exist by (7.2). Let P2,P3,P4 be 1-vertex paths, with vertex 
ai (i = 2,3,4); and let 'P1,P5 be 1-edge paths, formed by the edges alVl and ahv6 
respectively. Let Q12 consist of the edges vlv2 and v2a2; let Q45 consist of the edges 
a4v5 and VhV6; and let every remaining Qij needed for the frame be the 1-edge path 
formed by the edge uiuj. This proves (3). 

We deduce from (1), (2), (3) and (9.16) that  

(4) There is a (< 4)-separation ( X , Y )  of G* with al, . . . ,a5 6 X ,  such that 

((a* Ix) \ E(a* IX n r) ,  al, ..., as) 
is a twisted graph with twist X M Y. 

From the definition of a twist, it follows that  a l , . . . , a s  it X N Y, and so 
Vl,...,v6 e X. Hence ( A N X ,  A M Y )  is a (_< 4)-separation of G IA with A M B  C 
A M X ,  and so A C X ;  and hence V ( G * ) = X .  

Let ]A - B I = n, and let e be the number of edges of G with both ends in 
A - B ,  and f the number with one end in A - B  and the other in AMB. By (5.6), 
2e + f _> 7n - 2. Since f >_ 12 by (6.3) and the minimality of A, it follows that  
2e + 2f  >_ 7n + 10; and so IE(G [ A)I > 7n/2 + 10, since G I (A M B) has five edges. 
Thus IE(G*)] >_ 7n/2 + 20. But 

((G*IX) \ E(G*IX n Y ) ,a l , . . . , a5 )  

is a twisted graph with twist XMY; let J, Zl, . . . ,  z9 be as in the definition of twisted 

graph. Let ]r] = k; then IX M Y[ = k, and k = 2,3 or 4, and IE(GIY)I < }k(k - 1). 
I 

Now 
IV(J)[ = IXI + 4 -  k = n +  1 5 -  k 

and J can be drawn in a disc with Zl,. . . ,z9 on the boundary in order. Since 
z6,z7,z8,z 9 are mutually non-adjacent in J and so are Zl,Z2,Z3,Z4,Z5, it follows 
that  

IE(g)l < 31V(J)I  - 6 -  13 = 3 ( n  + 1 5 -  k) - 19 = 3 n -  3k  + 26. 
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IE(G*)I <_ IE(J)I + l k(k - 1), since X =  V(G*), and so But 

[E(G*)I < 3n + 2 6 -  3k + ~ k ( k -  1). 

=2 ,3  or 4, and so - 3 k +  2 k ( k -  1) < - 5 ,  Since k it follows that  

IE(G*)I <_ 3n + 21. 

Yet IE(G*)I _ 7n/2 + 20, and so 7 n / 2 +  20 < 3 n +  21, that  is, n _< 2, contrary to 
(6.3). The result follows. | 

11. F o r b i d d e n  subgraphs 

With the aid of (10.2) we now prove the absence of several kinds of subgraph 
in a non-apex Hadwiger graph. We begin with the following. 

(11.1) Let G be a non-apex Hadwiger graph, and let X c_ V(G), with IE(G I X)I = 
g and IV(C) - X I = n. Then IE(G \ X)F >_ 3n - 4IX I + 8 + g. 

Proof. Let IE(G\X)I  = e, and let f be the number of edges with one end in X and 
the other in V ( G ) - X .  Then by (5.6), 2 e + f > 7 n - 2 .  But by (6.1), e + f + g <  
4(n + IXI) - 10. Hence, subtracting, e - g > 3n - 4IX I + 8, as required. | 

(11.2) Let G be a non-apex Hadwiger graph, and let X C_ V(G) with IXI = 3. Let 
Vl,V2,V3,V4 E V(G) - X  be distinct. Then there is a 4-c/uster {X1,.. . ,X4} of G \ X  
with vi E Xi (i = 1,...,4). 

Proof. Let I V ( G ) - X  i = n .  By (11.1), I E ( G \ X ) I > 3 n - 4 > J n - 6  and hence 
G \ X is non-planar. But G \ X is 3-connected and has no 3-separation (A, B) with 
IA - BI, IB - A I > 2, by (10.2), and the result follows from (2.6). | 

(11.3) Let G be a non-apex Hadwiger graph, let v E V(G) have valency 6, and let 
N be the set of neighbours of v. I f  G I N has two disjoint triangles then it has no 
more edges. 

Proof. Let N = {Vl,...,v6}, where vl,v3,v5 are mutually adjacent, and so are 
V2, V4, V6; and suppose Vh, v6 are adjacent. By (11.2) there is a 4-cluster {X1,... ,  X4 } 
in G \ {V,Vh,V6} with vi �9 Xi  (1 _< i < 4); but then {X1,X2,X3,X4,  {v}, {Vh,V6}} is 
a 6-cluster in G, a contradiction. | 

Let F1,.. . ,FlO be the graphs shown in figure 5. By an Fi-subgraph of G we 
mean a subgraph of G isomorphic to Fi. 

(11.4) Let G be a non-apex Hadwiger graph. Then for 1 < i < 5,G has no Fi- 
subgraph. 

Proof. G has no Fl-subgraph by (2.7). Suppose it has an F2-, Fj-, F4- or Fs- 
subgraph. In each case there are seven distinct vertices x,y,z,vl ,v2,v3,v4 of G 
such that  xy, yz are adjacent and for 1 < i < 4, xvi are adjacent and either yvi 
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F6 

Fs Fw 

Fig, 5. Forbidden subgraphs  

are adjacent  or zvi are adjacent .  By (11.2) there  is a 4-cluster {X1, . . . ,X4}  in 
G \ {x, y, z} wi th  vi E Xi (1 _< i < 4). But  then  { Z l , . . . ,  X4, {x}, {y, z}} is a 6-cluster 
in G, a contradict ion.  | 

I f  v is a ver tex  of a g raph  G, we denote  the set of neighbours  of  v in G by N(v). 

(11.5) Let G be a non-apex Hadwiger graph. Then ](N(u)tO N(v)) - {u,v}[_> 8 for 
any two distinct vertices u, v of G, with equality only if  both u and v are 6-valent. 
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Proof. Since G has no F3-subgraph by (11.4), IN(u)n  N(v)[ < 4. Consequently, if 
uv are not adjacent, 

I(N(u) u Y ( v ) )  - {u,v}l = IN(u) u g(v)l  > Ig(u)l + IY(v)l - 4 > & 

and the result holds. We assume then that  uv are adjacent, and so 

I(N(u) U N(v ) )  - {u,v}l  = IY(u)l + IY(v)l - IN(u) n N ( v ) [ -  2. 

If I N ( u ) n  Y(v)l <_ 2 the result therefore holds. If I N ( u ) n  N(v)[ >- 3, then 
IN(u) n N(v)l = 3 by (2.7), and IN(u)i + IN(v)[ _ 14 by (5.4), and again the 
result holds. 1 

(11.6) Let G be a non-apex Hadwiger graph, and let (A ,B)  be a 7-separation o[ G 
with I A -  B] >_2. Then ] A -  B I >_4. 

Proof. For all distinct u, v E A - B we have 

I(N(u) U g ( v ) ) -  {u,v}I _< IAI - 2--  I A -  B I + 5. 

Hence by (11.5), I A - B I >_ 3. Moreover, if I A - B I -- 3 then all vertices in A - B are 
6-valent by (11.5), contrary to (5.6). I 

We recall that  ~(A ,B)  was defined just before (6.4). 

(11.7) Let G be a non-apex Hadwiger graph, and let (A ,B )  be a 7-separation with 
IA - B], IB - A] >_ 2. Let A n B --  { V l , . . . , v 7 } .  Suppose that either ~(A ,B)  >_ 12 or 
every vertex in A - -  B has valency >_ 7. Then there is a 4-c/uster ( X 1 , . . . , X 4 }  in 
G I ( A -  {vh,v6,vT} ) with vi e X i  (l  <_i <_4 ). 

Proof. We suppose, for a contradiction, that  for ~0me (A, B) there is no such 4- 
cluster, and choose ]A I as small as possible. 

(1) There is no 7-separation (A t ,B  t) o[ G with A t C_ A, B C_ Bt, IX  - Btl >_ 2 and 
I At] < IAI . 

For suppose that  ( X , B  t) is such a separation. Let PI , . . . ,P7  be disjoint paths 
t B t of G ] ( A n  Bt), where Pi has ends vi and v i E A t n (1 < i < 7). (Thesei exist 

by (10.2).) If ~?(A,B) >_ 12 then ~ ( X , B  t) >_ 12, while if every vertex in A -  B has 
valency >_ 7 then every vertex in A t - B t has valency >_ 7. Consequently, from the 
minimality of IAI, there is a 4-cluster t t {X1,...,X~I} in G I ( A  t t t t 

- {Vh,V6,VT} ) with 
v~ eX~ (1<_i_<4). Let Xi = X ~ U V ( P i ) ( 1 <  i_<4); then {X1 , . . . ,Xa}  satisfies the 
theorem, a contradiction. This proves (1). 

We deduce from (1) and (11.6) that  

(2) Every vertex in A n B has >_ 2 neighbours in A - B.  

Let H = GI(A - {Vh,V6,VT}). 

(3) There is no trisection (C1,C2,D) of H of order 2 with 

I (Ci -D)n{vt ,v2 ,v3 ,v4}l  = 1 f o r  i = 1,2. 
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For suppose that  (C1,C2,D) is such a trisection, with vi E C i - D  (i = 1,2) say. 
Let C1 n C2 n D = {a,b}, and let C -- C1 U C2. Since (D U {vs,v6,vT},C U B) is a 
(_< 7)-separation of G, and vl,v2 ~ D, it follows from (1) that  IV(G) - (BUC)] _< 1, 
that  is, 

]D - {a,b, v3, v4}] -< 1. 

Also, (CU{v5, v6, VT}, DUB) is a (<_ 7)-separation of G, and so either CU{vs, v6, VT} = 
A or IV (G ) -  (DUB)I_< 1. 

Suppose that  CU {v5,v6,vT} = A. Then D = {v3,v4}, since ICN D I -- 2; and 
hence C1 n C2 = D. Since I A - S I _> 4 by (11.6), we may assume that  IC1 - B] _> 2, 
and so (C1 U {vs,v6,vT}, D U B U C2) is a 6-separation of G violating (10.2). 

Hence C U {vs,v6,vT} ~ A, and so I V ( G ) -  (D U B)I <__ 1, that  is, ] C -  
{a,b,vl,v2}l _< 1. But ]D - {a,b,v3,v4}] _< 1, and by (11.6), I A -  B] _> 4, and 
so ]A - B I = 4, and a,b E A - B, and C = (a,b, vl,v2,c} and D = {a,b, v3,v4,d}, 
where A - B -~ {a, b, c, d}; and we may assume that  C1 = (Vl, a, b, c}, C 2 -- {v2, a, b}. 
It follows that  c is not adjacent to v2, and hence c is 6-valent, with neighbours 
v5,v6,vT,a,b, and Vl. If d is adjacent to all of vs,v6,vT,a,b then G has an F3- 
subgraph, contrary to (11.4). Thus d is also 6-valent, adjacent to v3,v 4 and to four 
of v5,v6,vT, a,b. 

Suppose that  ab are not adjacent. Since c,d are 6-valent, it follows that  a, b have 
valency _> 7, and hence have >_ 5 common neighbours in {Vl,...,VT,c,d) contrary to 
(11.4). Thus ab are adjacent. Since the edge ab is in -< 3 triangles, and a,b have 
valency _> 7, it follows that  a, b have valency 7, that  there are exactly three vertices 
adjacent to both a and b, and that  each of vl , . . . ,vT,c,d is adjacent to at least one 
of a and b. In particular we may assume that  _> 2 of v5,v6,v 7 are adjacent to a. 
But then the edge ac is in _> 3 triangles, contrary to (5.4). This proves (3). 

(4) There is no (-< 3)-separation (C,D) of H with vz,...,?34 E C and I D -  CI > 2. 

For if (C,D) is such a separation then (B U C,D U {vs,v6,vT}) is a (_< 6)- 
separation of G, and 

In U (v5, v6, vT} - (B U C)I = ID - CI >_ 2, 

contrary to (10.2). 
From (2), (3), (4) and (2.6), we deduce 

(5) H can be drawn in a plane with Vl, v2, v3, v4 all incident with the in,hire region. 

Moreover, we have 

(6) •(A,B) >__ 11. 

For suppose not. Choose v E B - A with valency _> 7; this is possible by (5.6) 
and (11.6). Then v is joined to A n B by seven paths, disjoint except for v, by 
(10.2); and so by (6.4) there is a separation (C,D) of G IB with C A D =  {v} and 
ICAAI, ]DAA I _> 2. From the symmetry, we may assume that  IDAAI _> 4 and hence 
]CAA]_<3. Thus (C, D u A )  is a (<_ 4)-separation of G, and so D U A = V ( G ) .  But 
(D, CUA) is a (_< 6)-separation of G, since A A C N D  --0; and so I n -  (CUA)I < 1. 
Hence ]D - A I _< 2, and so I B - A] <_ 2 contrary to (11.6). This proves (6). 
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(7) There are <_ 4 vertices in A - B with a neighbour in {vl,... ,V4), and vl,...,V4 
each have exactly two neighbours in A -  B. 

For suppose not; let us apply (6.5), with k = 7 and Z -- {Vl,V2,V3,V4}. With 
5,E as in (6.5), r = 1 by (2); and either 6 - 1 or ?I(A,B) >_ 12, and so by (6), 
6§ > 12. Then (6.5)(i) is false, by (2); (6.5)(ii) is false, since 6§ >_ 
12; (6.5)(iii) is false since G has no F3-subgraph, by (11.4); and (6.5)(iv) is false, 
by (5). This is a contradiction, and so (7) holds. 

Let J be the subgraph of G with V(J )  = (A - B)U {vl,v2,v3,v4} and edges 
the edges of G with at least one end in A - B and with both ends in V(J) .  

(8) J is 2-connected. 

For suppose that  (C,D) is a (< 1)-separation of g with C, D ~ V(J) .  Then 

is a separation of G of order 

(D U B, C U {v5, v6, vT}) 

ICnDI+ 7-1BnDI. 

If D U B = V(G), choose v E V ( H ) -  D; then v E {vl,v2,v3,v4}. By (2), v has ~ 2 
neighbours in A - B, and both are in C since v E V(H)  - D; and so I C n D] > 2, 
a contradiction. Hence D U B ~ V(G). Consequently, (D U B , C  U {v5,v6,vT}) has 
order >6 ,  and so IBADI <_ I + ] C A D ]  <2.  Similarly IBAC]-<2, and so I B A D  I= 
IBNC I =2 and ICAD I = 1. Consequently, (DUB,CU(vs ,v6 ,vT} )  has order 6, and 
so IV(G) - (DUB)I = 1, that  is, ] C -  (DUB)] = 1. Similarly ] D -  ( C U B ) ] =  1, and 
so ]A - B I < 3, contrary to (11.6). This proves (8). 

Let N be the set of vertices in A - B with a neighbour in ~Vl,...,v4). Take a 
drawing of H as in (5); since J is a subgraph of H,  this yields a drawing of J .  By (8) 
there is a circuit C bounding the infinite region of the latter. By (5), {vl, . . . ,v4} e 
V(C),  and by (7), V ( C ) =  g U {vl, . . . ,v4} and IN I = 4, since (Vl,...,V4} is stable 
in J.  Let the vertices of C be vl,al,v2,a2,v3,a3,v4,a4 in order. 

(9) ]A - B] _> 6. 

By (5.6), we may assume without loss of generality that  a l  is not 6-valent. If 
A - B = {al,a2,a3,a4} then by (7), 

(N(al )  U N(a2)) - {al, a2) C_ {a3, an, Vl, v2, v3, vs, v6, vT}, 

contrary to (11.5). Thus ]A - B] ~ 5. If A - B -~ {al,a2,a3,a4,a} then by (7) 

(Y(al )  U N(a))  - {a l ,a}  C {a2,a3,a4,vl ,v2,vs ,v6,vT},  

contrary to (11.5). This proves (9). 
Now (A-{Vl ,  v2, v3, v4}, BUN) is a 7-separation of G, and I (A-{v l ,  v2, v3, v4})- 

(B U N)I > 2 by (9). This contradicts (1), and the result follows. I 

(11.8) Let G be a non-apex Hadwiger graph, and let (A,B) be a 7-separation with 
[A - B[, [B - A t >_ 2. Then G [ A n B has no circuit of length 4 or 5. 

Proof. Suppose that  G [ A n B has a circuit of length 4 or 5. 
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(,1) ~](A,B) >_ 12 and ~](B,A) _> 12. 

For by (11.6), there exists v E A - B with valency 7, and hence there exist 
seven paths P1,...,P7 of G IA from v to A N B ,  disjoint except for v. Suppose that 
(C,D) is a separation of G IA with C A D  = {v} and I C N B [ , I D N B  I _> 2. Since 
(C, B U D) is a separation of G of order 

[GAOl + 7 - I O N S [  <_ 6 

it follows that  ]C - (B tJ D)[ < 1 and similarly [D - (B t_J C)[ < 1. Hence I A - B] < 
3, contrary to (11.6). Thus there is no such (C,D),  and so the claim follows from 
(6.4). ~ 

Let A N B -- {Vl,...,vT}. From (11.7) and (1), there is a 4-cluster 
{XI ,X3,X6,XT} in G I ( A -  {v2,v4,vh}) with vi e Xi (i = 1,3,6,7). Similarly 
there is a 4-cluster {Y2,Y4,Y6,YT} in G I (B-{v l , v3 ,vh}  ) with vi EYi (i = 2,4,6,7). 

It follows that  not all of VlV2,v2v3, v3v4,v4v 1 are adjacent; for if they are then 

{Xl, Y2, x3, Y4, x~ u Y6, x7 u rT} 

is a 6-cluster in G, a contradiction. Similarly not all of VlV2,v2v3,v3v4,v4vh,VhV 1 
are adjacent; for if they are then 

{xl ,r2 ,x3,y4 u {vh}, x6 u y~, x7 u y~} 

is a 6-cluster in G, a contradiction. The result follows. | 

We need the following lemma. 

(!1.9) Let el , . . . ,ek be mutually non-adjacent edges of  a simple graph G. Let T be 
the number of triangles of G containing one of el , . . . ,ek,  and let S be the number 
of induced circuits of length 4 containing two of el , . . . ,  e k. Let H be obtained from 
G by contracting el , . . . ,ek and deleting any multiple edges. Then 

IE(H)I > ]E(G)I - k - S - T. 

Proof. Let J be the graph obtained from G by contracting el,.. . ,ek; then J 
is loopless. For each v E V(J )  let Zv be the set of one or two vertices of G 
corresponding to v. Let u,v E V(J)  be distinct; we claim 

'~1) The number of edges of J with ends u, v is at most one more than the number 
~f mduced arcmts C of G with V(C) C_ Zu U Zv. 

'1 For et the number of edges of J with ends u, v be r, and let there be s induced 
~ircuits Of G of length 4 and t of length 3 with vertex set in Zu U Zv. If r _< 1 then 
s = t = 0 ~  if r = 2  then s + t = l ;  if r = 3  then s = 0  and t = 2 ;  and if r = 4  then s = 0  
and t = 41 In each case r _< s + t + 1, as required. 

Now; by summing the inequality of (1) over all adjacent pairs u,v of vertices 
of J ,  we deduce that  

[E(J)I ___ IE(H)I + S +  r .  

But ]E(J)I = IE(C)I - k, and the result follows, l 
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(11.10) Let G be a non-apex Hadwiger graph. Then G has no F6-, FT- or Fs- 
subgraph. 

Proof. Suppose that  G has such a subgraph K say. We refer to the three cases 
when K is an F6-, FT- or Fs-subgraph, as cases (i), (ii) and (iii) respectively. Let 
K have vertex set {Xl,X2,Vl,V2,V3,V4,V5,V6,VT, V8}, where in case (i) v5 = v6 and 
v7 = v8, in case (ii) v7 = v8, and otherwise these vertices are all distinct, and Xl 
has neighbours x2, Vl, v3, v5, v7, and x2 has neighbours Xl, v2, v4, v6, v8, and VlV2 are 
adjacent, and v3v4 are adjacent, and v5v6 are adjacent (except in case (i), when 
v5 = v6) and vTv8 are adjacent (except in cases (i) and (ii), when v7 = v8). 

Let H be obtained from G \ {Xl,X2} by contracting the edges VlV2, v3v4, 
vsv6 (except in case (i)) and vTv8 (except in cases (i) and (ii)), forming vertices 
Wl,W2,wa,w4. (In case (i) we take w3 = v5 and w4 = vT, and in case (ii) we take 
W 4 ---- VT. ) 

(1) There is no 4-cluster {X1,.. . ,X4} in H with wi E Xi (1 E i < 4). 

For suppose that  {X1,.. . ,X4} is such a 4-cluster. For 1 < i < 4, let X~ -- 
(X  i - {wi})U {v2i-l,v2i}; then {X~,X~,X~,X~, {Xl},{x2}} is a 6-cluster in G, a 
contradiction. 

(2) There is no trisection (A1,A2,B) of H of order 2 with 

[(Ai - B) M {wl, w2, w3, w4}[ = 1 (i = 1, 2). 

For suppose that  (A1, A2, B) is such a trisection. Let A1 M A2 M B = {a, b}. Let 

A~ --  (A1 - {wl-,w2,w3,w4}) U U ( { v 2 i - l , V 2 i }  : 1 < i < 4, w i E A1) 

and define AS,B I similarly. Then I i (A1, A2, B ) is a trisection of G \ {Xl, x2 } of order 
< 4. In particular, 

(A~ U {Xl, x2}, AS u B'  U {Xl, x2}) 

is a (_< 6)-separation of G. Since A1 -{a ,b}  and A 2 -  {a,b} both contain members 
of {wl, . . . ,w4} and hence are non-empty, it follows that  A~ U {xl,x2} ~t V(G) and 
A S U BIU {xl,x2} r V(G). Hence this separation has order exactly 6, and so a,b e 
{Wl, w2, w3, w4}, and a, b r w4 in cases (i) and (ii) and a, b • w3 in case (i). Thus we 
may assume that  a- -  wl,b = w2. Let Z = {Vl,V2,V3,V4,Xl,X2}. Since (X1U{xl,x2} , 
A~2UB'U{Xl,X2}) has order 6 it follows that  either ]A~ - Z  I < 1 or I(A~2UB')-Z] <_ 
1. Similarly either IX2-ZI _< 1 or I(AI1uBI)-ZI _< 1. We may therefore assume that  
I A ~ - Z  I _< 1. Since A1-{a ,b}  contains one of w3,w4, it follows that  we may assume 
that  w4 E A1 - {a, b} and v7 = vs, and in case (iii), this is a contradiction. It follows 
therefore that  we are in case (i) or (ii), and so v7 = vs = w4. Since A~ - Z = {vT}, 
every neighbour of v7 in G is in Z, and so v7 is 6-valent in G, and v7 is adjacent 
to every vertex in Z. But G I Z has > 2 circuits of length 4, contrary to (11.3) and 
(5.3). This proves (2). 
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(a) There is no (<_ 3)-separntion (A,B) of H with Wl, . . . ,w4  E A, IB - A I >_ 2, and 
[ { W l , . . . , w 4 } N B ] < 2 .  

For suppose tha t  (A ,B)  is such a separat ion.  Define 

A'  ~- ( m -  { W l , . . . , w 4 } ) U  {Vl , . . . , v8}  

B '  = (B - {Wl , . . . ,w4} )  U U ( { v 2 i _ l , V 2 i } :  1 < i < 4, w i e B). 

Then  I A ' N B '  I _< 5, since I A N B  I < 3 and I { w l , . . . , w 4 } N B  I _< 2. Thus  ( A ' U  
{xl ,x2} ,B'  U {x , ,x2})  is a (<  7)-separat ion of a .  Now IB' - A'I = IB - AI >_ 2. 
and IA' - B'I  >_ IA - B[ _ 2 since at  least two of w l , . . . , w 4  are in A - B.  Therefore  
(A' U {x l ,x2} ,  B '  U {Xl,X2}) is a 7-separat ion of G, and A N B contains two of 
Wl , . . . ,w4.  This  contradic ts  (11.8). Hence (3) holds. 

From (1), (2), (3) and (2.6), we deduce t h a t  H can be drawn in a disc with 
Wl , . . . ,w4  on the  bounda ry  in some order. Let  H ~ be obta ined  f rom H by deleting 
all parallel  edges; it follows tha t  I E ( H ' ) I  <_ an  - 7 where n = IV(H)I  = IV(H ' ) I .  
For 1 < i < 4, define Ti = 0 if v2i_ 1 = V2i, and otherwise let Ti be the number  of 
tr iangles of G\{x l , x2}  containing the edge v2i_lV2i. For 1 < i < j  < 4, define Sij = 
1 if G l{v2i_l,V2i,v2j_l~V2j} is a circuit of length 4, and otherwise let Sij = 0. Let  
k be  2, 3, 4 in cases (i), (ii), (iii), respectively. By  (11.9) 

_> I E ( a  \ { 1,x2})1 - k - 

Hence 

{E(G \ {xl ,x2}) ]  < 3 n -  7 +  k + 

1~i<4 l<i<j~4 

1<i<4 1<i<j<_4 
On the other  hand,  ]V(G \ {Xl,X2})] = n+ k, and so by (11.1), 

IE(G \ {xl ,x2}) l  >_ 3(n + k) - 8 + 8 + 1 = 3n + 3k + 1. 

Consequently,  

Z ri+ Z s j_>2k+s 
1<i<4 1~i<j<4 

Now T1,T2,T3,T4 <_ 2, since by (11.4) G has no F2-subgraph,  and so E Sij > 
l_<i<j_<4 

2k. Since E Sij < 3 in cases (i) and (ii), it follows tha t  we are in case (iii), 
1<_i<j_<4 

and k = 4; but  then  E Sij < 6 < 2k, a contradict ion.  | 
l<_i<j<_4 

(11.11) Let  G be a non-apex Hadwiger graph. Then G has no F9-subgraph. 

Proof .  Suppose t ha t  K is such a subgraph,  wi th  ver tex set x,y,z,w,vl,v2,v3,v4, 
where x has neighbours  y,z,vl,v2,v3,v4, and y has neighbours  x,vl,v2,w, and z 
has neighbours  z,  v 3, v4, w. Let  H -- G \ {x, y, z, w}. 
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(1) There is no 4-cluster {X1, . . . ,X4} in H with vi E X i  (1 <i_<4).  

For if {X1, . . . ,X4} is such a 4-cluster then 

{Xl, X2, X3, X4, {x}, {y, z,w}} 

is a 6-cluster in G, a contradiction. 

(2) There is no trisection (A1, A2, B) of H of order 2 with 

I(Ai - B)  O {v l ,v2 ,v3 ,  v4}t = i (i = 1,2). 
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For suppose that  (A1, A2, B) is such a trisection. Then (A1U{x, y, z, w}, A2UBU 
{ x , y , z , w } )  is a 6-separation of G, and so either IAI- (A2UB)I  _< 1 or [ (A2UB)-Al l  < 
1. Similarly either IA2 - (A1 U B)I _< 1 or I(A1 u B) - A21 < 1. We may therefore 
assume that IA1 - (A2 U B)I _< 1. If also IA2 - (A1 U B) I _< 1 then ](A1 U A2) - BI = 
2. and then (A1 U A2 U {x, y, z, w}, B U {x, y, z, w}) is a 6-separation of G contrary 
to (10.2), for I B - ( A l u A 2 ) [  _> 2 by (6.2). Thus I A 2 - ( A I U B ) I  _> 2, and so 
I(A1 u B) -A21 _< 1. Hence IBI--2 and A1UA2 = V(H).  

Now [A1 - A2 U B[ < 1, and so we may assume that  A1 - (A2 U B) = {Vl}. 
Since vl has valency _> 6 in G, it follows that  VlZ are adjacent. But then 
G [ {x, y, z, w, v�91 v3, v4} has an F2-subgraph, a contradiction. This proves (2). 

(3) There is no (< 3)-separation (A ,B )  of  H with vl  ..... ,v4 E A and ]B - A] > 2 
and I{vl , . . . ,v4}  n BI < 2. 

For if ( A , B )  is such a separation, then I A -  B] > 2 since [{vl, . . . ,v4} n B[ < 2, 
and (AU { x , y , z , w } , B  U { x , y , z , w } )  is a (< 7)-separation of G, violating (11.8). 

From (1), (2), (3) and (2.6), we deduce that  H can be drawn in a disc with 
Vl,... ,v4 on the boundary in some order. Hence IE(H)[ < 3n - 7 where IV(H)I = 
n. But by (11.1), [E(H)[ > 3n - 16 + 8 + 4, a contradiction. | 

(11.12) Let G be a non-apex Hadwiger graph, and suppose that K is an FlO- 
subgraph of G. Then there exists v E V ( K )  such that v has valency 2 in K ,  both 
its neighbours in K have valency >>_ 3 in K ,  and no vertex in V(G)  - V ( K )  is 
adjacent to v in G. 

Proof. Let V ( K )  = { X l , X 2 , X 3 , X 4 , X b , V l , V 2 , V 3 }  , where X 1 is 5-valent, x2 is 4-valent, 
x3 is 3-valent, x4x5 are adjacent, xl  has neighbours x3 ,v l ,v2 ,v3 ,xb ,  and x2 has 
neighbours x3,Vl,V2,X 4. Let H be obtained from G \ {Xl,X2,X3} by contracting 
the edge X4Xb, forming a vertex w say. 

(1) There is no 4-cluster {X1, . . . ,X4} in H with vi E X i  (1 < i < 3 )  and w C X4. 

For otherwise 

x2,  x3 ,  (x4  - u zs}, 

is a 6-cluster in G, a contradiction. 



350 NEIL P~OBERTSON, PAUL SEYMOUR, ROBIN THOMAS 

(2) H cannot be drawn in the plane with Vl,V2,v3,w all incident with the infinite 
region. 

For suppose it can. Let H ~ be obtained from H by deleting any parallel edges; 
then [E(H')[ < 3n - 7 where IV(H)I =n. Since x4x5 is in < 3 triangles by (2.7), it 
follows that  [E(H)[ < 3 n -  4, and so [E(G \ {Xl,X2,X3})[ ~ 3 n -  3. But by (11.1) 

IE(G \ {xl ,x2,x3})  I -> 3 ( n +  1) - 12 + 8 + 2 = 3 n +  1 

since [V(G) - {xl,x2,x3}] = n + 1, a contradiction. This proves (2). 

(3) There is no (<_ 3)-separation (X ,Y)  of H with Vl,V2,V3,W E X and [Y - X[ >_ 2 
and IY n {Vl,V2,V3,W}l ~ 2. 

For suppose that  (X, Y) is such a separation. Let 

X ! = (X - {w}) U {tel, x2, x3, x4, Xh}, 

y l  = [ Y U {Xl, X2, X3} if w ~ Y 
[ ( Y - { w } ) U { x l , x 2 , x 3 , x 4 , x h }  i fw  E Y. 

Then (X t ,Y  r) is a (_< 7)-separation of G, with IY r - X ~] > 2 and IX' - Y'] >_ 2 since 
IYn{vl ,v2,v3,w}l  _< 2. By (10.2), (X ' ,Y ' )  has order 7, and so w e X N Y ;  but then 
G I X ' N Y '  has a circuit of length 5 (with vertex set {xl, . . . ,Xh}) contrary to (11.8). 
This proves (3). 

From (1), (2), (3) and (2.6), there is a trisection (X1,X2,Y)  of H of order 2 
such that  X1 - Y  and X2 - Y  both contain exactly one member of {vl,v2,va,w}. 
We may assume that  IX1] ~ IX2]. Define 

Xl ----- { x l  U {Xl,X2,X3} if W ~ X 1 

(X1 - {w}) U {x l ,  x2, x3, x4, Xh} if w E X l  

and define X~,Y '  similarly. Then (X~ U X~,Y')  is a (< 6)-separation of G. But 
](X~ U X~) - Y ' I >  2 since X1 - Y  and X2 - Y  both contain one of vl, v2, v3, w; and 
so by (10.2), I Y ' -  (X{ UX~) I < 1. Consequently, IY] <3 .  From (6.2) lY(H)l -> 14, 
and so ]Xll + IX21 + IYI >_ 18. Hence IX21 > 8, since IXll _< IX2]. 

/XI X ~ U Y~) is a (_< 6)-separation of G, and it has order 6 only if w E Now ~ 2, 1 
X 2 A ( X l U Y ) .  But I X ~ - ( X ~ U Y ' ) ]  > 2  since IX2] ->8, and [ ( X ~ U Y ' ) - X ~ I  > 1 
since X1 - Y contains one of vl,v2,v3,w. By (10.2), I(X~ UY')  - X~I = 1, and w e 
X2 N (X1 U Y). It follows that  IY[ = 2, Ixl l  = 3, and Xi  - Y  = {vi} for some i with 
1 < i < 3. Since I(X2 - Y) n {vl,v2,v3,w}l = 1, it follows that  IY n {vl,v2,v3,w}l = 
2, and so Y C_ {Vl,V2,V3,W}. Since i i (X1,X2) is a 6-separation of G (because Y~ G 
X~) it follows that  every neighbour of vi in G belongs to 

and the result holds. | 
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12. F i n d i n g  a pe r fec t  m a t c h i n g  

In this section we prove that  every non-apex Hadwiger graph G has a matching 

of cardinality [1 IV(G)IJ. For that,  we need the following. 

(12.1) Let G be a non-apex Hadwiger graph, and let (A ,B)  be a 7-separation of 
G with IA - BI, I B - A I > 2, such that every vertex in A - B has valency > 7. Let 
A M B = {Vl,...,VT}, and let Y1,...,Y7 C_ B be disjoint fragments with vi E Yi (1 < 
i < 7). Then there are disjoint fragments X1 , . . . ,X7  C_ A with vi E Xi  (1 < i < 7), 
such that for a t / eas t  four pairs i, j with 1 < i < j < 7, X i X j  are adjacent and YiYj 
are not adjacent. 

Proof. Let H be the graph with V(H)  = {Vl,...,vT} in which vivj are adjacent if 
Y/Yj are adjacent. We may assume that  

(1) H has minimum valency > 3. 

For suppose that  Vl is not adjacent in H to v4,vh,v6,v 7 say. Choose v E A - B ;  
then by hypothesis, v has valency > 7. Take seven paths P1,. . . ,P7 in G ] A  disjoint 
except for v, where Pi has ends vvi. Let X1 -- V(P1) and Xi  = V(Pi)  - {v} (2 < i < 
7); since X1Xi  are adjacent for i = 4, 5, 6, 7~ the result holds. 

(2) For all Z C_ AM B with [Z[ -- 4 there is a cluster in G [ (A - B) U Z traversing Z. 

This follows from (11.7), since every vertex in A - B has valency >_ 7. 
Let J be the complement of H; that  is, V(J )  -- A M B, and vivj are adjacen t 

in J if Y/Yj are not adjacent in G. We may assume that  

(3) If  Z C_AMB with ]Z[=4  then JIZ has <_3 edges. 

Let Z ~-~ {VI,...,V4) say. By (2) there is a cluster {X1,.. . ,X4} in 
G l ( A - { v h , v 6 , v T } )  with vi E Xi  (1 < i < 4). Let X i = {vi} (i = 5,6,7); then 
X1, . . . ,X7 satisfy the theorem, unless JIZ  has <_ 3 edges. This proves (3). 

In particular from (3) we deduce 

(4) J has no circuit of length 4. 

Next, we claim 

(5) I f  (C, D) is a (< 3)-separation of H with C -  D, D -  C ~ 0 then (C, D) has order 
3 and one of IV - Dli [D - C[-- 1. 

For suppose that  [ C -  D I , I D -  C[ > 2, and choose distinct a,b E C - D  and 
c,d E D - C. Then a,b are adjacent in J to c, d, contrary to (4). Hence we may 
assume that  [C-D[  = 1 , C - D  = {a}, say. But by (1), a has valency _> 3 in H, and 
so [CMD[ _> 3, as required. 

(6) H is planar. 

For if not, then by (5) and [17], H has a 5-cluster {Z1,. . . ,Zh} say. Let Wi = 

U ( Y j :  1 < j  <_ 7,vj E Zi) for 1 < i < 5; then {W1,...,Wh} is a 5-cluster in G IB,  

and Wi M A M B ~ 0 for 1 < i < 5. Choose v E A - B; then since v has valency > 7, 
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there are by (10.2) seven paths of G I A between v and A n B, disjoint except for 
v. Hence there is a fragment W6 C_ A - B such that  Vl, . . . ,v7 all have neighbours 
in W6; but then {W1,.. . ,W6} is a 6-cluster in G, a contradiction. This proves (6). 

(7) J has no circuit of length 3. 

For suppose that  Vl,V2,v3 E V (J )  are pairwise adjacent in J .  By (6) not all of 
Vl,V2,V 3 are adjacent in H to all of v4,vh,v 6 and so we may assume that  VlV 4 are 
adjacent in J .  But then Z =  {vl ,v2,v3,v4} contradicts (3). 

(8) J has no circuit of length 7. 

For if it has such a circuit, then by (3), J is a circuit of length 7; but then its 
complement H is non-planar contrary to (6). 

Our next objective is to show that  J has no circuit of length 5. The proof 
requires two steps. Suppose therefore that  VlV2,V2V3,V3v4, V4Vh,VhVl are non- 
adjacent in H.  Let K = G I ( A - { v 6 ,  vT}). We may assume, by permuting v l , . . . ,vh ,  
that  

(9) There is a path P of K with ends VlV2, and a vertex v c V ( K )  - {Vl,V2,Va,Vh}, 
and three paths P3,P4,P5 of K from v to v3,v4,v5 respectively, such that P3,P4,P5 
are mutually disjoint except for v, and each of them is disjoint from P.  

For by (2) there are disjoint paths P ,Q  of K\{vh}  with ends VlV2 and v3v4, 
respectively. Suppose that  there is a separation (X, Y) of K with v5 E X ,  V ( P u Q )  c_ 
Y, and X n Y = {vl,v2,v3,v4}.  Then (X U B , Y  U {v6,v7}) is a 6-separation of G, 
and so I Y - X I _< 1 by (10.2), and hence one of P,Q has no internal vertices, a 
contradiction since VlV2 and v3v4 are non-adjacent in H and hence in G. This 
proves that  there is no such ( X , Y ) ,  and hence there is a path  R of K from v5 to 
V ( P  U Q ) -  {vl,  v2, v3, v4} with no vertex in {vl, v2, v3, v4}. Choose a minimal such 
pa th  R, with ends Vh,V say. By exchanging Vl,V2 with v4,v3, we may assume that  
v E V ( Q ) -  {v3,v4}; but then (9) holds. 

Choose v,P, P3,P4,P5 as in (9) with [E(P4)[ minimum. (Note that  possibly 
v = v4 in (9), and so possibly E ( P 4 ) =  0.) 

(10) There is a path of K from V(P3 UPh) to V ( P )  - {vl,v2} with no vertex in 
{v, vl,v2}. 

For if not, there is a separation (C,D) of K with C A D  = {v,vl ,v2},  V (P)  C_ 
C and V(P3 U Ph) C_ D. Then (CU {v6,vT},D U {v6,v7}) is a separation of G IA, 
and so 

( c  u vT}, D u {v6, u B) 
is a separation of G. Its order is 

2 + I C n D I + [ ( C -  D) n {v4}] _< 6; 

and so I C - ( D U B ) I < I .  But V - ( D U B )  C 0  since V ( P ) - { V l , V 2 } r  and so 
[C - (D U B)I = 1, and there exists u C C - (D U B) C_ A - B with valency 6 in G, 
contrary to the hypothesis. This proves (10). 

Let Q be a minimal pa th  of K from V(P3 UPh) to V ( P ) -  {Vl,V2} with no 
vertex in {v, vl ,v2}.  Let Q have ends x E V(P3UP5) and y C Y ( P ) -  {Vl,V2}. From 
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the symmetry, we may assume that  x E V(P3), and hence x E V(P3) -  {v}. Suppose 
that Q c? P4 is non-null, and let the minimal subpath of Q from x to V(P4) be Q,; 
let QI have ends x , v  ~. Let P~ be the union of Q~ and the subpath of Pa between 
v3 and x; let P~ be the subpath of P4 between v4 and v'; and let Pg be the union 
of P5 and the subpath of P4 between v and v'. Then P,v ' ,  P~, P~I, P5 satisfy (9), 
contrary to the minimality of IE(P4)I. This proves that  Q n P4 is null. Let 

X 1 = {Vl} 
X2 = V ( P )  - {Vl} 

X3 = V(P3 U Q) - {y, v} 

x4 = v(P4) 
x s  = v ( P s )  - 

x 6  = {v6} 

x 7  = 

Then XIX2,X2X3,X3X4,X4X 5 are adjacent in G, and the theorem holds. This 
proves that we may assume (for a contradiction) that 

(ii) J has no circuit of length 5. 

It follows that 

(12) J has no circuit of  length 6. 

For suppose that  VlV2,V2V3,V3V4,V4V5,V5v6, v6v 1 are adjacent in J. By (4), 
(7) and (11), v7 has valency _~ 1 in J,  and g l{v l , . . . , v6}  is a circuit. But then H is 
non-planar, contrary to (6). This proves (12). 

(la) IE(J)I = 6  and J is a tree. 

For from (4), (7), (8), (11), (12), J has no circuits and hence has < 6 edges. 
But by (6), IE(H)t _~ 15, and yet IE(g)l + IE(S)t  = 21. Hence IE(g)l--  6 and so g 
is a tree. 

Since J is a tree with maximum valency < 3 by (1) and (13), it has a 4-edge path 
starting from some 1-valent vertex. Thus we may assume that  VlV2, v2v3,v3v4, v4v5 
are all adjacent in J,  and vl is 1-valent in J. Consequently, VlVi are adjacent in 
H for 3 < i < 7; and since J has no circuits, v2v5 are adjacent in H,  and for i = 
3,4,6,7 vi is adjacent in H to at least one of v2,v5. By (2) there is a 4-cluster 
{ X 3 , X 4 , X 6 , X 7 }  in G I(A - {v l , v2 ,vs} )  with vi E X i  (i = 3,4,6,7). But then 

{ Y1, Y2 U Y5, X3 U Y3 , X 4 U Y4 , X 6 U Y6 , X 7 DYT} 

is a 6-cluster in G, a contradiction. I 

We use (12.1) to prove the following. 

(12.2) Let G be a non-apex Hadwiger graph. Then G has a matching of  cardinality 
1 

>  (IV(C)l- 1). 

Proof. Suppose that  G has no such matching. By Tutte's theorem [16], there exists 
Z C_ V(G)  such that  G \ Z  has > n + 2 components (actually, "odd" components, 
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but  t ha t  will not m a t t e r  here),  where n = IZI. Since G \ Z  has _> 2 componen t s  it 
follows tha t  n _> 6 since G is 6-connected,  and so G\Z  has _> n + 2 >_ 8 components .  
Choose n dist inct  componen t s  of G\Z,  with ver tex sets C1,...,Cn, such tha t  for 
1 < i < n every ver tex  in Ci has valency >_ 7 in G. (This is possible by (5.6).) 

For 1 < i < n let N i be the  set of vertices in Z with  a neighbour  in Ci. Let  us 
number  C 1 , . . . , C ~  so t ha t  

IN I _< 7 and l q l  -- 1 for 1 < i < h 

INil _< 7 and ICil > i for h + 1 < i < m 

tNil > S for m + l < i < n. 

Let Z U C1 U. . .  O Ch : {Vl, . . . ,  Vh+n}. We shall prove the following for h < k < 
m by induct ion on k: 

( , )  There  exist disjoint fragments Y1,..., Yh+n C_ Z U Ct U . . .  U Ck with vi E Yi for  
1 < i < h + n, .such that there are a t / e a s t  4(h + k) pairs  i, j with 1 < i < j <_ h + n 
for which YiYj are adjacent. 

(1) (*) is true when k = h. 

For each v E C1U. . .UCh,  let Tv be the  number  of t r iangles containing v. Now v 
is 7-valent, by the choice of C1; . . . ,  Ch and C1, . . . ,  Cn; let N be the  set of neighbours  
of v. By  (5'.2), G ] N has no s table  set of cardinal i ty  4, and so G I N has > 3 edges 
(in fact more).  Hence Tv >_ 3. By summing  over all such v, we deduce t ha t  [T I > 
3h, where T is the  set of t r iangles containing a ver tex  in C1 U . . .  U Ch. Since each 
m e m b e r  of T contains an edge of G I Z, and each such edge is in < 3 t r iangles by 

it follows tha t  [E(G ] Z)[ _> ~[T[ > h. Since each ver tex  in C1 U . . .  U C h is 
1 

(2.7), 

7-valent,  there  are > 8h edges with bo th  ends in Z U C 1  U . . .  UGh, and so (*) holds 
with Y / =  {vi} ( i  < i < h + n).  This  proves (1). 

Now let us prove ( , )  for h < k < m.  We assume induct ively t h a t  h + 1 < k < 
m, and Y1, ...,Yh+n exist as in (*) wi th  k replaced by k - 1; and we shall show 
tha t  they also exist for k. Let B = V ( G ) - C k ,  and A = C k U N  k. Then  (A,B) is a 
7-separa t ion of G, and [A - B l = lc~l _> 2, and  tB - AI > 2 since n >_ 3. Since N k C_ 
Z, we may  assume t h a t  N k = {v l , . . . , v7} .  By  (12.1) there  exist disjoint f ragments  
X 1 , . . . , X 7  C_ A such tha t  vi C Xi for 1 < i < 7, and there  are > 4 pairs i , j  with  1 _< 
i < j _< 7 for which XiXj  are adjacent  and Y/Yj are not adjacent .  Let  Y/~ = Xi U Yi 
( 1 < i < 7 )  a n d Y / / = Y /  ( 8 < i < h + n ) ;  t h e n v i E Y  i' ( l < i < h + n ) ,  a n d Y ~ , .  Y/ 

- -  - -  " " '  h + n  

are disjoint f ragments  in Z U C1 U. . .  U Ck, since Y1,. . . ,  Yh+n are disjoint f ragments  
in Z U C1 U. . .  u Ck-1 .  Since Y/Yj are adjacent  for _> 4(h + k -  1) pairs  i , j  with  1 < 
i < j <_ h + n, and since y/l]~t are adjacent  for >_ 4 more  pairs,  it follows t h a t  Y(Yj 

are adjacent  for >_ 4(h + k) pairs i , j  and so (*) holds. 
This  comple tes  the induct ive p roof  of  (*), and  so in par t icu lar  (*) holds when 

/~ = m. For h + n + 1 < i < h + 2n - rn let Y/ = Ci+rn_h_ n. I t  follows tha t  
]71,..., Yh+2n-m are disjoint f ragments .  Since for all j with m + 1 _< j _< n there  are 
_> 8 values of i with 1 < i < h + n such t ha t  vi E Nj, it follows tha t  for all j wi th  
h + n + 1 < j _< h + 2n - m there  are _> 8 values of  i wi th  1 < i < h + n such t ha t  Y/Yj 
are adjacent .  In  to ta l  therefore there  are at  least  

4 ( h +  m)  + 8 ( n -  m)  = 4h + 8 n -  4m 
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pairs i , j  with 1 <_ i < j  <_ h + 2 n - m  such that  ]~Yj are adjacent. By (6.1) applied to 
the graph obtained from G by contracting all edges with both ends in Y/for some 
i and deleting parallel edges, since h + 2n - m ~ h + n > n > 4, it follows that  

4 h +  8 n -  4m_< 4 ( h +  2 n -  m) - 10, 

a contradiction. Thus there is no such Z, as required. | 

13. R e d u c i b l e  configurations 

We use (12.2) for the following. 

(13.1) Let G be a non-apex Hadwiger graph. Then either 

(i) there axe adjacent vertices a, b of valency 7 and 8 respectively, so that  
the edge ab is in 3 triangles, and neither a nor b is in a 4-clique, or 

(ii) there axe adjacent vertices a, b, both of valency 7, such that the edge ab 
is in 3 triangles, and at most one of a, b is in a 4-clique, or 

(iii) there axe distinct vertices a, b, c, d of G, such that ab, bd, ac, cd are 
adjacent and ad, bc are not, the edges ab and ac are both in 2 triangles, 
and a, b, c ali have valency 7 and are in no 4-clique, and either d has 
valency 7, or d has valency 8 and is in no 4-clique. 

Proof: We denote the valency of a vertex v by/f(v). Let M be the set of all edges 
uv of G that  are in exactly two triangles and such that  ~(u) = 5(v) = 7  and u,v 

1 

belong to no 4-clique. Let t = [~[V(G)[], and let IV(G)] = 2 t +  ~; thus, e = 0 or 

1. By (12.2) there exist edges e l , . . . , e t  of G, pairwise with no common end; choose 
e l , . . . , e t  with [{el , . . . ,et}  NM[ minimum. For 1 < i < t, let T i be the number of 
triangles containing ei. For 1 < i , j  < t, let Sij -- 1 if i r j and the subgraph of G 
induced on the four ends of ei,ej is a circuit, and Sij = 0  otherwise. Let di be the 
sum of the valencies of the ends of e i for 1 < i < t, and let do be the number of edges 
with an end not incident with any of e l , . . . , e t .  (Thus if e = 0, then do = 0.) Now 

2 I E ( G ) I = d 0 +  Z di. 
l < i < t  

Let H be obtained from G by contracting e l , . . . , e t  and deleting any resulting 
parallel edges. By (11.9) 

1 S . .  I E ( H ) I _ > I E ( G ) I - t -  ~ 5 , , -  ~ Ti. 
l<i,j<t l < i < t  

Consequently, 

2 1 E ( H ) l > _ d 0 - 2 t +  ~ (di - 2Ti) - Z Sij. 
l < i < t  l<i,j<_t 
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But t_>4 by (6.2), and IV(H) l=2t+E- t=t+c ,  and so from (6.1), 

IE(H)I <_ 4(t + e) - 10. 

Consequently, 

8 ( t + e ) - 2 0 > _ d o - 2 t +  Z (di - 2Ti) - Z Sij, 
l<i<t  l<_i,j<_t 

that  is; 

( d i - 2 T i -  lO)- Z Sij _ 8 E -  20-do_< -18 
l<_i<_t l<_i,j<_t 

since either c = 0 or do _> 6. For v E V(G), define ~(v) = 2 if v has valency 6, and 
otherwise a(v) = 0; and ~(v) = 1 if v belongs to a 4-clique, and otherwise ~(v) -- 0. 
It follows that  

(~(v) + ~(v)) < 14 
yEW(G) 

since there are G 10 vertices in 4-cliques by (4.5), and G 2 6-valent vertices by (5.6). 
For 1 < i K t ,  let 

fi = c~(u) + fl(u) + c~(v) + fl(v) 

where ei has ends uv. Hence Z fi _< 14, and so 
l<iKt 

~-~ (di + f i -  2Ti-  lO)- Z SiJ <--4" 
l<i<t l<i,j<_t 

For l < i < t ,  let Si= Z Sij, and let R i = d i + f i - 2 T i - l O .  Then 
l<j<_t 

-4> Z Z s j= Z Z Z 
l < i < t  l ~_i,j (_t l < i < t : S i = 0  l <i<t:Si>O l ( i , j  <_t 

Suppose first that  Z ( R i  : 1 < i < t, Si = 0) < o. Choose i with Si = 0 and R / <  0; 

i = 1 say. Let el have ends ab. Since R1 < 0, 

d l + / 1  _< 2T1 + 9. 
But dl + f l  >__ 14, because 6(v) + a(v) _ 7 for every vertex v, and so 2T1 >_ 5. Hence 
T1 -> 3, and so T1 = 3 by (2.7). Consequently, dl + f l  -< 15. If a is 6-valent, then 
a(a) + f~(a) >_ 3, and so dl + f l  _> 16, a contradiction. Thus 6(a) >_ 7, and similarly 
6(b) _> 7. But 5(a) + ~f(b) + ~(a) + ~(b) _< 15, and so (i) or (ii) holds. 

We may therefore assume that  Z ( R i  : 1 < i < t, Si = 0) :> 0. Consequently, 

-4> Z: 
l <i<t:Si>O l <i,j <t 

= Z ( ( ~ i  - 1 )  S i j : l<- i , j<- t ,  Sij --1) 
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Ri Rj _ 2  < 0; and by We may therefore choose i , j  with Sij -- 1 such that  ~ + 

exchanging i , j  we may assume that  R4 _ 1 < 0. Let i = 1, j = 2 say, and let el have Si 
ends ab and e2 have ends cd. Since Sij = 1, we may assume that  a is adjacent to c 
and b to d, and ad, bc are not adjacent. 

R] 
Now -~1 - 1 < 0, and so dl + ]1 - 2T1 - S1 _< 9. By (11.4), T1 < 2, since S1 _> 1. 

Suppose that  T1 _< 1. Since dl + f l  -> 14, we deduce that  S1 _> 3 if T1 = 1, and $1 _> 
5 if T1 = 0, and hence G has an FT- or Fs-subgraph, contrary to (11.10). Thus 
T1 = 2. By (11.10), G has no F6-subgraph, and so $1 -- 1. 

Thus dl + f l  ~ 14. But 6(a) + a(a)  + ~3(a) > 7, with equality only if ~(a) = 
7, and similarly for b. Hence a and b are both 7-valent, and consequently ~3(a) -- 
~3(b) -- 0, and el E M. 

If we replace el and e2 in the matching e l , . . . , e t  by the edges ac and bd, we 
obtain another matching of the same cardinality; and therefore from the minimality 
of [{el, . . . ,  et} M M I, we may assume that  the edge ac belongs to M. Consequently, 
ac is in two triangles, and c is 7-valent, and ~(c) = 0. 

R1 R2 
Now ~ + "~2 - 2 < 0. We have shown that  S1 = 1 and R1 = dl + f l  - 2T1 - 10 = 

R2 
0. Consequently, "~2 < 2, and so 

7 + 5(d) q- a(d) + ~(d) - 2T2 - 10 < 2'$2, 

is, $2 § T2 >_ ~(6(d)-b a(d) + 3(d) - 2). Suppose that  6(d) -ha(d) q- /3(d) >_ 9; that  

then $2+T2 _> 4, contrary to (11.4) and (11.10). Thus 6(d)+a(d)+t3(d) < 8. Hence 
d has valency 7 or 8, and if it is 8-valent then/~(d) = 0. Thus (iii) holds. | 

(13.2) Let G be a non-apex Hadwiger graph; then (13.1)(i) does not hold. 

Proof. Suppose that  a,b E V(G) are adjacent, and a has valency 7, and b has 
valency 8, and ab is in three triangles, and neither a nor b is in a 4-clique. Let a have 
neighbours b, xl,x2,x3,al,a2,a3 and let b have neighbours a, xl,x2,x3,bl,b2,b3,b 4. 
Since a is not in a 4-clique, {Xl, x2, x3} is a stable set, and some two of hi,  a2, a3 are 
not adjacent, say ala2. For 1 < i < 3, at most one of bl , . . . ,  b4 is adjacent to xi; for if 
bl, b2 say are both adjacent to xi then G [ {a, b, Xl, x2, x3, bl, b2 } has an Fh-subgraph, 
contrary to (11.4). We may therefore assume that  bl is not adjacent to any of 
Xl,X2,X3, and so {bl,Xl,X2,X3) is stable. By (5.1) taking X1 = {al,a, a2) and X2 -- 
{b, bl,xl,x2,x3}, there is a 5-colouring r of G \ (a,b} such that  r  r and 
r -- r --- r = r Choose ~ E (1 , . . . ,5}  with ~ ~ r162162 , 
r and choose a E {1,.. . ,  5) with a ~/3, r  r r Then setting r = 
3, r = a defines a 5-colouring of G, a contradiction. | 

(15.3) Let G be a non-apex Hadwiger graph; then (13.1)(ii) does not hold. 

Proof. Suppose that  a, b E V(G) are adjacent, both of valency 7, and ab is in three 
triangles, and a is not in a 4-clique. Let a have neighbours b, Xl, x2, x3, a l ,  a2, a3, and 
let b have neighbours a, xl,X2,x3,bl,b2,b 3. Since a is not in a 4-clique, {Xl,X2,X3} 
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is stable, and some two of al,a2,a3 are not adjacent, say al,a2. By (5.1) taking 
X1 -- {al,a,  a2} and X2 -- {b, x l , x2 ,x3} ,  there is a 5-colouring r of G \ {a,b} such 
that  r  -- r and r = r -- r Choose /3 e {1,. . . ,5} wi th/3  
r162162 r  and choose ~ E (1, . . . ,5} with ~ r 1 6 2 1 6 2 1 6 2  
Setting r -- a and r --/3 defines a 5-colouring of G, a contradiction. | 

(13.4) Let G be a non-apex Hadwiger graph, and let a, b e V(G) be distinct and 
both 7-valent, such that a is in no 4-clique. Then there are _< 3 vertices adjacent 
to both a and b. 

Proof. Suppose that  Xl,X2,X3,X4 E V ( G )  - {a,b} are distinct and all adjacent to 
both a and b. By (11.4) no other vertex is adjacent to both a and b, and by (2.7) 
ab are not adjacent. Let a have neighbours Xl,X2,X3,x4,al,a2,a3, and let b have 
neighbours Xl, x2, x3, x4, bl, b2, b3. 

(1) None of al,a2,a3,bl,b2,b3 is adjacent to any Of Xl,X2,X3,X4.  

For if alXl are adjacent, say, then G ] {a,b, al,Xl,X2,X3,X4} has an F4- 
subgraph, contrary to (11.4). 

Since a is in no 4-clique, no three of Xl,X2,X3,X4 are mutually adjacent, and 
so we may e x p r e s s  {Xl ,X2,X3,X4} : Yl  [3Y2 where Y1NY2 = 0 and Y1,Y2 are stable. 
By (1) and (5.1), taking X 1 = Yl U {a ,a l} ,X2  ---- ]/2 U {b, bl}, there is a 5-colouring 
r of G \ {a,b} such that  r  r  for all y e 1/1, and r  r for all y e Y2. 
Choose a e {1,. . . ,5} with a r r162162162 and choose/3 e { 1 , . . , 5 }  
with/3 r r r r r  Setting r -- a, r =/3 defines a 5-colouring 
of G, a contradiction. | 

We need the following 

(13.5) Let I1,I2,I3,I4 be four sets, each of cardinality >_ 2. Then there exist ~i E 
Ii (1 < i < 4) such that a l  ~ a2 r a3 ~ a4 • o~1. 

Proof. I f / 1  - - /2  = / 3  = / 4 ,  let a,b E I1 be distinct and let a l  = a3 = a and a2 = 
a4 = b. Thus we may assume that  I1 q~/4. Choose a l e / 1  - / 4 .  Choose a2 E 
/2 - (h i} ,  a3 � 9  - {a2}, O~4 � 9  -- (a3}; then ol 4 r a l ,  since O~ 1 ~ / 4 .  | 

Finally, we complete the proof, by showing 

(13.6) Every Hadwiger graph is apex. 

Proof. Suppose G is a non-apex Hadwiger graph. By (13.1), (13.2) and (13.3), 
(13.1)(ii) holds; let a, b, c, d �9 V(G) be distinct, such that  ab, bd, ac, cd are adjacent, 
ad, bc are not adjacent, ab, ac are both in two triangles, a, b, c are 7-valent and are 
in no 4-clique, and either d has valency 7, or d has valency 8 and is in no 4-clique. 

(1) There  is a vertex p adjacent to a, b and e, and no vertex except a, d and p is 
adjacent to both b and c. 

For if there is no such vertex p, then since ab is in 2 triangles and so 
is ac, there are u , v , w , x  �9 V(G) such that  u ,v ,w ,x ,a ,b ,c ,d  are distinct and 
ua, ub, va, vb, wa, wc, xa, xc are edges, forming an Fg-subgraph contrary to (11.11). 
Thus, there is such a vertex p. The second claim follows from (13.4). 
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(2) There are vertices q, r so that a,b,c,d,p,q,r are distinct, and q is adjacent to a 
and b, and r is adjacent to a and c. 

For ab is in two triangles, and so there exists a vertex q r p adjacent to both 
a and b. Then q ~ c,d since ad, bc are not adjacent. Similarly there exists r 
a,b,c,d,p adjacent to a and c. By (1), q ~ r .  

(3) q and r are not adjacent to p or d. 

For if dq are adjacent, then G has an Fh-subgraph with vertex set 
(a,b,c,d,p,q,r} (delete the edges bp and bq). So dq and similarly dr axe non- 
adjacent. Clearly pq are not adjacent, since a is in no 4-clique, and similarly pr are 
not adjacent. 

From (1), (2) and (3), the only pairs among a,b,c,d,p,q,r whose adjacency is 
so far undecided are qr and dp. 

(4) qr are not adjacent. 

For suppose that  they are. Since b has valency 7 and is not in a 4-clique, there 
are neighbours x ,y  of b with x ,y  ~ a,d,p,q such that  xy  are not adjacent. Then 
x ,y  r c,r since c,r axe not adjacent to b. By (5.2), (x , y ,a ,d}  is not stable. But 
ax are not adjacent since the edge ab is in < 2 triangles by (13.3), and similarly 
ay are not adjacent, and so we may assume that  dx are adjacent. But then 
G I {a,b,c,d,p,q,r ,x} has an F10-subgraph (delete ap, aq, ar). By (11.12), some 
v e {a,p ,x}  has no neighbour in V(G) - {a,b,c,d,p,q,r ,x}.  Now v ~ a since a is 
7-valent and ad are not adjacent; v ~ p since pq and pr are not adjacent, by (3); 
and v r x since xa are not adjacent as we already saw, and xc are not adjacent by 
(1). This is a contradiction, and (4) follows. 

(5) dp are adjacent. 

For suppose they are not. Then {d,p,q,r} is stable. Let a have neighbours 
b,c,p,q, r, al,a2; then al ,a2 r d. Let b have neighbours a,d,p,q,bl,b2,b3; then 
bl,b2,b3 ~ r,c. Let c have neighbours a,d,p,r, cl,c2,c3; then Cl,C2,C3 ~ b,q. Since 
b is in no 4-clique we may assume that  bib2 are non-adjacent. By (5.1) with X1 = 
(b, bl,b2} and )(2 = {a,c,p,q,r,d},  there is a 5-colouring r of G \  {a,b,c} such that  
r = r and r = r = r = r Choose a l  e {1,... ,5} with a l r  
r r r r choose a2 �9 (1, . . . ,5} with a2 r a l ,  r  r r and 
choose a3 �9 {1,... ,5} with a3 ~ a2,r162 r Setting r  a l , r  
r = a3 defines a 5-colouring of G, a contradiction. This proves (5). 

(6) There is a vertex s ~ {a,b,c,d,p,q,r} adjacent to b and d; and a vertex t 
{a,b,c,d,p,q,r} adjacent to c and d. Moreover, s ~ t. 

For let bl,b2 be two non-adjacent neighb0urs of b with bl,b2 ~ a,b,c,d,p,q,r. 
By (5.2), (a, bl,b2,d} is not stable, and yet abl and ab2 are not adjacent, because 
the edge ab is in < 2 triangles, by (13.3). Thus one of bl,b2 is adjacent to d, and 
so there is such a vertex s, a~d similarly t; and s r t by (1). This proves (6). 

(7) s is not adjacent to any of a, c, p, q, r, t; and t is not adjacent to any of a, b, 
p, q, r, s. 

For sa are not adjacent since by (13.3) the edge ab is in < 2 triangles; sc are not 
adjacent by (1); sp are not adjacent since b is in no 4-clique; and sr are not adjacent 
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for otherwise G would have an F6-subgraph with vertex set {a, b, c, d,p, q, r, s} (delete 
cp, dp,rc, sd). It  remains to check sq and st. Suppose that  sq are adjacent; then G 
has an F10-subgraph with vertex set {a, b, c, d,p, q, r, s} (delete bp, bq, bs, cp) and so 
by (11.12), some v �9 {b,p,r} has no neighbour in V(G) , {a ,b , c ,d ,p ,q , r , s } .  But v 
b since b is 7-valent and bc are not adjacent; v ~tp since pq and pr  are not adjacent; 
and v ~t r since pr and qr are not adjacent. This shows that  sq are not adjacent. 
Similarly, t is not adjacent to any of a,b,p,q,r. 

Now suppose that  st are adjacent. Then G has an F10-subgraph with vertex 
set {a,b,c,d,p,q,s , t}  (delete ap, dp, ds,dt). B y  (11.12) some v �9 {p,q,d} has no 
neighbour in V(G) - {a,b,c,d,p,q,s, t} .  Now v r p since pq,ps are not adjacent; 
v ~ q since qc, qd are not adjacent; and v r d since da,dq are not adjacent, a 
contradiction. Thus st are not adjacent. This proves (7). 

Let al,a2 be the two neighbours of a not in {a,b,c,d,p,q,r ,s , t}  and define 
bl,b2 for b and Cl,C2 for c similarly. Now d may have valency 7 or 8. Let N be 
the set of two or three neighbours of d not in {a,b,c,d,p,q,r ,s , t} .  If IN I = 3 then 
d is 8-valent and so not in a 4-clique; and therefore, whether INI = 2 or 3, there 
is a stable subset Y c N with I N -  YI -- 1. Let N -  Y -- {dl} and let d2 �9 Y. 
By (5.1) with X1 = {a,b,c,p,q,r ,s , t}  and X2 = Y U {d}, there is a 5-colouring r of 
G \ {a, b, c, d} such that  

r = r = r = r = r 

and r -- r for all y �9 Y. Let 

X ( a ) = { 1 , . .  

I ( b ) = { 1 , . .  

I ( c ) = { 1 , . .  

I(d)={1,.. 

. ,5) - { r162162 

. , 5 }  - {r162162 

. , 5 }  - {r162162 
�9 , 5 }  - {r162162 

By (13.5) there exist al  e I(a),a2 E I(b),  a3 �9 I(d), a4 �9 I(c) such that  a l  ~t ~2 
~3 ~t a4 ~t a l .  Then setting r ~ l , r  = o~2, r -- a3 , r  = o~ 4 defines a 
5-colouring of G, a contradiction. This completes the proof. | 
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